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FOREWORD 

Mathematics: Core Topics HL has been written for the International Baccalaureate Diploma Programme 
courses Mathematics: Analysis and Approaches HL, and Mathematics: Applications and Interpretation 
HL, for first teaching in August 2019, and first assessment in May 2021. 

This is the first of two books students will require for the completion of HL Mathematics 
their HL Mathematics course, and it contains the content that is common 

to both courses. Upon the completion of this book, students progress to the 
particular HL textbook for their course. This is expected to occur 
approximately 6-7 months into the two year course. 

We have chosen to write in this way so that: 

« The courses can be thoroughly covered while keeping the books 
reasonably sized. 

« All HL students can start together, and potentially delay making a final 
choice of course. 

There is some material in this book that is only relevant for Mathematics: 
Analysis and Approaches HL students, and some material that is only 
relevant for Mathematics: Applications and Interpretation HL students. 
This material is indicated in the table of contents. This material is included 
in the Mathematics: Core Topics HL book because it is more sensible to include the material under the 
appropriate chapter headings here, rather than making smaller stand-alone sections in the particular HL 
textbooks. 

  

When students complete this book and move on to the second book, it is important that they retain this 
book, as it will be essential for exam revision. 

Each chapter begins with an Opening Problem, offering an insight into the application of the mathematics 
that will be studied in the chapter. Important information and key notes are highlighted, while worked 
examples provide step-by-step instructions with concise and relevant explanations. Discussions, 
Activities, Investigations, and Research exercises are used throughout the chapters to develop 
understanding, problem solving, and reasoning. 

In this changing world of mathematics education, we believe that the contextual approach shown in this 
book, with the associated use of technology, will enhance the students’ understanding, knowledge and 
appreciation of mathematics, and its universal application. 

We welcome your feedback. 

Email:  info@haesemathematics.com Web:  www.haesemathematics.com 

PMH, MAH, CS, NV 
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ONLINE FEATURES 
With the purchase of a new textbook you will gain 24 months subscription to our online product. 

This subscription can be renewed for a small fee. 

Access is granted through SNOWFLAKE, our book viewing software that can be used in your web 

browser or may be installed to your tablet or computer. 

Students can revisit concepts taught in class and undertake their own revision and practice online. 

COMPATIBILITY 
For iPads, tablets, and other mobile devices, some of the interactive features may not work. However, 

the digital version of the textbook can be viewed online using any of these devices. 

REGISTERING 
You will need to register to access the online features of this textbook. 

Visit www.haesemathematics.com/register and follow the instructions. Once registered, you can: 

e activate your digital textbook 

e use your account to make additional purchases. 

To activate your digital textbook, contact Haese Mathematics. On providing proof of purchase, your 

digital textbook will be activated. It is important that you keep your receipt as proof of purchase. 

For general queries about registering and subscriptions: 
o Visit our SNOWFLAKE help page: https:/snowflake.hacsemathematics.com.au/help 

e Contact Haese Mathematics: info(@haesemathematics.com 

SELF TUTOR 

Simply ‘click’ on the (or anywhere in the example box) to access the worked 

example, with a teacher’s voice explaining each step necessary to reach the answer. 

Play any line as often as you like. See how the basic processes come alive using 
movement and colour on the screen. 

  

Example [ l1>)) Self Tutor 

Find the length of [AC] correct A 

to 2 decimal places. 

12cm 

39° 
58° S 

B 

b 12 

sin 58° sin 39° 
    Using the sine rule, 

bem . ® 
12¢cm b— 12 X sin 58 

30 sin 39° 

580 C b~ 16.17 

B [AC] is about 16.17 cm long.     
  

See Chapter 9, Non-right angled triangle trigonometry, p. 217



  

INTERACTIVE LINKS 
Interactive links to in-browser tools which complement the text are included to 

assist teaching and learning. 

Icons like this will direct you to: 

ICON 

e interactive demonstrations to illustrate and animate concepts 

e games and other tools for practising your skills 

e graphing and statistics packages which are fast, powerful alternatives to using a graphics calculator 

e printable pages to save class time. 

       Save time, and 

make learning easier! 
Not quite right! 
   
              Your answer Right answer 

Investgating Triganometrc Graphs o 
AV 

    
Continue 

       

y=3sin(z) 1 

See Chapter 2, Sets and Venn diagrams, p. 46 

    

    

See Chapter 17, Trigonometric functions, p. 455 

Graphics calculator instruction booklets are available for the Casio fx-CG50, TI-84 Plus CE, 

TI-nspire, and the HP Prime. Click on the relevant icon below. 

CASIO 
#x-CG50 TI-84 Plus CE Tl-nspire HP Prime 

When additional calculator help may be needed, specific instructions are 

available from icons within the text. 
GRAPHICS 

CALCULATOR 
INSTRUCTIONS 
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SYMBOLS AND NOTATION USED IN THIS COURSE 

7+ 

Q/ 

a 
= 

v
 2 

Vv 
A\ 

IN
 

A 
M 

2 
A 

N 

the set of positive integers and zero, 

{0,1,2,3,...} 

      he set of integers, {0, +1, +2, £3, ....   

  

he set of positive integers, {1, 2, 3,   

tl 

1l 

the set of rational numbers 

the set of irrational numbers 

tl he set of real numbers 

the set of complex numbers 

{a+bi|a, beR} 

V-1 

a complex number 

the complex conjugate of z 

e modulus of z 

he argument of z 

e real part of z 

1l 

tl 

tl 

the imaginary part of z 

the set with elements 1, zo, .... 

the number of elements in the finite set A 

the set of all = such that 

is an element of 

is not an element of 

the empty (null) set   the universal set 

union 

intersection 

is a proper subset of 

is a subset of 

the complement of the set A 

1 
a to the power of —, nth root of a 

n 

a to the power %, square root of a 

the modulus or absolute value of x, 

zeR 

zeR 
that is { ¢ for z20, 

—z for z <0, 

identity or is equivalent to 

is approximately equal to 

is greater than 

is greater than or equal to 

is less than 

is less than or equal to 

is not greater than 

is not less than 

f+A—DB 

frx—y 

  

<b 

the open interval a < x <b 

the closed interval a < x 

the nth term of a sequence or series 

the common difference of an 

arithmetic sequence 

the common ratio of a geometric 

sequence 

the sum of the first n terms of a 

sequence, Uy + Uz + ... +uy, 

the sum to infinity of a sequence, 

uy +ug + ... 

      Uy + U F ees F Uy, 

Up X Ug X eee X Up, 

nx(n—1)x(n—2)x.x3x2x1 

the rth binomial coefficient, 

r=0,1, 2, ... in the expansion of 

(a+b)" 

f is a function under which each 

element of set A has an image in set B 

f is a function under which z is 

mapped to y 

the image of x under the function f 

the inverse function of the function f 

the composite function of f and g 

the limit of f(x) as x tends to a 

the derivative of y with respect to = 

the derivative of .... with respect to = 

the derivative of f(z) with respect to 

the second derivative of y with 

respect to 

the second derivative of f(x) with 
respect to = 

the nth derivative of y with respect to x 

the nth derivative of f(z) with respect 
tox 

the first derivative of z(¢) with respect to 

time (%) 

the second derivative of x(t) with respect 

to time (t)
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log, x 

Inx 

sin, cos, tan 

arcsin, 

arccos, arctan 

cosec, sec, cot 

cisf 

Alz, y) 

[AB] 

AB 
(AB) 

PB(A, B) 

A 

CAB 
AABC 

the nth Maclaurin polynomial 

the remainder between a function and 

its nth order Maclaurin polynomial 

the indefinite integral of y with respect 

tox 

the definite integral of y with respect to 

2 between the limits © =a and z =10 

exponential function of = 

the logarithm in base a of x 

the natural logarithm of x, log, = 

the circular functions 

the inverse circular functions 

the reciprocal circular functions 

cos® +isinf 

the point A in the plane with 

Cartesian coordinates x and y 

the line segment with end points 

A and B 

the length of [AB] 

the line containing points A and B 

the perpendicular bisector of [AB] 

the angle at A 

the angle between [CA] and [AB] 

the triangle whose vertices are 

A, B, and C 

is parallel to 

is perpendicular to 

the vector v 

the displacement vector represented 

in magnitude and direction by the 

directed line segment from A to B 

the position vector (fl 

unit vectors in the directions of the 

Cartesian coordinate axes 

the magnitude of vector a 

the magnitude of AB 

the scalar product of a and b 

the vector product of a and b 

the element in the ith row and 

jth column of matrix A 

the inverse of the non-singular matrix A 

the determinant of the square matrix A 

Ac 

ki 

p(A) =|AI —A| 

D =P AP 

the identity matrix 

the zero matrix 

the adjacency matrix of a graph G 

a complete graph with n vertices 

the characteristic polynomial of 

matrix A 

the diagonalisation of matrix A 

a transition matrix 

the initial state matrix 

the state matrix at time n 

the steady state matrix 

probability of event A 

probability of the event “not A” 

probability of the event A given B 

observations of a variable 

frequencies with which the 

observations i, xa, T3, ..... occur 

probabilities with which the 

observations 1, xg, T3, ... occur 

probability mass function of the 

discrete random variable X 

probability density function of the 

continuous random variable X 

the expected value of the random 

variable X 

the variance of the random 

variable X 

population mean 

population standard deviation 

population variance 

sample mean 

sample variance 

sample standard deviation 

the sample mean random variable 

for a sample of size n 

the sample variance random variable 

for a sample of size n 

binomial distribution with n trials 

and probability of success p 

Poisson distribution with rate A 

normal distribution with mean s 

and variance o2 
is distributed as
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df, v 

T~y 

{X1, oy X} 

a1 X1+ ..+ an Xy, 

standardised normal z-score, 

T —p 
o 

z =   

Pearson’s product-moment 

correlation coefficient 

the population product-moment 

correlation coefficient 

the null hypothesis 

the alternative hypothesis 

the critical region of a hypothesis test 

the critical value of a hypothesis test 

the acceptance region of a hypothesis 

test 

the significance level of a hypothesis 

test 

the probability of a Type II error 

degrees of freedom 

the random variable 7" has the 

Student’s ¢ distribution with 

n — 1 degrees of freedom 

a random sample of size n 

a linear combination of random 

variables 

the value a such that P(Z > a) = a, 

where Z ~ N(0, 12) 

the value a such that P(T' > a) = a, 
where T ~t, 

chi-squared 

calculated chi-squared value 

critical value of the chi-squared 

distribution 

observed frequency 

expected frequency
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THEORY OF KNOWLEDGE 
Theory of Knowledge is a Core requirement in the International Baccalaureate Diploma Programme. 

Students are encouraged to think critically and challenge the assumptions of knowledge. Students 

should be able to analyse different ways of knowing and areas of knowledge, while considering different 

cultural and emotional perceptions, fostering an international understanding. 

The activities and discussion topics in the below table aim to help students discover and express their 

views on knowledge issues. 

Chapter 2: Sets and Venn diagrams MATHEMATICAL PROOF 

o
 W O 

HOW MANY TERMS DO WE NEED TO CONSIDER 
BEFORE A RESULT IS PROVEN? 

THE NATURE OF INFINITY 

Chapter 5: Sequences and series 
p. 118 

Chapter 5: Sequences and series 
p. 125 

Chapter 7: Right angled triangle trigonometry OBSERVATION AND BELIEF 
p. 158 

Chapter 8: The unit circle and radian measure MEASURES OF ANGLE 
p. 189 

Chapter 9: Non-right angled triangle trigonometry 26 
p. 

MATHEMATICS IN SOCIETY 

Chapter 10: Points in space EUCLID’S POSTULATES 
p. 243 

Chapter 11: Probability APPLICATIONS OF PROBABILITY 
p. 283 

Chapter 12: Sampling and data CLINICAL TRIALS 
p. 299 

Chapter 13: Statistics MEASURES OF CENTRE 
p. 322 

Chapter 15: Functions THE SYNTAX OF MATHEMATICS 

  

p. 420 

THEORY OF KNOWLEDGE 

The study of celestial objects such as the sun, moon, stars, and planets is called astronomy. It has 

been important to civilisations all over the world for thousands of years, not only because it allowed 

them to navigate at night, but because the celestial objects feature in so many of their myths and 

beliefs. 

To create an accurate star map, astronomers measure the 

angles between objects in the sky. The oldest known star 

map was found in the Silk Road town of Dunhuang in 

1907. It was made in the 7th century AD, presumably from 

the Imperial Observatory in either Chang’an (present day 

Xi’an) or Luoyang. A possible author of the map was the 

mathematician and astronomer Li Chunfeng (602 - 670). 

The map shows 1339 stars in 257 star groups recorded with 

great precision on 12 charts, each covering approximately 

30 degree sections of the night sky.™!] 

  

1 How much of what we believe comes from what we observe? Is it necessary to understand 

something, in order to believe it? How much of what we study is a quest to understand 

what we observe, and prove what we believe? 

2 How much of what we want to know is a common desire of people and cultures all over 

the world? 

3 How did ancient people calculate with such accuracy before computer technology? 

[1] “The Dunhuang Chinese Sky: A comprehensive study of the oldest known star atlas™, 

J-M Bonnet-Bidaud, F. Praderie, S. Whitfield, J. Astronomical History and Heritage, 12(1), See Chapter 7 Right angled 
> 

89°69 (2009). triangle trigonometry, p. 158
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WRITING A MATHEMATICAL EXPLORATION 

In addition to sitting examination papers, students are also required to complete a mathematical 
exploration. This is a short report written by the student, based on a topic of his or her choice, 
and should focus on the mathematics of that topic. The mathematical exploration comprises 

20% of the final mark. 

The exploration should be approximately 12-20 pages long, and should be written at a level 
which is accessible to an audience of your peers. The exploration should also include a 
bibliography. 

Group work should not be used for explorations. Each student’s exploration is an individual 
piece of work. 

When deciding how to structure your exploration, you may wish to include the following 
sections: 

Introduction: This section can be used to explain why the topic has been chosen, and to include 
any relevant background information. 

Aim: A clear statement of intent should be given to provide perspective and direction to your 
exploration. This should be a short paragraph which outlines the problem or scenario under 
investigation. 

Method and Results: This section can be used to describe the process which was followed to 
investigate the problem, as well as recording the unprocessed results of your investigations, in 
the form of a table, for example. 

Analysis of Results: In this section, you should use graphs, diagrams, and calculations to 
analyse your results. Any graphs and diagrams should be included in the appropriate place in the 
report, and not attached as appendices at the end. You should also form some conjectures based 
on your analysis. 

Conclusion: You should summarise your investigation, giving a clear response to your aim. You 
should also reflect on your exploration. Limitations and sources of error could be discussed, as 
well as potential for further exploration. 

Click on the icon to view some examples of mathematical explorations from — JerrEMATICAL 
previous IB students. Our sincere thanks goes to these students for allowing 
us to reproduce their work.



  

GEOMETRIC FACTS 

TRIANGLE FACTS 

e The sum of the interior angles of a triangle is 180°. ACKAGE 

e In any isosceles triangle: 

> the base angles are equal 

» the line joining the apex to the midpoint of the base bisects 

the vertical angle and meets the base at right angles. 

QUADRILATERAL FACTS 

e The sum of the interior angles of a quadrilateral is 360°. 

e A parallelogram is a quadrilateral which has opposite sides parallel. 

ies: GEOMETRY Propertlesj ' ) SEOMETR! 

» opposite sides are equal in length 

> opposite angles are equal in size 
> diagonals bisect each other. % 

e A rectangle is a parallelogram with four equal angles of 90°. 

PropertieSf . GEOMETRY 

> opposite sides are parallel and equal 

» diagonals bisect each other 

> diagonals are equal in length. 

e A rhombus is a parallelogram in which all sides are equal in length. 

Properties: GEOMETRY 

» opposite sides are parallel 

> opposite angles are equal in size 

» diagonals bisect each other at right angles 
> diagonals bisect the angles at each vertex. 

Bl
 
% 

e A square is a thombus with four equal angles of 90°. 

Properties: GEOMETRY 

» opposite sides are parallel 

T » diagonals bisect each other at right angles 

» diagonals bisect the angles at each vertex 

> diagonals are equal in length. 

e A trapezium is a quadrilateral which 

has a pair of parallel opposite sides. 

%   

e A Kite is a quadrilateral which has two pairs of adjacent sides equal in length. 

Properties: 

> one diagonal is a line of symmetry 

» one pair of opposite angles are equal 

» diagonals cut each other at right angles 

» one diagonal bisects one pair of angles at the vertices 

» one of the diagonals bisects the other. 
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CIRCLE FACTS 

Name of theorem Statement 

Angle in a semi-circle The angle in a 

semi-circle is a right 

angle. 

ABC = 90° 
GEOMETRY 
PACKAGE 

= 
  

Chords of a circle 

Radius-tangent 

The perpendicular from 

the centre of a circle to a 

chord bisects the chord. 

The tangent to a circle 

is perpendicular to the 

radius at the point of 
contact. 

GEOMETRY 
PACKAGE 

OAT = 90° 
GEOMETRY 

- 
  

Tangents from an 

external point 

Angle at the centre 

Angles subtended 

by the same arc 

Angle between a 

tangent and a chord 

Tangents from an 

external point are 

equal in length. 

The angle at the centre of 

a circle is twice the angle 

on the circle subtended 

by the same arc. 

Angles subtended by an 

arc on the circle are equal 

in size. 

The angle between a 

tangent and a chord at the 

point of contact is equal 

to the angle subtended by 

the chord in the alternate 

segment.   
GEOMETRY 

GEOMETRY 
PACKAGE 

ADB = ACB 
GEOMETRY 
PACKAGE 

BAS = ACB 

GEOMETRY  
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USEFUL FORMULAE 

PERIMETER FORMULAE 

  

      
f 
d &1 & 

  

  

  

  

  

w 

l l 

square rectangle triangle circle arc 

P =4 P=2(1+w) P=a+b+c C =2nr l:(L)zfl-r 
360 

or C=mnd 

AREA FORMULAE 

Shape Diagram Formula 

Rectangle |:|Width A = length X width 

length 

Triangle hdghh A =1 X base X height 

Parallelogram A = base X height 

Trapezium 

or 

Trapezoid 

Circle 

Sector     
SURFACE AREA FORMULAE 

RECTANGULAR PRISM 

_— 

  
c A = 2(ab + bc + ac) 

b
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CYLINDER CONE 

O e are 
Hollow cylinder A =27nrh Open cone A =T7rs 

hollow (no ends) (no base) 

5, 
h 

v 

"7 Mhollow 

  

  

Open cylinder | A = 27rh + 7r? 
hollow (one end) Solid cone | A = 7rs + wr? 

. A (solid) 

h L 
T solid 
  

  

Solid cylinder | A = 2wrh + 272 

(two ends) 

  

    
  

Object 
  

Solids of 

uniform V = area of end X length 

cross-section 
. end 

< height —» 

Pyramids 

and cones 
V = %(area of base X height)      



  

Straight lines 

Contents: A Lines in the Cartesian plane 

B Graphing a straight line 

€ Perpendicular bisectors 

D Simultaneous equations 
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OPENING PROBLEM 

A town has two hospitals located at A(—3, —2) and Y B(2.4) 
° 

B(2, 4). The grid units are kilometres. In an emergency, 

an ambulance crew will be sent from the nearest hospital. 

  

  

  
2 B 

  

  

Things to think about: 
  

  

  

  

a What is the midpoint between the hospitals? 1B % 

b How can we tell which hospital an ambulance crew 1 

should be sent from? A(=3.-2) L3                           

In this Chapter we study the equations and graphs of straight lines in the Cartesian plane. We will 

consider perpendicular bisectors which define the set of points equidistant from two locations, and 

consider simultaneous linear equations corresponding to the intersection of lines. 

7% I LINGS IN THE CARTESIAN PLANE 
In previous years you should have seen that: 

o The x-intercept of a line is the value of = where 

the line cuts the z-axis. 

e The y-intercept of a line is the value of y where 

the line cuts the y-axis. 

e The gradient of a line is a measure of its 
steepness. | T 

The gradient of the line passing through y-intercept 

ystep _ o= \ 
z-step X2 — T a-intercept 

\ 

   
       

  

    (z1, y1) and (z2, y2) is 

e Two lines are parallel if their gradients are 

equal. 

e Two lines are perpendicular if their gradients 

are negative reciprocals of one another. 

THE EQUATION OF A LINE 

The equation of a line is an equation which connects the z and y values for 

every point on the line. 

Using the gradient formula, the position of a general point (z, y) on a line with gradient m passing 

y—n 
T —x] 

through (z1, y1), is given by   =m. 

Rearranging, we find the equation of the line is y — y; = m(z — x1). 

We call this point-gradient form. It allows us to quickly write down the equation of a line given its 

gradient and any point on it.
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We can then rearrange the equation into other forms: 

e In gradient-intercept form, the equation of the line with gradient m and y-intercept ¢ 

is y=mz+ec. 

e In general form, the equation of a line is ax + by = d where a, b, d are constants. 

The general form allows us to write the equations of vertical lines, 

for which the gradient is undefined. 

Fortheline =1 welet a=1, b=0, and d=1. 

  

In examinations you may also be asked to write the equation of a line in the form az + by +d = 0. 

2L R (T We can find a line’s equation 

Find, in gradient-intercept form, the equation of the line with given the gradient and a point 

gradient —3 that passes through (4, —5). 
which lies on the line. 

  

The equation of the line is y — (—5) = —3(z — 4) 

y+5=—3z+12 | 
y=-3x+7 \/   

  

EXERCISE 1A 

1 State the gradient and y-intercept of the line with equation: 

  
      

  

  

  

  

  

  

  

  

  

  

                    

a y=3c+7 b y=-2r-5 c y=3%z—3 

T +2 2 — 3 3 — 5z 
d y= 5 e y= 5 fy= 3 

2 Find, in gradient-intercept form, the equation of the line which has: 

a gradient 3 and passes through (4, 1) b gradient —2 and passes through (—3, 5) 

¢ gradient i and passes through (4, —3) d gradient —% and y-intercept 4. 

3 An unused bank account is charged a yearly fee. The graph Ay ($) 

alongside shows the balance of the account after x years. 100 

a Find the gradient and y-intercept of the line, and interpret 0 

your answers. 

b Find the equation of the line. 60 

¢ How long will it take for the account to run out of 

money? 40 

20 

0 z (ye rsJ 

0 2 3 4    
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4 The graph alongside shows the descent of a train down a y 

hill. The units are metres. 

a Calculate the gradient of the train’s descent. 46 

b Find the equation of the train line. 

1820 z 

5 The height of a helicopter above sea level ¢ minutes after taking off is H = 150 + 120¢ metres. 

a What height above sea level did the helicopter take off from? 

b Interpret the value 120 in the equation. 

¢ Find the height of the helicopter above sea level after 2 minutes. 

d How long will it take for the helicopter to be 650 m above sea level? 

Example 2 «) Self Tutor 

Write the equation: 

a y=—2x+2 in general form 

b 3z — 4y = —2 in gradient-intercept form. 

  

y:7§x+2 b 3r—4y=-2 

3y=—-2x+6 o —4dy=-3z—-2 

20 +3y=6 oy=3z+3 

  

6 Write in general form: 

a y=—4x+6 b y=5r-3 ¢ y=—3z+2 d y=32z-1 

7 Write in gradient-intercept form: 

a brt+y=2 b 3z4+T7y=-2 ¢ 2r—y=6 d 3x—13y=—-4 

a 
8 Explain why the gradient of the line with general form az 4+ by =d is -3 

ek ) Self Tutor 

Find, in general form, the equation of the line with gradient % that passes through (-2, —1). 

  

Since the line has gradient %, the general form of its equation is 2z — 3y = d 

Using the point (—2, —1), the equation is 2z — 3y = 2(—2) — 3(—1) 

whichis 2z —3y = -1 

  

9 Find, in general form, the equation of the line which has: 

a gradient —4 and passes through (1, 2) b gradient 3 and passes through (3, —5) 

SI
S ¢ gradient —5 and passes through (-2, 6) d gradient  and passes through (—1, —4).
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el ) Self Tutor 

Find, in gradient-intercept form, the equation of the line which passes through A(3, 2) and 

B(5, —1). 
  

  

    
      

The line has gradient = e == s 
5—-3 2 2 

and passes through the point A(3, 2). 
We could use either 

A or B as the point 

. L. which lies on the line. 
-, the equation of the line is 

y—2=-%(z-3) 
y—2=—30+3 

B —_ _3 13 
. y——5a7+7     

10 Find, in gradient-intercept form, the equation of the line which passes through: 

a A(—2,1) and B(3,11) b A(7,2) and B(4, 5) 

¢ M(-2, —5) and N(3, 2) d R(5, —1) and S(-7,9). 

11 Find, in general form, the equation of each line: 

  

12 a Find, in gradient-intercept form, the equation of /ine 2. 

b Hence find the y-intercept of line 2. 

  

13 Find the equation of the line which is: 

a vparallel to y =3z —2 and passes through (1, 4) 

b vparallel to 22 —y = —3 and passes through (3, —1) 

¢ perpendicular to y = —2z + 1 and passes through (-1, 5) 

d perpendicular to x4+ 2y =6 and passes through (-2, —1). 

14 Line I passes through A(—2, —1) and B(4, 3). Line 2 is perpendicular to line I and passes 

through A. Find the equation of each line.
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Example 5 o) Self Tutor 

a Find m given that (—2, 3) lies on the line with equation y = mz + 7. 

b Find k given that (3, k) lies on the line with equation z + 4y = —9. 

  

a Substituting z = —2 and y =3 into b Substituting z =3 and y =k into 

the equation gives the equation gives 

3=m(-2)+7 34+4k=-9 

2m =4 oo dk=-12 

. m=2 S k=-3 

  

15 Determine whether: 

a (3,11) lies on the line with equation y =4z — 1 

b (=6, —2) lies on the line with equation y = 2z —6 

¢ (-4, —8) lies on the line with equation 7z — 3y = —4 

d (=3, 2) lies on the line with equation 6z + 10y = 17. 

16 a Find c given that (2, 15) lies on the line with equation y = 4z + c. 

Find m given that (3, 3) lies on the line with equation y = ma — 3. 

¢ Find t given that (¢, 4) lies on the line with equation y = %z — %. 

17 Find k given that: 

a (6, —3) lies on the line with equation 2z + 5y = k 

b (-8, —5) lies on the line with equation 7z —y =k 

¢ (k,0) lies on the line with equation 3z — 4y = —36. 

18 a Find the equation of l/ine 2. Write your answer in the 

form ax+by+d=0. 

b Find the z-intercept of line 2. 

  

19 Find the shaded area: 

  

A
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[ I GRAPHING A STRAIGHT LINE 
LINES IN GRADIENT-INTERCEPT FORM 

  

    

  

To draw the graph of y = mx +c¢ we: 

e Use the y-intercept c to plot the point (0, c). y-intercept 

e Use z and y-steps from the gradient m to locate 

another point on the line. gradient m,    

   
   

e Join the two points and extend the line in either 

direction. 

LINES IN GENERAL FORM 

Y To draw the graph of ax +by =d we: . 
y-intercept 

' e Find the y-intercept by letting x = 0. 

    

   
e Find the z-intercept by letting y = 0. 

e Join the points where the line cuts the axes and 
. N i z-intercept 

extend the line in either direction. /    

If d =0 then the graph passes through the origin. In this case we plot y = 7%x using its gradient. 

3 €T TN 

Draw the graph of: 

a y=—-1z+2 b 2z —4y=12 

  

  

a For y:7§x+2: Ay 
  

e the y-interceptis ¢ =2 
  

o the gradient is : In part a, we choose 
_1<— Y-Step = a positive z-step. 

3 <— p-step 

    
  

e 

  

  

  

  

b When =0, —4y=12 
. y:73 

  

So, the y-intercept is —3. 

When y =0, 2z=12 

=06 

So, the z-intercept is 6. 
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EXERCISE 1B 

1 Draw the graph of: 

  

a y:%:c+1 b y=3zr-2 < y:7§x+4 
GRAPHICS 

d y= -tz e y=te—3 fy=—fa-1 S, 
Check your answers using technology. 

Draw the graph of: PACKAGE. 

a 3x+2y=12 b 4r—y=28 ¢ 3r—4dy=-24 

d 2z+5y=15 e 6z +4y = —36 f Tx+4y=42 

Consider the line with equation y = —%x +2. 

a Find the gradient and y-intercept of the line. 

b Determine whether the following points lie on the line: 

i (8 —4) i (1,3) i (-2, 1) 

¢ Draw the graph of the line, showing the results you have found. 

Consider the line with equation 2z — 3y = 18. 

a Find the axes intercepts of the line. 

b Determine whether the following points lie on the line: 

i (3, —4) it (7, -2) 

¢ Find ¢ such that (—3, ¢) lies on the line. 

d Draw the graph of the line, showing the results you have found. 

At a sushi restaurant, nigiri costs $4.50 per serve and sashimi costs $9.00 per serve. Hiroko spent 

a total of $45 buying « serves of nigiri and y serves of sashimi. 

a Explain why 4.5z 4 9y = 45. 

b If Hiroko bought 4 serves of nigiri, how much sashimi did she buy? 

¢ If Hiroko bought 1 serve of sashimi, how much nigiri did she buy? 

d Draw the graph of 4.5z 4 9y = 45. Mark two points on your graph to indicate your answers 

to b and c. 

RSl PERPENDICULAR BISECTORS 

Notice that: 

e Points on the perpendicular bisector are equidistant from  Ae.. 

The perpendicular bisector of a line segment [AB] is the line perpendicular to [AB] 

which passes through its midpoint.     perpendicular 

bisector of [AB] 

A and B. T 1. 

The perpendicular bisector divides the number plane into - 

two regions. On one side of the line are points that are 

closer to A than to B, and on the other side are points that 

are closer to B than to A.
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Example ] '1>)) Self Tutor 

Given A(4, —3) and B(—2, 7), find the equation of the perpendicular bisector of [AB]. 

  

    serpendicular The midpoint M of [AB] is (4 i *3; 7) B(-2,7) 
. bisector of [AB] or (1,2)    

  

    
The gradient of [AB] is T—s_w_ 3 

. —2—-4 —6 3 

A(4,-3) . the gradient of the perpendicular bisector is % 

the equation of the perpendicular 

bisector is 3z — by = 3(1) — 5(2) 

which is 3z — 5y = —T. 

EXERCISE 1€ 

1 Consider the points A(3, 1) and B(5, 7). 

a Find the midpoint of [AB]. b Find the gradient of [AB]. 

¢ Hence state the gradient of the perpendicular bisector. 

d Find the equation of the perpendicular bisector. 

2 Find the equation of the perpendicular bisector of: 

a A(5,2) and B(1,4) b A(-1,5) and B(5, 3) ¢ M(6, —3) and N(2,1) 

d M(7,2) and N(-1, 6) e 0(0,0) and P(9,0) f A(3,6) and B(—1, 3). 

3 Suppose Pis (6, —1) and Qis (2, 5). 

a Find the equation of the perpendicular bisector of [PQ]. 

b Show that R(1, 0) lies on the perpendicular bisector. 

¢ Show that R is equidistant from P and Q. 

  

L Consider the quadrilateral ABCD. 

a Use side lengths to show that ABCD is a thombus. 

b Find the equation of the perpendicular bisector of 

[AC]. 

¢ Show that B and D both lie on this perpendicular 

bisector. 

  

  

  

  

  

  

  

    

  

                              
  

5 A line segment has equation 3z — 2y + 1 = 0. Its midpoint is (3, 5). 

a State the gradient of: 

i the line segment ii its perpendicular bisector. 

b State the equation of the perpendicular bisector. Write your answer in the form az + by +d = 0. 

6 Answer the Opening Problem on page 20.
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7 Consider the points A(z1, y1) and B(za, y2). 

a Show that the equation of the perpendicular bisector of [AB] is 

(sz + 922 - (112 + 1‘412) . 

2 

b Suggest one advantage of writing this equation in general form. 

(w2 — 1)z + (Y2 —y1)y = 

8 Consider three points A(1, 2), B(4, 5), and C(2, —1). 

a Find the equation of the perpendicular bisector of: i [AB] i [AC] iii [BC]. 

b Graph the three perpendicular bisectors on the same set of axes. Discuss your observations. 

¢ Describe how to find the centre of the circle which passes through three non-collinear points. 

9 Three post offices are located in a small city at P(—8, —6), Q(1, 5), and R(4, —2). 

a Find the equation of the perpendicular bisector of: i [PQ] ii [PR] iii [QR]. 

b Graph the three post offices and the three perpendicular bisectors on the same set of axes. Use 

these lines to locate the point that is equidistant from all three post offices. Shade regions of 

your graph in different colours according to their closest post office. 

[0 M SIMULTANEOUS EQUATIONS 
In previous years you should have seen how the intersection of two straight lines corresponds to the 

simultaneous solution of their equations. 

A system of two equations in two unknowns can be solved by: 

e graphing the straight lines on the same set of axes 

o algebra using substitution or elimination s 
e technology. 

. . GRAPHICS 
To use the equation solver function on your calculator, you CALCULATOR 

INSTRUCTIONS 
will need to write each equation in the form ax + by = d. 

  

Example 8     
y=x—3 

Solve simultaneously: { 9+ 3y = 16 

Tllustrate your answer. 
  

  

y=x—3 e (D) 

2 +3y=16 ... (2) 

Substituting (1) into (2) gives 2z + 3(z —3) = 16 

2z 4+ 3z —-9=16 

5T =25 

L T=5 

  

  

  

  

  

  

  

    Substituting x =5 into (1) gives y=05—3 

L yY=2   
  

  
                      The solutionis z =05, y = 2. 

Check: ~ Substituting into (2), 2(5)+3(2)=10+6=16 
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EXERCISE 1D 

1 Solve the following simultaneous equations graphically: 

  

  

) y=3x+2 b y=—4xr+1 c y=2xr—-5 

y=x—2 y=3r—6 y:%:c+4 

d y=xz—1 o z+3y=9 f 3z —2y =30 

2z + 3y = 12 r—2y=4 dr+y=—4 

2 Solve by substitution: 

| y=x+2 b y=2xr—3 c 5z + 3y =19 

2z + 3y =21 e —3y="7 y=6—2x 

d r=y—3 o 3z + 4y = —13 f r=—by—2 

br — 2y = r=8y—2 Tr+ 4y = —10 

y=1c+5 N z=—3y ; 3r+Ty=6 

s 3z +4y = 4o — by = —24 z:%y—l 

Example 9 .1;)) Self Tutor 

L 3z+4y=2 
Solve by el tion: olve by elimination; {21—33;:7 

3r+4y=2 ... (1) We can choose to 
2c—-3y=7 ...(Q2) 

To make the coefficients of y the same size but opposite in sign, 

we multiply (1) by 3 and (2) by 4. 

  

C9r+12y=6 {(1)x 3} 
8z — 12y =28 {(2) x 4} 

Adding, 17x =34 

Lor=2 

Substituting = =2 into (1) gives 3(2) + 4y = 

644y = 

4y = —4 

y=-1 

The solutionis = =2, y=—1. 

Check: Tn(2): 2(2)—3(-1)=4+3=7   
3 Solve by elimination: 

  

s 3r—y=5 b br —2y =17 

dr+y=9 3r+2y="7 

3z — Ty =—-27 . 3r—Ty= -8 

—6x + 5y = 18 9z + 11y = 16 

2r -3y =6 h 4o+ 2y = —23 

$ \se—ay=1 5z — Ty =5 

eliminate either z or y. 

  

  
  

Te—2y="T 

f dr+3y=14 

3z — 4y =23 

i dr—Ty=9 

br — 8y = —2
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4 Find the area of the triangle defined by: 

a y=z+2, v+y=9, and y=2 

b bz —2y=18, 2z +5y=13, and 8z —9y =114 

y=4x+7 

2y —8z=1" 

a Graph each line on the same set of axes. What do you notice? 

5 Consider the simultaneous equations { 

b Try to solve the simultaneous equations using: 

i substitution il elimination ili  technology. 

¢ How many solutions does this system of simultaneous equations have? 

. . =-2c+5 
6 Consider the simultaneous equations Y v . 

4 + 2y =10 

a Graph each line on the same set of axes. What do you notice? 

b Try to solve the simultaneous equations using: 

i substitution ii elimination iii technology. 

¢ How many solutions does this system of simultaneous equations have? 

3z —2y =12 
7 Consider the system of simultaneous equations { 

y=mzx—6 

a Find the gradient of each line. 

b Hence determine the value of m for which the simultaneous equations do not have a unique 

solution. Explain what is happening in this case. 

¢ For any other value of m, the system has a unique solution. Find this solution. 

12=4x —cy 
8 Consider the system of simultaneous equations . i y! imu us equ { 9% + 6= 3y 

a Find the gradient of each line. 

b Hence determine the value of ¢ for which the simultaneous equations do not have a unique 

solution. Explain what is happening in this case. 

¢ For any other value of ¢, the system has a unique solution. Find this solution in terms of c. 

REVIEW SET 1A 

1 Consider the table of values alongside. 

a Draw a graph of y against z. 

  

b Are the variables linearly related? Explain your 

answer. 

Find the gradient and y-intercept of the graph. 

Q
 

Find the equation connecting x and y. 

e Find the value of y when z = 7. 

2 a Find, in gradient-intercept form, the equation of the line which has gradient —% and passes 

through (6, 2). 

b Write the equation of the line in the form axz + by +d = 0.
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3 a Find, in general form, the equation of line 2. 

     b Hence find the z-intercept of /ine 2. y—4d=3(x-1) 

& Determine whether: 

a (5, —2) lies on the line with equation y = —z +3 

b (-3, 3) lies on the line with equation 3z + 8y = —b5. 

5 Draw the graph of: 

  
  

a y=-3z+1 b 3z —4y="72 € 2z +5y=—20 

6 Find the equation of the perpendicular bisector of: 

a A(5,2) and B(5, —4) b A(8,1) and B(2,5). 

7 Quadrilateral ABCD has vertices A(3, 2), B(2, —4), C(—4, —3), and D(-3, 3). 

a Find the equation of the perpendicular bisector of: i [AC] ii [BD]. 

b Classify quadrilateral ABCD. 

=3z+1 2 =6 
8 Solve graphically: a g=ew b Tty 

T—y=3 z—2y=28 

L. y=3x+4 r=2y—>5 
1 : 9 Solve by substitution a { % —y=—5 b { 30+ 4y = 5 

S 3z +2y = 20+ Ty =13 
10 1 1 tion: b Solve by elimination a {51—23;:17 { Mzt 3y =95 

. . i r=k—2y 
11 Consider the system of simultaneous equations 1 . 

Yy=—5T+2 

a Find the gradient of each line. 

b Find the value(s) of & such that the system has: 

i no solutions ii infinitely many solutions. 

Interpret these cases geometrically. 

REVIEW SET 1B   
  

  

  

  

  

  

  

  

              
  

1 The speed of a pebble thrown from the top of a cliff is 4 speed (yms—1) 

shown alongside. 40 

a Find the gradient and y-intercept of the line, and 

explain what these values mean. 30 

b Find the equation of the line. 20 

¢ Find the speed of the pebble after 8 seconds. 

10 

time (z seconds 

00 2 3 (jl d—z5  
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Find the equation of the line which is: 

a parallel to y =3z — 8 and passes through (2, 7) 

b perpendicular to 2z + 5y = 7 and passes through (—1, —1). 

Find k given that: 

a (2, k) lies on the line with equation y = 5z — 3 

b (3, —32) lies on the line with equation 5z + 9y = k. 

Draw the graph of: 

a 3z42y=30 b y=-2r+5 ¢ y=—1x+% 

Consider the line with equation y = %:c - %. 

a Find the gradient of the line. 

b Determine whether: i (-2, -4) ii (4,5) lie on the line. 

¢ Draw the graph of the line, showing your results from a and b. 

Line I has equation 2z + 3y = —24. Line 2 is perpendicular to /ine I, and meets line I at 

R(3, —10). Line I and line 2 meet the z-axis at P and Q respectively. Find the area of triangle 

PQR. 

A line segment has equation = — 5y + 6 = 0. Its midpoint is (4, 2). 

a State the gradient of: 

i the line segment ii its perpendicular bisector. 

b State the equation of the perpendicular bisector. 

Triangle ABC has vertices A(3, 6), B(—1, 4), and C(1, 0). 

a Find the equation of the perpendicular bisector of: 

i [AB] ii [AC] ii [BC]. 

b Graph the three perpendicular bisectors on the same set of axes. Discuss your observations. 

  

L = 62+ 2 =3z+5 
Solve by substitution: a { gz B §y+= o b { Zx 772;;1 i 

. 3r+2y=28 4z + 6y = —15 
lve by el tion: b Solve by elimination a {5m—4y=17 {31—5y=22 

4y =6 
Consider the system of simultaneous equations { o +2 i 9 

T—2y=— 

a Find the gradient of each line. 

b Hence determine the value of a for which there is nof a unique solution. Explain what is 

happening in this case. 

¢ For any other value of a, the system has a unique solution. Find this solution in terms of a.
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OPENING PROBLEM 

The Human Development Index (HDI) is a composite 

statistic of life expectancy, education, and per capita 

income indicators used to rank nations on their levels of 

human development. 

  

Suppose L represents the nations which have a life 

expectancy of more than 75 years, S represents the nations 

where the mean years of schooling is greater than 10, and 

I represents the nations where the gross national income 

(GNI) is more than $18000 USD per capita. 

In 2016, of the 100 nations with the highest HDI: 

e (9 were in L e 58 were in S e 61 werein [ 

e 50 were in L and [ e 44 were in S and e 43 were in L and S 

e 37werein L, S, and T 

  

Things to think about: 

a How can we display this information on a diagram? 

b Can we find how many nations out of the 100 with the highest HDI were not in any of L, S, 

or I? 

¢ How many nations were in: 

i S only ii L or [ butnotS iii S and I but not L? 

d Do you think that life expectancy, mean years of schooling, and gross national LINK 

income are linked in any way? You may wish to visit the link alongside to 

consider data for nations ranked outside of the top 100 for HDI. 

NI s 
A set is a collection of distinct numbers or objects. 

Each object is called an element or member of the set. 

When we record a set, we write its members within curly brackets, with commas between them. 

We often use a capital letter to represent a set so that we can refer to it easily. 

SET NOTATION 

€ means “is an element of” or “is in” 

¢ means “is not an element of” or “is not in” 

n(A) means “the number of elements in set A”. 

For example, if P = {prime numbers less than 20} = {2, 3, 5, 7, 11, 13, 17, 19} then 11 € P, 

15¢ P, and n(P)=2_8.
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SET DEFINITIONS 

e Two sets are equal if they contain exactly the same elements. 

e Set A is a subset of set B if every element of A is also an element of B. We write A C B. 

A C B can be interpreted as: “For all = € A, we know that = € B”. 

e A s a proper subset of B if every element of A is also an element of B, but A # B. 

We write A C B. 

e The empty set @ or { } is a set which contains no elements. 

e Set A is a finite set if n(A) has a particular defined value. 

If A has an endless number of elements, we say it is an infinite set. 

Example 1 O AR (T8 

Let P be the set of letters in the word AMATEUR 

and @ be the set of letters in the word TEAM. 

a List the elements of P and Q. 

b Find n(P) and n(Q). 

¢ Decide whether the statement is true or false: 

i Ue@ il R¢Q iii PCQ iv QCP 

  

a P={AMTEUR} @={TLEAM} We do not include 

n(P) =6, n(Q)=4 duplicates when listing 

c i U is not in the word TEAM, so U € @ is false. 

ii R is not in the word TEAM, so R ¢ Q) is true. 

elements of a set. So, A 

appears only once in P. 

  

ili UeP but U¢Q, so PCQ is false. A 

iv. Every element in () is also an element of P, so @ C P. =) 

However, U € P but U ¢ Q, so Q # P. & 

. QCP is true. / 

  

  
EXERCISE 2A 

1 For each set A, list the elements of A and hence state n(A): 

a {factors of 8} b {composite numbers less than 20} 

¢ {letters in the word AARDVARK} d  {prime numbers between 40 and 50} 

2 Decide whether each set is finite or infinite: 

a {factors of 10} b {multiples of 10} ¢ {perfect squares} 

3 Let S={1,24,509 12} and T = {2, 5, 9}. 
a Find: i n(9) it n(T). 

b Decide whether the statement is true or false: 

i 48 i 4eT i 1¢7T v TCS v TCS 

4 Let §={1,2} and T = {1, 2, 3}. 
a List a/l the subsets of S and 7. b Is every subset of S a subset of 7?7 

¢ What fraction of the subsets of 7" are also subsets of S?
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5 State the number of subsets of {p, q, r, s}. Explain your answer. 

6 Consider two sets A and B such that A C B. Find the possible values of = if A = {2, 4, 6, z} 

and B ={2,3,5,6, =+ 1}. 

7 Suppose AC B and B C A. Show that A = B. 

[N INTRSECTION AND UNIOR 
INTERSECTION 

The intersection of two sets A and B is the set of elements that are in both set A and set B. 

The intersection of sets A and B is written A N B. 

Two sets A and B are disjoint or mutually exclusive if they have no elements in common. 

In this case ANB = @. 

UNION 

The union of two sets A and B is the set of elements that Elements in both A and B 
are in either set A or set B. are included in the union 

of A and B. 
The union of sets A and B is written A U B. 

  

  

  

M =1{2,3,5,7,89} and N = {3, 4, 6,9, 10}. 

List the sets: a MNN b MUN. 
  

a MNN = {3,9} since 3 and 9 are elements of both sets. 

b Every element which is in either M or N is in the union of M and N. 

MUN ={2,3,4,5,6,7,8,9, 10} 

  

EXERCISE 2B 

1 Find i AnB i AUB for: 

a A={6,7,9,11,12} and B = {5, 8, 10, 13, 9} 

b A={1,2,3,4} and B={5,6, 7, 8} 

¢ A=1{1,3,57} and B=1{1,23,4,5,6,7, 8,9} 

d A=10,3,5,8,14} and B ={1,4,5,8, 11, 13} 

2 State whether the sets are disjoint: 

a A={3,57,9} and B ={2,4,6, 8} 

b P=1{3,56,728 10} and Q = {4, 9, 10}
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3 Determine whether each statement is true or false. Explain your answers. 

a If Rand S are two non-empty sets and RN S =@ then R and S are disjoint. 

b For any sets A and B, n(ANB) <n(A) and n(ANB) < n(B). 

¢ If ANB=AUB then A=B. 

d If A and B are infinite sets, then AN B is also an infinite set. 

k& Suppose A and B are disjoint sets, and B and C are disjoint sets. Are A and C' disjoint sets? 

Explain your answer. 

5 Suppose n(A) =8 and n(B)=11. Find the possible values of: 

a n(ANB) b n(AUB) 

6 Show that n(AU B) < n(4) + n(B). 

[T COMPLEMENT OF A SET 
The universal set U is the set of all elements we are considering. 

For example, if we are considering the digits we write whole numbers with, the universal set is 

U={0,1,23,4,5,6,7,8, 9}. 

From this universal set we can define subsets of U, such as C' = {composites} = {4, 6, 8, 9} and 

P = {primes} = {2, 3, 5, T}. 

The complement of a set A is the set of all elements of U that are not elements of A. 

The complement of A is written A’. 

For example, if U = {1,2,3,4,5,6,7,8} and A =1{1,3,5,7,8}, then A" = {2, 4, 6}. 

We can make three immediate observations about complementary sets: 

For any set A with complement A’: 

e ANA'"=2 as A’ and A have no common members. 

e AUA'=U as all elements of A and A’ combined make up U. 

o n(A)+n(A") =n(U) provided U is finite. 

EXERCISE 2C 

1 Let U={1,2,3,4,5,6,7,8,9}. 

a Find the complement of A = {2, 3, 6, 7, 8}. 

b If P = {prime numbers}, is P’ = {composite numbers}? Explain your answer. 

2 Let U = {whole numbers between 10 and 20 inclusive}, A = {factors of 120}, and 

B = {multiples of 3}. 

List the elements of: 

a A b B c A d B’ 

e ANB f AUB g ANB h AUB 

i AnB i AUB k A'NB I AuB
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3 a Suppose U =1{2,3,4,56,7,8}, A=1{3,57}, and B ={2,4,7,8}. Find: 

i n(U) it n(A) i n(4’) iv n(B) v n(B). 

b Copy and complete: For any set S within a universal set U, n(S) +n(S’) = ..... 

4 Suppose P and Q' are subsets of U. n(U) =15, n(P) =6, and n(Q') =4. Find: 

a n(P) b n(Q). 

5 Given that P C ), show that Q' C P'. 

6 Suppose U and P are infinite sets. Provide examples to show that P’ may be finite or infinite. 

ERMMININT SPECIAL NUMBER SETs 
Following is a list of some special number sets you should be familiar with. They are all endless, so 

they are infinite sets. 

e N={0,1,23,4,5,6,7, ..} is the set of all natural or counting numbers. 

—_— 

  

          

— | bbb bbb b o ¢ > 
-2 -1 0 1 2 3 4 5 6 7 8 9 10 

o Z =10, £1, £2, £3, +4, ...} is the set of all integers. 

-— —_ 

-— 
-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 
  

o ZT=1{1,234,5,6,7, ..} is the set of all positive integers. 

«— L L L1111 4 ¢ b & b & > 
-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 

e (Qis the set of all rational numbers, or numbers which can be written in the form 2 \where 
. q 

p and ¢ are integers, ¢ # 0. 

For example: > 2 and = are rational » —3% isrational as —3% = =1 

» 0.3 isrational as 0.3 =3 =1 » /16 is rational as /16 = 1 

» All decimal numbers that terminate or recur are rational numbers. 

e (@' is the set of all irrational numbers, or numbers which cannot be written in rational form. 

For example: /3 and 7 are irrational. 

e R is the set of all real numbers, which are all numbers which can be placed on the number line. 

  

- L L L L L 
-6 -5 4 -3 -2 -1 0 1 2 3 4 5 6 

Notice that R = QU Q'. 

% and /—2 cannot be placed on a number line, and so are not real.
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EXERCISE 2D 

1 Copy and complete: 

  

2 Determine whether each statement is true or false: 

a —7ezt b 2¢7 ¢ V3eQ d feQ 

e 0201€Z f O—;EQ g /|-1]eR h vV-9€eR 

3 Determine whether each statement is true or false: 

a ZtCN b NCZ ¢ N=277% d Z-CZ 

e Qcz f {0}CZ g ZCQ h ZtUZ =7 

4 Describe the following sets as either finite or infinite: 

a the set of integers between 10 and 20 

b the set of integers greater than 5 

¢ the set of all rational numbers between 0 and 1 

d the set of all irrational numbers between 0 and 1. 

5 If U =17, find the complement of Z*. 

THEORY OF KNOWLEDGE 

A number is rational if and only if its decimal expansion eventually terminates or recurs. 

Equivalently, a number is irrational if and only if its decimal expansion never terminates nor recurs. 

If we begin to write the decimal expansion of /2, there is no indication that it will terminate or 

recur, and we might therefore suspect that v/2 is irrational. 

1.414213 562 373 095 048 801 688 724 209 698 078 569 671 875 376 948 073 ... 

However, we cannot prove that v/2 is irrational by writing out its decimal expansion, as we would 

have to write an infinite number of decimal places. We might therefore believe that /2 is irrational, 

but it may also seem impossible to prove it. 

1 If something has not yet been proven, does that make it untrue? 

2 Ts the state of an idea being true or false dependent on our ability to prove it?
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In fact, we can prove that /2 is irrational using a method called proof by contradiction. In this 

method we suppose that the opposite of what we want to show is true, and follow a series of logical 

steps until we arrive at a contradiction. The contradiction confirms that our original supposition must 

be false. Proof by contradiction is an indirect proof. 

Proof: Suppose v/2 is rational, so /2 = L for some (positive) integers p and g, g # 0. 
q 

We assume this fraction has been written in lowest terms, so p and ¢ have no 

common factors. 
2 

Squaring both sides, 2 = 2—2 and so p? =2¢*> ... (1) 

p? is even, and so p must be even. 

p =2k for some k€ Z" . 

Substituting into (1),  4k? = 2¢> 
¢ = 2% 

¢? is even, and so ¢ must be even. 

Here we have a contradiction, as p and ¢ have no common factors. 

our original supposition is false, and /2 is irrational. 

3 Is proof by contradiction unique to mathematics, or do we use it elsewhere? 

4 Ts it useful to be able to prove something in more than one way? 

5 In what other fields of human endeavour is it necessary to establish truth? 

DI INTERVAL NOTATION 
To describe the set of all integers between —3 and 5, we 

. . 4444411, 
can list the set as {—2, —1, 0, 1, 2, 3, 4} or illustrate ~3-2-10 1 2 3 4 5 

the set as points on a number line. 

Alternatively, we can write the set using interval notation as {z € Z | -3 < z < 5}. 

root 
the set of all ~ such that 

We read this as “the set of all integers = such that = lies between —3 and 5”. 

Interval notation is very useful if the set contains a large or infinite number of elements and listing them 

would be time consuming or impossible. 

For example: {z € R| -2 <z <4} reads “the set of all real = such that x is greater than or 

equal to —2 and less than 4”. 

We represent this set on a number line as: 

  

a filled in circle indicates an open circle indicates 4 

—21is iilcluded is not included 

< | 1 | > 

-2 0 4 T 

We commonly write {z | =2 <z < 4} in which case we assume that = € R.
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3°€ - ) Self Tutor 

Suppose A ={z € Z|3 <z <10}. 

a Write down the meaning of the interval notation. 

b List the elements of set A. ¢ Find n(A). 

a The set of all z such that x is an integer between 3 and 10, including 10. 

b A={4,56,7,8,9, 10} c n(Ad)=7 

  

  

BRACKET NOTATION 

For x € R, we can use the following notation to concisely write intervals: 

[a, b] represents the closed interval {z | a <z < b} - 

[a, b[ represents the interval {zla<z<b} - >z   

  la, b] represents the interval {z]a<z<b} - >z 

    la, b[ represents the open interval  {z | a <2 < b} - >   

An interval which extends to infinity has no defined endpoint. So, for {z |z > a} we write [a, co[. 

EXERCISE 2E 

1 For the following sets: 

i Write down the meaning of the interval notation. 

il If possible, list the elements of A. ili Find n(A). 

a A={zecZ|-1<z<T7} b A={zeN|-2<z<8} 

¢ A={z|0<z <1} d A={zcQ|5<z<6} 

2 Represent on a number line: 

a {zreN|z<5} b {ze€Z"|3<z<T} 

¢ {zeR|z>3} d {zeR|z<6} 

e {reR|2<z<6} f {z]3.6<z<10.2} 

g z€[59 h ze€]-1, 6] 

i ze(2 00 ] ze]-o0, =3[ 

k {z|z<3} U {z|z>6} | {z]z<2} U {z|z>4} 

m {z|z<3} U {zr|7<z<12} n {eeZt|z<6} U {zecZ"|8<x<11} 

o ze]-00,0] U zel4 0] p ze€]-oo, 1] U z€]lb, §] 

3 Write in interval notation: 

a the set of all integers between —100 and 100 

b the set of all real numbers greater than 1000 

¢ the set of all rational numbers between 2 and 3 inclusive.
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L Write in interval notation: 

a ° , b . o 

< d 
<t|3—$—6—$—$—$—6—i—; <—$—$—$—$—i—l—g—; 

  

      

a ——— o b —  » 
-+ > 4—‘—» 

-3 2 T 3 T 

< o————— d — o —» 
-+ > <—I—I—I—> 

0 2 x 1 4 6 x 

6 State whether A C B: 

a A=9, B={2,5,7,9} b A={2528,9}, B={8 9} 

A={zeR|2<z2<3}, B={zeR} 

A={zeQ|3<z<9}, B={reR|0<z<10} 

A={reZ|-10<z<10}, B={2€Z|0<z<5} 

A={zcQ|0<z<1}, B={ycQ|0<y<2} -
0
 

0O 
A
 

  

   
     

      

Suppose U ={z€Z|-5<z<5b}, A={z€Z|1<z<4}, and 

B ={ze€Z|-3<x<2}. Listthe elements of: 

a A b B c A d B 

e ANB f AUB g A'NB h AuB 
  

  

a A={1,23, 4} b B={-3-2-1,0,1} 
¢ A ={-5-4-3-2,-1,0,5} d B ={-5 —4,2, 3, 4,5} 
e ANB={1} f AUB={-3,-2-1,0,1,2 3, 4} 
g A'NB={-3 -2 -1,0} h A'UB' ={-5,—4, -3 -2 -1,0,2, 3, 4,5} 

  

      
     

7 Suppose U={zecZ|0<z2<8}, A={2xcZ|2<z<T}, and 

B ={x€Z|5<x<8}. Listthe elements of: 

a A b A ¢ B d B’ 

e ANB f AUB g AnB 

8 Suppose U ={z € Z|0 <z <40}, P = {factors of 28}, and @ = {factors of 40}. 

a List P and Q. b Find PNQ. ¢ Find PUQ. 

d Show that n(PUQ) =n(P)+n(Q) —n(PNQ). 

9 Suppose U=7, C={yecZ|-4<y<-1}, and D={yecZ|-7<y<0}. 

a List C'and D. b Find CND. ¢ Find CUD. 

d Show that n(C'UD) =n(C)+n(D)—n(CND).
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10 Suppose U = {z € Z* |z < 31}, A = {multiples of 6 less than 31}, B = {factors of 30}, 

and C' = {primes < 30}. 

a 

b 

The Venn diagram alongside shows set A within the universal set U. 

The complement of A is the shaded region outside the circle. 

SUBSETS 

If B C A then every element of B is also in A. 

The circle representing B is placed within the circle representing A. 

INTERSECTING SETS 

For two sets A and B which have some elements in common, but 

where neither is a subset of the other, we draw the circles overlapping. 

  

List the sets A, B, and C. 

Find: 

i AnB ii BNnC iii AnC 

v AnBnC v AUBUC 

Show that 

n(AUBUC) =n(A) +n(B)+n(C) —n(ANB) —n(BNC)—n(ANC)+n(ANBNC). 

GRAMS 

A Venn diagram consists of a universal set U represented by a rectangle, 

and subsets within it that are generally represented by circles. 

Al 

  5B
 

  
  

U 

e The intersection AN B consists of all e The union AUDB consists of all elements in 

elements common to both A and B. A or B or both. 

It is the region where the circles overlap. It is the region which includes the two circles. 

A B -     
  

ANB AUB
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DISJOINT OR MUTUALLY EXCLUSIVE SETS 

Disjoint sets do not have common elements. 

They are represented by non-overlapping circles. 

A B 

ANB=g 

BTN 
Suppose U = {1, 2, 3, 4, 5, 6, 7, 8}. [Illustrate on a Venn diagram the sets: 

a A=1{1,368} and B=1{2 3,45, 8} 
b A={1,3,6,7,8} and B = {3,6, 8} 

¢ A=1{2,4,8} and B = {1, 3, 5}. 

  

a AnB=1{3 8} b ANB={3,6,8 =B and B#A, so BC A. 

  

    
  

EXERCISE 2F 

1 Represent sets A and B on a Venn diagram, given: 

a U=1{2,3,4506,7}, A=1{24,6}, and B = {5, 7} 

b U=1{2,3,5711,13}, A={2,3,7}, and B ={3,5, 11} 

c U={1,2,3,4,56,7}, A={2,4,56}, and B={1,4,6,7} 

d U={1,3,4,5"7}, A={3,457}, and B = {3, 5} 

2 Suppose U ={zecZ|1<xz<10}, A= {odd numbers < 10}, and B = {primes < 10}. 

a List sets A and B. b Find ANB and AUB. 

¢ Represent the sets A and B on a Venn diagram. 

3 Suppose U =R. 

Copy the Venn diagram and label the sets Q, Z, and N. 

Shade the region representing Q'. 

Place these numbers on the Venn diagram: 

7,428 -7, 0,V/7, -2, —0.35. 
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4 Display on a Venn diagram: 

a U = {parallelograms}, R = {rectangles}, S = {squares} 

b U = {polygons}, Q = {quadrilaterals}, 7" = {triangles}. 

5 This Venn diagram consists of three overlapping circles A, B, 

and C. 

a List the letters in set: 

i A ii B ili C 

v AnB v AUB vi BnC 

vii ANBNC wviii AUBUC 

  

b Show that 

n(AUBUC) =n(A) +n(B)+n(C)—n(ANB) —n(ANC) —n(BNC)+n(ANBNC). 

6 Suppose U = {r € Z* |40 < x < 60}, 

  

  

  

      

A = {multiples of 2}, B = {multiples of 3}, and 4 Y 

C' = {multiples of 5}. 

Display the elements of these sets using a Venn diagram. 

U C 

7 ] On separate Venn diagrams, shade regions for: PRINTABLE 

A B a A b A (OVERLAPPING) 
¢ ANB d AnB 

e AUB f AuB * 
U g (AnBY h (AuB) 

8 ] Suppose A and B are two disjoint sets. VenRINTABLE 

A B Shade on separate Venn diagrams: (DISJOINT) 

a A b B c A 

d B e ANB f AUB 

vl ] g ANB h AuB i (AnB) 

9 ) iuppose AB C A. Shade on separate Venn ver RINTABLE 

iagrams: (SUBSET) 

a A b B c A 

d B e ANB f AUB 

U g ANB h AuB i (AnB) 

10 1 5 This Venn diagram consists of three intersecting Vel RINTABLE 

sets. Shade on separate Venn diagrams: (3 SETS) 

a A b B % 
¢ BNC d AuB 

e AnBNC f AuBUC 

4 g (AnBnQC) h (AuB)nC 

v i (BnC)u4a i ANn(BUC)
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ACTIVITY 

Click on the icon to practise shading regions representing various subsets. You can Y ENH . 

practise with both two and three intersecting sets. 

  

[ I VENN DIAGRAM REGIONS 
There are many situations where we are only interested in the number of elements that are in each 

region of a Venn diagram. We do not need to show all the elements on the diagram, so instead we write 

the number of elements in each region in brackets. 

  

Example 6 «) Self Tutor 

Use the Venn diagram to find the number of elements in: 

a P b Q' 

¢ PUQ d P, but not Q 

e @, butnot P f neither P nor Q. 

  

  

  

a n(P)=7+3=10 b n(Q)=7+4=11 

¢ n(PUQ)=T7+3+11=21 d n(P, butnot Q) =7 

e n(Q, but not P) =11 f n(neither P nor Q) =4 

EXERCISE 2G 

1 ] Find the number of elements in: 

¥ Y a X' b XNY 
@ ¢ XUY d X, butnotY 

' @ e Y, but not X f neither X nor Y. 

U 

2 a Use the Venn diagram to find: 

Y J i n(PNQ) il n(P) il n(Q) 

v n(PUQ) v n(Q) vi n(U) 

b Find the value of a if: 

  

    
U (a=5) i n(U)=29 i nU)=31 

Comment on your results. 

3 ] Use the Venn diagram to show that: 

4 b a n(AUB)=n(A) +n(B) —n(An B) 
@ b n(ANB')=n(A) —n(ANB) 

U 
  

4 Suppose A and B are disjoint sets. Use a Venn diagram to show that n(A U B) = n(A) + n(B).



SETS AND VENN DIAGRAMS (Chapter 2) 47 

L Y ) Self Tutor 

Given n(U) =30, n(A4) =14, n(B) =17, and n(ANB) =6, find: 

a n(AUB) b n(A, but not B) 

  

We are given n(ANB) =6 

n(ANB)=14—6=8 
and n(A'NB)=17T-6=11 

n(A'NB)=30-6-8—11=5 

a n(AUB)=8+6+11=25 
b n(ANB')=8 

  

5 Given n(U) =26, n(A) =11, n(B) =12, and n(ANB) =38, find: 

a n(AUB) b n(B, but not A) 

6 Given n(U) =32, n(M)=13, n(MNN)=5, and n(MUN) =26, find: 

a n(N) b n((MUN)) 

7 Given n(U) =50, n(S) =30, n(R) =25, and n(RUS) =48, find: 

a n(RNS) b n(S, but not R) 

I EBROBLEM SOLVING WITH VENN DIAGRAMS 
When we solve problems with Venn diagrams, we are generally only interested in the number of 

individuals in each region, rather than where a particular individual is placed. 

Example 8 o) Self Tutor 

A squash club has 27 members. 19 have black hair, 14 have 

brown eyes, and 11 have both black hair and brown eyes. 

a Place this information on a Venn diagram. 

  

b Hence find the number of members with: 

i black hair or brown eyes 

ii black hair, but not brown eyes. 

  

  

a Let Bl represent those with black hair and Br represent those with brown eyes. 
  n(BlNBr) =11 

o n(BINBr')=19-11=8 Bl Br 
and n(BI'NBr)=14-11=3 @ 

n(BI'NBr')=27-11-8-3=5 

" )     
  

b i n(BIUBr)=8+11+3=22 
22 members have black hair or brown eyes. 

il n(BINBr')=38 

8 members have black hair, but not brown eyes.   
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EXERCISE 2H 

1 Pelé has 14 cavies as pets. Five have long hair and eight 

are brown. Two are both brown and have long hair. 

a Place this information on a Venn diagram. 

b Hence find the number of cavies that: 

i do not have long hair 

il have long hair and are not brown 

il are neither long-haired nor brown. 

  

2 During a 2 week period, Murielle took her umbrella with her on 8 days. It rained on 9 days, and 

Murielle took her umbrella on five of the days when it rained. 

a Display this information on a Venn diagram. 

b Hence find the number of days that: 

i Murielle did not take her umbrella and it rained 

ii  Murielle did not take her umbrella and it did not rain. 

ORI 

A platform diving squad of 25 has 18 members who dive from 10 m, and 17 who dive from 4 m. 

How many dive from both platforms? 

  

  

Let T represent those who dive from 10 m and 

F represent those who dive from 4 m. T F 

Let n(T'NF)==z 

n(TNE)Y=18—z and n(T'NF)=17—2z 

n(T'NF’") =0 since every diver in the squad must dive (0) 
from at least one platform. U 

But n(U) =25, so (18 —z)+z+ (17—xz) =25 

w3 —x=25 

ox=10 

10 members dive from both platforms.     
3 In a factory, 56 people work on the assembly line. 47 work day shifts and 29 work night shifts. 

How many work both day shifts and night shifts? 

L There are 38 stalls in a marketplace. 21 stalls sell food, 14 stalls sell craft, and 7 stalls sell neither 

food nor craft. Find the number of stalls which sell: 

a both food and craft b food or craft but not both. 

5 From the selection of 86 movies on a plane, Sandra has seen 13 and Robert has seen 14. 69 of the 

movies have been seen by neither. Find the number of movies seen by: 

a both Sandra and Robert b Robert but not Sandra.
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3 €T TR 

transport. 

Find the percentage of students who used all three mod: 

The students at a school in Delhi were asked what modes of transportation they had used to travel 

to school in the past week. 46% had caught a bus, 37% had caught a train, and 31% had been 

driven in a car. 13% had caught a bus and a train, 5% had caught a bus and been driven in a car, 

and 9% had caught a train and been driven in a car. 11% of students used none of these modes of 

   
    

  

     
    

es of transport. 

    

  

  

2% of students used all three modes of transport.   

Let B, T', and C represent the students taking a 

bus, train, and car respectively. B T 

Let n(BNTNC)==x 

~ n(BNTNC') =13z, 
n(BNT' NC)=5-—u, 

and n(B'NTNC)=9—=. 

c L an 
Now n(B)=46, so n(BNT'NC')=46—-2—(13—z)— (5—x) =2+ 28 

n(T) =37, so n(BNTNC)=37T—-x—(13—2)—(9—2)=x+15 

and n(C)=31, so n(B'NT'NC)=31-2z—(5—x)—(9—2)=x+17 

+28)+ (13 —z)+z+ (5—z) + (z+15) + (9 — z) + (z + 17) + 11 = 100 

. x4+ 98 =100 

L x=2 

  

  

  

In a year group of 63 students, 22 study Biology, 26 study Chemistry, and 25 study Physics. 

18 study both Physics and Chemistry, 4 study both Biology and Chemistry, and 3 study both Physics 

and Biology. 1 student studies all three subjects. 

a Display this information on a Venn diagram. 

b How many students study: 

i Biology only i 

iii none of Biology, Physics, or Chemistry 

paragliding and abseiling. 

activities. Find the number of students who: 

a went paragliding or abseiling 

b only went white water rafting 

< 

d did exactly two of the activities mentioned. 

36 students participated in the mid-year adventure trip. 

19 students went paragliding, 21 went abseiling, and 

16 went white water rafting. 7 went abseiling and 

rafting, 8 went paragliding and rafting, and 11 went 

5 students did all three 

did not participate in any of the activities mentioned 

i Physics or Chemistry 

iv. Physics but not Chemistry? 
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8 There are 29 students in the woodwind section of the school orchestra. 11 students can play the flute, 

15 can play the clarinet, and 12 can play the saxophone. 4 can play the flute and the saxophone, 

4 can play the flute and the clarinet, and 6 can play the clarinet and the saxophone. 3 students can 

play none of the three instruments. 

a Display the information on a Venn diagram. 

b Hence find the number of students in the woodwind section who can play: 

i all of the instruments mentioned ii only the saxophone 

iii the saxophone and the clarinet, but not the flute 

iv exactly one of the clarinet, saxophone, or flute. 

9 In a particular region, most farms have livestock and crops. A survey of 21 farms showed that 

15 grow crops, 9 have cattle, and 11 have sheep. 4 have sheep and cattle, 7 have cattle and crops, 

and 8 have sheep and crops. 2 have neither animals nor crops. 

a Display the information on a Venn diagram. 

b Hence find the number of farms with: 

i only crops ii only animals ili exactly one type of animal, and crops. 

10 Answer the Opening Problem parts a to ¢ on page 34. Discuss part d with your class. 

REVIEW SET 2A 

1 Let A be the set of letters in the word VENN and B be the set of letters in the word DIAGRAM. 

a List the elements of A and B. 

b Find n(A4) and n(B). 

¢ Find AN B and comment on your answer. 

d Decide whether the statement is true or false: 

i V¢A ii GeB ili n(AUB)=n(A)+n(B) 

2 If U = {multiples of 6 less than 70} and A = {6, 62, 66}, find A’. 

3 Decide whether each statement is true or false: 

a NcQ b 0zt c 0€Q d RCQ 

4 Represent on a number line: 

a {reN|z<6} b {zeR|-3<z<2} ¢ z€[0,4 U z e [10, oof 

5 Let U= {zeZ"|z<30}, P = {factors of 24}, and Q = {factors of 30}. 

a List the elements of: 

i P ii Q ili PNnQ iv PUQ 

b Show that n(PUQ) = n(P) +n(Q) —n(PNQ). 

6 On separate Venn diagrams like the one alongside, shade: 

a N’ b MNN ¢ MNN' M 

  
7 Suppose P C Q. Show that P and @’ are disjoint.
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8 Consider the sets U = {z € Z* | 2 <10}, P = {odd numbers less than 10}, and 

@ = {even numbers less than 11}. 

a List the sets P and Q. b What can be said about sets P and Q? 

¢ Illustrate sets P and () on a Venn diagram. 

9 The racquet sports offered at a local club are tennis 

(T), badminton (B), and squash (S). The Venn T B 
diagram shows the number of members involved in 

these activities. All of the members play at least 

one racquet sport. ‘ ‘ 

a Write down the number of members in the club. AW& 

b Write down the number of members who: 

i only play badminton 

ii do not play tennis 

ili play both tennis and squash, but not S 

badminton. U 

¢ Copy the diagram above, and shade the region that represents S N (7°U B). 

d Write down the number of members in SN (7'U B)'. 

  
10 A school has 564 students. During Term 1, 229 of them were absent for at least one day due 

to sickness, and 111 students missed some school because of family holidays. 296 students 

attended every day of Term 1. 

a Display this information on a Venn diagram. 

b Find how many students: 

i missed school for both illness and holidays 

ii were away for holidays but not sickness 

ili were absent during Term 1 for any reason. 

11 The main courses at a restaurant all contain rice or onion. Of the 23 choices, 17 contain onion 

and 14 contain rice. How many dishes contain both rice and onion? 

12 38 students were asked what life skills they had. 15 could swim, 12 could drive, and 23 could 

cook. 9 could cook and swim, 5 could swim and drive, and 6 could drive and cook. There was 

1 student who could do all three. Find the number of students who: 

a could only cook b could not do any of these things 

¢ had exactly two of these life skills. 

REVIEW SET 2B 

1 List the subsets of {1, 3, 5}. 

2 S and T are disjoint sets. n(S) =s and n(7) =t¢. Find: a SNnT b n(SUT) 

3 Write in interval notation: 

a the real numbers between 5 and 12 b the integers between —4 and 7, including —4 

¢ the natural numbers greater than 45. 

State whether each set is finite or infinite.
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Write in bracket notation: 

a o—o b —» € <« > 
- L | > - L > - L 1 > 

2 5 T 4 T -3 1 D 

Let S={ze€Z|2<z<T}L 

a List the elements of S. b Display S on a number line. ¢ Find n(S). 

Determine whether A C B: 

a A=1{2,4,6,8} and B={z€Z|0<z <10} 

b A=9 and B={z|2<z<3} 

¢ A={zecQ|2<2<4} and B={zcR|0<z <4} 

d A={z|z<3} and B ={z |z <4} 

Find the complement of X given that: 

a U = {the 7 colours of the rainbow} and X = {red, indigo, violet} 

b U={z€Z|-5<z<5} and X = {4, -1, 3,4} 

¢ U={zcQ} and X ={zcQ|z < -8} 

Consider the sets U = {z € Z* | & < 40}, A = {factors of 40}, and B = {factors of 20}. 

a List the sets A and B. b What can be said about sets A and B? 

¢ Illustrate sets A and B on a Venn diagram. 

Consider P ={z€Z|3<z <10}, Q ={2,9, 15}, and 

R = {multiples of 3 less than 12}. 

a List the elements of P. b Write down n(P). 

¢ State whether P is finite or infinite. 

d Explain why: i Q¢gP ii RCP 

e List the elements of: i PNQ ii RNQ iii RUQ 

In a car club, 13 members drive a manual car and 15 members have a car with a sunroof. 5 have 

manual cars with a sunroof, and 4 have neither. 

a Display this information on a Venn diagram. 

b How many members: 

i are in the club ii drive a manual car without a sunroof 

jii do not drive a manual car? 

All of the 30 students on a camp left something at home. 11 forgot to bring their towel. 

23 forgot their hat. How many had neither a hat nor a towel? 

At a conference, the 58 delegates speak many different 

languages. 28 speak Arabic, 27 speak Chinese, and 

39 speak English. 12 speak Arabic and Chinese, 16 

speak both Chinese and English, and 17 speak Arabic 

and English. 2 speak all three languages. How many 

delegates speak: 

a Chinese only 

b none of these languages 

  
¢ neither Arabic nor Chinese?



  

Surds and exponents 

Contents: A Surds and other radicals 

B Division by surds 

C  Exponents 

D Laws of exponents 

E Scientific notation 

 



54  SURDS AND EXPONENTS (Chapter 3) 

  

  

OPENING PROBLEM 

Sir Joseph John Thomson (1856 - 1940) won the Nobel Prize in 

Physics in 1906 for his experiments in the conduction of electricity 

through gases. He is also credited with the discovery of the first 

subatomic particle. 

The table below shows the mass and electric charge for the three 

subatomic particles which, for many decades, were thought to be the 

smallest parts of an atom. 

Mass (kg) Charge (coulombs) 

9.10938356 x 1031 | —1.6021766208 x 1019 
1.672621898 x 10~27 | +1.6021766208 x 10~ 

neutron | 1.674927471 x 10—27 

  

  

  

Things to think about: 

a Most of the numbers in the table are written in a form involving a power of 10. Why would 

we choose to write numbers in this form? 

b How many times more massive is: 

i a neutron than an electron ii a proton than an electron 

iii a neutron than a proton? 

¢ An atom of silver has 47 protons, has no charge, and has mass 1.7911934 x 10~2° kg. Find 

how many electrons and neutrons it has. 

d A large bolt of lightning transfers 350 coulombs of charge. How many electrons does it transfer? 

In this Chapter we consider surds and radicals, and see how they relate to exponents. We will review 

the laws of exponents and apply them in algebra and to very large and very small numbers. 

7% [N SURDS AND OTHER RADICALS 
A radical is any number which is written with the radical sign v . 

A surd is a real, irrational radical. 

For example: o /2, \/5, \/5, and v/6 are surds. 

° 1 is a radical but not a surd, since /4 = 2. 

e /% isa radical but not a surd, since ,/§ = 1. 

By definition, /@ is the non-negative number such that /a x /a = a. 

Notice that: e /a is only a real number if a > 0. 

e Forany a>0, a>0.
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INVESTIGATION 

What to do: 

  

1 a Discuss each step of this argument with your class to make sure you are convinced it is 

valid: 

(V2x3)2=2x3 {definition of square root} 

= (V2 xV2) x (/3 xV/3) {definition of square root} 

= (V2 x V/3) x (V2 x V/3) {changing order of multiplication} 

= (V2 xV3)? {definition of perfect square} 

since square roots are non-negative, /2 X 3 = /2 x /3. 

b Use the same argument to write a direct proof that v/a x b = \/a x v/b for any a > 0, 

  

b>0. 

2 a Discuss each step of this argument with your class to make sure you are convinced it is 

valid. n 

< ; ) = ; {definition of square root} 

2 2 .. 
. {definition of square root} 

V3x V3 
2 2 T q 

_ /2 X i {multiplication of fractions} 
V3o VB 

2 
_ (V2 

V3 

since square roots are non-negative, 2 Q 
3 V3 

b Use the same argument to write a direct proof that \/% = forany a >0, b> 0. Sl
s 

In the Investigation you should have proven that: 

o Vab=\/ax+b for >0 and b>0. 

LV a>0 and b>0. 

  

b Vb 

Write as a single surd: a V2x3 b % 

  

no
 a V2x+/3 b 

3 X Il » 

78 Il 

5
8
0
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SIMPLEST FORM 

A radical is in simplest form when the number under the radical sign 

is the smallest possible integer. 

Example 2 ) Self Tutor 

Write /72 in simplest form. 

VT2 
=36 x2 {36 is the largest perfect square factor of 72} 

=36 x V2 
=62 

  

EXERCISE 3A 

1 Write as a single surd or rational number: 

  

    

a V11 x /11 b V3x56 ¢ V5x6 d 37 x 27 

e (3V5)? f 3v2x5 g —2v3x3V5 h 2v6 x /12 

2 Write as a single surd or rational number: 

. VB b VB VB g B 
V2 V3 5 V12 

. VB [ VBx VIO g V3 W 
V18 V12 V6 x /8 210 x V2 

3 Write in simplest form: 

a V12 b 20 c© V27 d 54 

e 50 f /80 g 96 h /108 

SR ORI RS In b, compare with 

Simplify: 2x — 5z = -3z 

a 3v3+5/3 

2v2 - 5/2 
- _3v2 

& Simplify: 

a 2v2+3V2 b 2v2-3\2 ¢ 5/5-3V5 d 5V5+3V5 

e 3V5-5V5 f 7V3+2V3 g 96 -12V6 h V24242



  

| 3°€7, 11 YA LR R 

Simplify:  2v/75 — 5/27 275 — 5v/27 
=225 x3—5/9x3 
=2x5xvV3-5x3xV3 

  

  

  

  

  

  

  

=10V3 - 15V3 
=-5/3 

Simplify: 

4/3- V12 3v2+ /50 3v6 + V24 

2v/27 + 2v/12 V75— V12 V2 +V/8—/32 

Example 5 LR R 

Expand and simplify: 

V5(6 — v/5) (6+3)(1+2v3) 

V5(6 — V/5) (6+V3)(1+2v3) 
= V5 x 64+ V5 x (—V/5) =6+ 6(2v3) + v3(1) + V3(2v3) 
=6v5-5 =6+12v3+V3+6 

=12+13V3 

Simplify: 

V2(3-2) 2V6(v6—7) —V8(v/8-5) 
—3v2(4 - 6,/2) (B+V2)(A++2) (9—VT)(4+2V7) 

(V3+1)(2-3V3) (VB-6)(2v8-3) (2v5 - 7)(1-4V5) 

B LR R 

Simplify: 

(5—2)? (7+2v5)(7 — 2/5) 

(5—2)? (7+2V5)(7 - 2/5) 
=52 +2(5)(—V2) + (V2)? =172 — (2V5)? 
=25-10v2+2 =49 — (4 x 5) 

=27 —10v2 

Simplify: 

(3+V2)? (6—+3)? (3V5 +1)? 

(7T-2V10)? B+VN(B-VT) (V2+5)(v2-5) 
  (V2 +1)(2v2-1) (9v3=5)(9v3+5) (V3+1)°
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DN Dwision BY suRs 
  

  

  

  

  

Numbers like — and involve division by a surd. 
\/5 5+ f Y 

It is customary to “simplify” these numbers by rewriting them without the surd in the denominator. 

. b . . . L Va 
For any fraction of the form 7= we can rationalise the denominator by multiplying by 7 

a a 

. Va . 
Since Ve =1, this does not change the value of the number. 

a 

O R T 

6 35 BLd .. 
a — b = Multiplying the original 

V5 V7 

6 35 H a = b 22 does not change its value. 
V5 \/_ 

_6 V5 _3B VT 
VA iV 

Y e 
5 7 

= 5\/7 SA   
  

  

  

For any fraction of the form © . we can remove the surd 
a+vb 

from the denominator by multiplying by = \/5. 
a—b 

Expressions such as a+ /b and a— /b are known as radical conjugates. They are identical except 

for the sign in front of the radical. 

Example 8 ) Self Tutor 

with an integer denominator. 

(3—5\/5) (ii:@ 

The radical conjugate of 

—V2is 3++/2. 
  

  

  

_ 53+V2) 

2 - (V2 
{using the difference 
between two squares} 

15 + 52 V 
7 A  
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EXERCISE 3B 

1 Write with an integer denominator: 

    

    

      
    

    

a L b £ 

V3 V3 

V3 1 
e — f — 
V2 42 

n P2 
3v5 V7 

2 Write with an integer denominator: 

1 2 
a b 

3+42 3-2 

e 1+v2 f —2v2 
1-v2 1-v2 

;3445 ] 62 
445 52 

3 Write in the form a + bv/2: 

VZ-1 b 5-—v2 
V2+1 6—2 

e ! f ! 
3+2v2 2V2 -7 

  

    

    

    

V2 12 

v 4% 
15 -3 

S 7 "7 
2 1 

“ T ' W 

10 V3 

¢ V6-1 d V742 

145 h V10 -7 
g 25 V1044 

K V745 I VII-3 

V-2 4—V11 

1 1 

¢ (V2 +1)2 d (3-+2)2 

V241 h 1 

S 51 G- Vap 

R cxeoNs 
Rather than writing 3 x 3 x 3 x 3 x 3, we can write this product as 3°. 

If n is a positive integer, then a™ is the product of n factors of a. 

a" =aXxXxaXaXaX ..Xa 
—_— 

n factors 

We say that a is the base, and n is the exponent, power, or index. 

NEGATIVE BASES 

1 =1 = 
(- 1)2=( 1)X( =1 
1P =()x (=) x(-1) = 

(=Dt =(=1) x (=1) x ( 1)X( 1) 1 

35 
exponent, 

power, or 
base index 

— | o )=-2 

—2)" =(-2) x(-2) =4 
=2 = (-2) x (-2) x (-2) = - 

)= 

M
 N 

M
 

,
\
,
\
,
\
,
\
 

      no
 

    

From the patterns above we can see that: 

2) x (—2) x (=2) x (=2) =16 

A negative base raised to an odd power is negative. 

A negative base raised to an even power is positive.
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EXERCISE 3C 

1 List the first six powers of: 

a 2 b 3 c 4 

2 Simplify, then use a calculator to check your answer: 

a (-1 b (-1)° ¢ (-t ) 

d (*1)19 e (*1)8 f-1® GRAPHICS 

g —(-1)% h (—2) -2 INSTRUCTIONS 

i —(=2)° ko (-5)* I (-5 

3 Use your calculator to find the value of the following, recording the entire display: 

a 47 b 7 ¢ —5° d (=5)° e 8 

f (-8)° g —8° h 2.13° i —2.13° i (—2.13)° 

4 Use your calculator to evaluate the following. Comment on your results. 

a 97! and L b 62 and — 
9l 62 

¢ 374 and X d 17° and (0.366)° 
34 

5 Consider 3!, 32, 33, 3%, 3% ... Look for a pattern and hence find the last digit of 3101, 

6 What is the last digit of 7217? 

7 Nicomachus was born in Roman Syria (now Jerash, Jordan) around 1=13 
100 AD. He wrote in Greek and was a Pythagorean. He discovered 34+5=8=02 

an interesting number pattern involving cubes and the sums of odd 749411 =27 =33 

numbers. . 

Find the series of odd numbers with sum equal to: 

a 5% b 7 c 123 

EINIINT LAWS OF EXPONENTs 
When n is a positive integer, the notation a™ means a multiplied together n times. 

From this definition, a™a™ =a™*™ and (a™)" = a™>". 

We observe that to transform a™ to a™*!, we need to multiply by a. 

So, to transform a™ to a”~! we need to divide by a. 

1 

we define a® = & =1 to be consistent with the existing rules. 
a 

Dividing further by a, we find that a=% = l, and more generally ™" = in 
a a
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Using arguments like this, we arrive at the laws of exponents for m, n € Z: 

a™ X a® = a™*t" 

a a” 

a®=1, a#0 

1 
a"=— and — = 

am™ a " 

Example 9 

Simplify: 

a 74x7 

EXERCISE 3D 

1 Simplify: 

a ktxk? 

(3) =3 b#0 

  

To multiply numbers with the same base, keep the base 

and add the exponents. 

To divide numbers with the same base, keep the base and 

subtract the exponents. 

When raising a power to a power, keep the base and 

multiply the exponents. 

The power of a product is the product of the powers. 

The power of a quotient is the quotient of the powers. 

Any non-zero number raised to the power zero is 1. 

a™ and in particular a~?! , a#0. 

LR R 

b 3 xcm ¢ r2xrdxort 
mlO ' 37311 

¢ T = 
h (m?) i (11 

k(a2 I 32 %37 x 34 
7 

z )5y n & o (13%)% 

q J5t - 13 r (zm)3 
 



[ R LR BT 

Simplify using the laws of exponents: 

15¢7 
423 x 226 = 

3t5 
  

15t7 

3t5 

= 1—35 Xt 

—5¢2 

423 x 228 

=4x2xaz xa® 
—8x SC3+6 

=8z’ 

  

  

Simplify using the laws of exponents: 

        

    

5 4 

w 2w* x 3w 12 5¢7 x 6¢t 
b2 3172 

d? x d” 184253 24m2n* 5 x 8 
o 6ab 6m2n (#2)3 

552t 418 (k%) 124245 (B3)4 x b 
k3 x k6 8xy? b2 x b 

  

Example 11 R R (T 

Write as a power of 2: 

16 i 

16 

=2Xx2x2x2 

=94 

  

Write as a power of 2: 

4 3 8 3 32 % 

2 3 64 & 128 e 

Write as a power of 3: 

9 5 27 5 3 3 

81 = 1 243 55 

Write as a single power of 2: 

2% 27 4 x2b 8 x 2! (27+1)2 (2=t 

2¢ 2m 4 gz+1 4 
      

4 2—m 21—n 2T 9l—z
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6 Write as a single power of 3: 

    

a 9x 3P b 270 ¢ 3x9n d 27x 3l e 9x2r 
3v 3 9 .90 .ogntl 

3 $ 3 oo i I g 

Example 12 o) Self Tutor 

Express in exponent form with a prime number base: 
3I 

    
      

    Decide first what 

  

a 94 = ¢ 257 the prime number 

= (32)4 - = (5%)° base should be. 

_ 32x4 = @2y =52 

31‘ 

_ a8 _ 3 =3 77 

— 31‘—2y 

  

7 Express in exponent form with a prime number base: 

  

a 32 b 25° ¢ 167 d 5%x25 
m D 

e 4" x 8" i g = hogr? 
16™ 54 

s 02— 81 16~ 501 % 125 
i 32°7r 71 k - I g 

ZeLER R R (TS Notice that 
Simplify: 

() 

  

  

Il 
—
~
 3 3 

3 
5 

2 
25 

  
  

8 Simplify: 

a 40 b 37! ¢ 772 d 273 

e 50457 t (3 s ()7 h (1) 
i (47 jo2l 2! ko (12)7° I 524514571 

9 Write using powers of 2, 3, and/or 5: 

a3 b 5% ¢ d 3§ 
4 2 o o 

¢ % ! 8x9 g 10 h 75
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R o) Self Tutor 

Write in simplest form, without brackets: These have the form 

(ab)™ = a™" or 

an_a" 

b) — bn 
     
10 Write without brackets: 

a (2a)? b (3n)? ¢ (5m)3 d (mn)? 

« () 6] s (8) " (3) 
11 Write in simplest form, without brackets: 

a (2ab)? b (~2a) ¢ (612)? d (~2a) 

e (—3m2n2)? f(—2abt)t 3 (2_; ’ h (%)4 

      @ @ @ 
12 Expand the brackets and write in simplest form: 

a z%(2% +2) b 22(2? —2x+3) ¢ 2z +1)(2%-1) 

d (2% —2%) (2% +2) e (28 —2)? fa?(z—2+z71) 

g 7Y% + 2% —12) h (22 +a71)? i (22 +2 ) (2? -2 

R L] o) Self Tutor 

Write without negative exponents: 

a (2644 

  

1 
a (2c8%)7*= ) 
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13 Write without negative exponents: 

a ab—? b (ab)~? 

e (3a=%p)? f (3zy*)—3 

- 1 a2 

e = 

[ 3'E1 AT 

    

    

¢ (2ab71)? d (5m?)~2 

a1 a1 
h 

s 02 C72 

K 2a~1 | L2 

d? m—3 

without a fraction. 
2l1—n 

14 Write without a fraction: 

    

  

  

    

  

  

  

  

    

  

    

1 1 1 
a — b o [ — d - 

a™ a™ b—n on—3 

1 3 a a " 

e 32—n f ad—m S b—m h a2tn 

15 Write without fractions: 

1 2 2 
a = b = ¢ T+— d 22— = 

fL‘Z x xr fl‘a 

1 3 4 5 4 5 3 2 5 
-+ = f ——= Tx——+ = h -5+ = 
x+x2 P g x+x2 x x2+x4 

Write without fractions: 

z2+3z+2 b 215+z2+3z 

x z—2 

z2+3z+2 b 215+z2+3m 

xr Z_2 

2 5 2] 3 2 2 3 
L ==+ =+ = 
x xT x xT x 

=z+3+2z" — 95— (=2) 4 42—(=2) 4 3,1-(=2) 

=227 + z* + 32° 

16 Write without fractions: 

r+3 3—2z 5—x z+2 
a b < d 

x x x2 23 

e z2+5 f z2+z72 q 2z273z+4 h z373z+5 

x x x 22 

i 5—x — a2 i 8 + 5z — 227 K 16 — 3z + a? I 524 — 322+ 2 +6 
2
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17 Write without fractions: 

        

4+jz b Siiz Gtzz d z2j13 
T T T T 

z2+z74 z373m+6 z376m+10 z2+4+z_1 
e —— — f — - h 

z—2 z—3 z—2 z—3 

EENIINT SCENTIFIC NOTATION 
Many people doing scientific work deal with very large or very small numbers. To avoid having to write 

and count lots of zeros, they write these numbers using scientific notation or standard form. 

Scientific notation or standard form involves writing any given number as 

a number between 1 inclusive and 10, multiplied by a power of 10. 

The result has the form a x 10 where 1< a <10 and k € Z. 

  

Example 18 O AR (118 

Express in scientific notation: 

a 37600 b 0.0000086 

a 37600 = 3.76 x 10000 {shift decimal point 4 places to the 

= 3.76 x 10* left and x 10000} 

ARAAAA 
b 0.0000086 = 8.6 + 10° {shift decimal point 6 places to the 

=86x 1076 right and <+ 1000000} 

  

A number such as 4.62 is already between 1 and 10. We write it in scientific notation as 4.62 x 10° 

since 10° = 1. 

EXERCISE 3E 

1 Which of the following numbers are not written in scientific notation? 

A 3.7 x10* B 42x1077 € 0.3 x10° D 21 x 10! 

2 Write in scientific notation: 

a 259 b 259000 ¢ 2590000000 

d 259 e 0.259 f 0.000259 

g 40.7 h 4070 i 0.0407 

i 407000 k407000000 I 0.0000407 

3 Write each number in scientific notation: 

a The mass of the R.M.S Titanic was approximately 47450 000 kg. 

b The ball bearing in a pen nib has diameter 0.003 m. 

¢ There are about 2599000 different 5-card poker hands which can be dealt. 

d The wavelength of blue light is about 0.000 00047 m.



SURDS AND EXPONENTS  (Chapter 3) 67 
  

  

| 3€T PR [ LR R T 

Write as an ordinary number: 

a 3.2x10? b 5.76 x 10~° 

a  32x10? b 576x107° 

=320 % 100 = 000005.76 + 10° 
=320 = 0.0000576 

  

L Write as an ordinary number: 

a 4x10° b 3.8x10° ¢ 8.6x 10! d 4.33 x 107 

e 4x1073 f 38x107° g 8.6x107! h 4.33x 1077 

5 Write as a decimal number: 

a It is estimated that the population of the world in 2020 will be 7.4 x 10° people. 

b The mass of a Ryukyu mouse is 1.12 x 1072 kg. 

¢ The bacterium bordetella pertussis is about 5 x 107 m long. 

d The Eiffel tower in Paris weighs approximately 7.3 x 10° kg. 

6 Write these calculator displays in scientific notation and as decimal numbers: 

@ [4SEQT b [38E-04 ¢ [2.7E05 9 [9pE-03 

¢ [61E03 fMeEoe 9 [3.9E04 h 5 7E02 

In an exam it is not 

acceptable to write 

your answer as a 
calculator display. 

  

  

  

    
      
    

GRAPHICS 
CALCULATOR 
INSTRUCTIONS 

7 Use your calculator to evaluate the following, giving your answer in scientific notation: 

a 680000 x 73000000 b 0.0006 <+ 15000 ¢ (0.0007)3 

- 4 _ovo 3.16 x 10710 d (3.42 x 10°) x (4.8 x 10%) e (6.42x1072) ST 

1 —4\ . —6 _— 9 (98x107%) =+ (7.2x107°) 3.8 x 105 
i (1.2x10%)3 

8 Last year a peanut farmer produced 6 x 10* kg of 

peanuts. If the average weight of the peanuts was 

8 x 10™* kg, how many peanuts did the farm produce? 

Give your answer in scientific notation. 
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9 A bacterial cell is 4.6 x 107 m long. Behind it are » 

flagella 2.15 x 107% m long which allow the bacterium 

to move. Find the total length of the bacterium. 

10 The closest distance between Earth and Venus in their orbits is about 3.8 x 10° m. 

The closest distance between Venus and Mercury in their orbits is about 7.7 x 10° m. 

A spacecraft is sent from Earth to Venus, waits for the opportune time, then travels on to Mercury. 

a Find the minimum distance the spacecraft must travel. 

b Discuss the assumptions you have made in your answer. 

11 In a vacuum, light travels at approximately 2.9979 x 10% ms~!. 1 

a How far will light travel in: 

1 minute il 1 day? 

b Assuming a year ~ 365.25 days, calculate one light-year, the distance light will travel in a 

vacuum in a year. 

¢ Apart from our own sun, the closest star to Earth is Proxima Centauri, which is an average 

distance of 4.22 light-years from Earth. Write this length in metres. 

d The table alongside compares the sizes of some Diameter (light-years 

galaxies. 
Milky Way 100000 

Write the diameter of M87 in metres. 

If Hercules A was mapped on a scale diagram M87 980000 

26 cm wide, what would be the scale factor Hercules A 1500000 

of the diagram? 

  

If a spaceship was able to travel at 100000 kmh~!, how long would it take to cross the 

Milky Way? 

12 Answer the Opening Problem on page 54. 

[p1 YoV (o] 

  

The product of the first n integers can be written using 

factorial notation: 

When a Mahjong set is arranged ready for play, the total 

number of orders in which the tiles can be selected is 

~ 6.563 x 10202, 
144! 

(41)34 
  

Can your calculator evaluate numbers this large? If not, 

how can we evaluate expressions like 

nl=1x2x3x..x(n—-1)xn 

  

144! 9 

(434 
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REVIEW SET 3A 

  

      

1 Simplify: 

a 7V/5-3/5 b 26— /54 ¢ 5V3(4—3) 

d (1+v2)(2+v2) e (6-5v2) f 3+V5)(3-v5) 

2 Simplify: a —(=1)© b —(-3)3 ¢ 30371 

3 Simplify: a % xa? b (271) ¢ (a®)° 

4 Write without negative exponents: 
-1 

a 373 b x7ly c (%) 

5 Express in exponent form with a prime number base: 

a 27 b 9 ¢« - 
om—1 

6 Simplify using the laws of exponents: 

152y b - 48 . c 369°h° 
3y P x 12h2 

7 Express in simplest form, without brackets: 

£\3 b i\ 4 \2 
a (E) = ¢ (5p%) 

8 Write without fractions: 

z2 4+ 8 b 4+4z+a3 k=2 
T z—2 kz+6 
    

9 Simplify using the laws of exponents: 

  

45 o 272 5 . 02,5 5(x2y)? a a*b’ xa“b b 6zy° + 927y < G222 

10 Write as a decimal number: 

a 4.6 x 10! b 1.9x10° ¢ 3.2x1073 

11 Write in scientific notation: 

a The diameter of the Earth is approximately 12.74 million metres. 

b An extremely fine needle tip has width 0.000 12 m. 

12 Sheets of paper are 3.2 x 10~% m thick. How many sheets are required to make a pile of paper 

10 cm high? 

13 At a particular moment, Earth is 4.3 x 10° km from Neptune and 1.5 x 10° km from Saturn. 

How much further away is Neptune than Saturn? 

LA ) 

1 Simplify: 

a 411 -5/11 b /3232 

¢ (7+2V3)(5-3V3) d (6+2v2)(6 —2V2)
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Write with an integer denominator: 

2 V7 3 

27 * 7 ¢ frs 
Simplify: 

9 
a = b y° 

mb 

  

Simplify: 
kI 

= b 11" x 11~* 

Write without fractions: 

a b L 
aw la 

Express in exponent form with a prime number base: 

a = b 3% x38l 

Expand the brackets and write in simplest form: 

a 27 (22 -5z +6) b (2342712 

Express in simplest form, without brackets: 

248 ? —5\2 = b (5dxd=°) 

Write without brackets or negative exponents: 

a z2xg3 b 2(ab)~2 

Write as a single power of 3: 

2T b 811 x gl-2= 9a 

Express as a decimal number: 

a Jupiter has a radius of 1.43 x 10° km. 

b The ebola virus is about 8.2 x 10~% m wide. 

1 Sound travels along a telephone cable at 1.91 x 10° ms~!. 

voice to travel from his office phone in Tokyo to: 

a his wife’s phone, 3740 m away 

b his brother in Beijing, 2.1 x 10° m away. 

  

  

1622 x 25 

£ 3 
(2z) 

¢ 2ab—? 

Find how long it takes Tetsuo’s 

Gold is special not just for its looks, but also its properties. Just 3 g of gold can be beaten out 

to form 1 m? of gold leaf approximately 1.8 x 10~7 m thick. By comparison, a US dime has 

a thickness of approximately 1.35 x 10~ m. How many sheets of gold leaf would you need 

to create a stack the same height as the dime?



  

Equations 

Contents: A Power equations 

B Equations in factored form 

€ Quadratic equations 

D Solving polynomial equations using 
technology 

E  Solving other equations using 
technology 
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OPENING PROBLEM 

Consider the equation 2z(x + 4) = 8(x + k) where k is a constant. 

Things to think about: 

a Suppose k =19. Can you solve the equation: 

i using algebra ii by graphing each side of the equation on the same set of axes? 

b Can you show that for any value of k, the equation can be written in the form z? = 4k? 

¢ For what values of k does the equation have: 

i two real solutions ii one real solution iii no real solutions? 

In this Chapter we consider several types of equations and methods for finding their solutions or roots. 

These methods are also used to find the zeros of an algebraic expression, which are the values of the 

variable for which the expression is equal to zero. 

For example: o The roots of #? +2—2=0 are z =1 and z = —2. 

o The zeros of 2%+ 2z —2 are 1 and —2. 

We pay particular attention to quadratic equations, considering several methods for their solution. These 

are useful because we see many examples of quadratic equations in problem solving, and because the 

analysis of these equations teaches us principles we can apply elsewhere. We also solve equations using 

technology, giving us a tool for solving much harder problems. 

PYMIIT power auations 
A power equation is an equation which can be written in the form z" =k, n # 0. 

For example, z® =5 and 2z? =20 are power equations. 

You should have seen in previous years that: 

r=+VEk if k>0 
If 22 =k then z=0 if k=0 

there are no real solutions if & < 0. 

  

Notice that 22 = k has two real solutions if k > 0, one real solution if k& =0, and no real solutions 

if k<O0. 

This is, in fact, true for all power equations with an even power. 

If a power equation has an odd power, there will always be one real solution. 

For n > 0, we write our solutions in terms of the nth root of k. 

e If z™ =k where n is even, then 

z=+Vk if k>0 
z=0 if k=0 

there are no real solutions if k& < 0. 

e If 2™ =k where n is odd, then = = k. 

Yk is the “nth root of k7. 
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€T TN ) Self Tutor 

Solve for x: 

a z3=— 

  5— 222 =11 
—2z% =6 
- 2= _3 

which has no real solutions 

as x? cannot be negative. 

  

  

The same principle can be applied to equations written in the form (z + a)™ = k. 

Example 2 o) Self Tutor 

  

Solve for x: 

a (z+3)2=36 
For equations of the form 

(z +a)”=k we do not 
need to expand the brackets. 

b (z—2)P°=11 
  

b (z—25=11 

    
    

  

  

.7)”3:::\/3_6 . Z*ZZ\S/H 

r+3==26 . 1‘=2+\5/H 

r=-3+6 

r=3o0r -9 

EXERCISE 4A 

1 Solve for z: 

a 322=48 b 522=235 ¢ 222 =-10 

d 622 =0 42> -5=15 f 7-322=19 

2 Solve for z: 

a 23=27 b z'=16 c 25=-10 

d 2°=-13 e 3+8=0 f 223 =14 

g 5z =30 h 28=4% iat=2% 

j 325 =1 k 42%4+5=-19 I 2z* — 55 =107 

3 Solve for z: 

a (z—3)2=16 b (z+4)2=-25 ¢ (x+4)2=13 

d (z—7)?2%=0 e (20 —3)2=25 f 1Bz+1)2=7 

g (z—v2)?2=2 h (2z-+3)?2=2 i (2z+1)2=7 

L Solve for x: 

a (z—132=17 b (z+3)P°=-1 ¢ (z-2%=20 

d (z+5)*=-16 2(x+4)°=-24 f Br—1)9%=1 

g 22-3)%4=15 h 1(1-2)°=38 i 14=3-34-ua)? 

5 Find the zeros of: 

a 32324 b (z—1)*-11 ¢ (2z+3)P°+1
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[2Cl TR RGBT For n < 0, remove the 
negative exponent using 

Solve for x: . 
the appropriate law. 

  

  

  

6 Solve for z: 

—1_1 1 —2 _ a ri=g > d z72=49 

1 e z7i=21% f o273 =64 g (z+1)72=—-4 h (22-5)2=4% 

I [ EGUATIONS IN FACTORED FORM 
An expression is factored if it is written as a product of factors. 

For example, (22 +1)(z — 1) is factored but (x +1)(z — 1) — 3 is not. 

An equation is written in factored form if one side is fully factorised and the other side is zero. 

For example, ab=0, z(x+1)=0, (z+2)(x —3) =0 are all written in factored form. 

If an equation is written in factored form, we can apply the null factor law: 

If the product of two (or more) numbers is zero then at least one of them must be zero. 

So, if ab=0 then a=0 or b=0. 

[ o) Self Tutor 

Solve for z using the null factor law: 

a 3z(z—5)=0 b (z—4)3z+7)=0 

  

3z(z—5)=0 b (z—4)3z+7)=0 

3z=0 or x—5=0 S z—4=0o0r 3z+7=0 

. x=0o0rb cox=4or 3x=-T 
7 L x=4or—3 

  

  

EXERCISE 4B 

1 Solve using the null factor law: 

a 4dx=0 b ab=0 ¢ 2xy=0 d 3abc=0 

2 Solve for x using the null factor law: 

a z(z—5)=0 b 2z(x+3)=0 ¢ (z4+1)(z—-3)=0 

d 3z(7T—2)=0 e 4(z+6)(2z-3)=0 f 2z+1)(2z—-1)=0
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3 Solve for x using the null factor law: 

a 22(z+5)=0 b 45-12)2=0 

¢ —-33z—-1)2%=0 d —6(x—5)(B3z+2)2=0 

e z(z+1)(z—2)=0 f 3z+2)(z+4)(2z—-1)=0 

L Solve, if possible, using the null factor law: 

a 2=0 b 3% _ ¢« 2o d —Z =0 
b z Ty 2y 

HEE OUADRATIC EQUATIONS 
A quadratic equation is an equation which can be written in the form az? + bz +c =0 

where a, b, and ¢ are constants, a # 0. 

We have seen that a linear equation such as 2z 4+ 3 = 11 will usually have one solution. 

In contrast, a quadratic equation may have two, one, or zero solutions. 

Here are some quadratic equations which show the truth of this statement: 

(z+2)(z—2)=0 

(z—2)2=0 

22 =—4 x 2 >0 

  

  

To solve quadratic equations we have the following methods to choose from: 

e rewrite the quadratic into factored form then use the null factor law 

o rewrite the quadratic into completed square form then solve (z —h)? =k 

e use the quadratic formula 

e use technology. 

SOLVING BY FACTORISATION 

Step I: 1f necessary, rearrange the equation so one side is zero. 

Step 2:  Fully factorise the other side. 

Step 3: Use the null factor law: If ab=0 then a=0 or b=0 

Step 4: Solve the resulting linear equations. 

Example 5 o) Self Tutor 

Solve for z: a 3z2+5x=0 

  

a 322 4+ 52 =0 b z2 =546 

z(3z +5)=0 S22 -5z —-6=0 
z=0 or 3z+5=0 oo (z—6)(z+1)=0 

z=0 or z=— . r=6 or —1 wl
ot
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Example 6 «) Self Tutor 

Solve for z: 

a 4z +1=4z b 62 =11z +10 

622 = 11z + 10 

. 622 — 11z —10=0 
(2z —5)(3z+2) =0 

5 2 L xT=3 of —% 

  

  

Caution: 

e Do not be tempted to divide both sides by an expression involving z. 

If you do this then you may lose one of the solutions. 

For example, consider x? = 5z. We cannot divide by . 
In dividing both sides by 

Correct solution Incorrect solution z, we assume % 0. 

2% =5z 22 = br For this reason, the 

22— =0 2 s solution x =0 is lost. 

z(z—5)=0 T E = 
. x=0o0rb =25 

  

e Be careful when taking square roots of both sides of an equation. 

If you do this then you may lose one of the solutions. 

For example, consider (2z —7)? = (z + 1)2. 

Correct solution Incorrect solution 

(22 —7)? = (z +1)? (22 —7)% = (x+1)2 
2z 72— (z+1)%=0 S 2r—-T=z+1 

e =T+ + )2 -T—2—-1)=0 SoT= 

Bz —6)(z—8)=0 

r=2or8 If a?=1b% then a=+   
If we take the square root of 

both sides, we consider only 

the case a =b. The solution 

from a = —b is lost. \ 

  

EXERCISE 4C.1 

1 Solve for x: 

a 422+ 72 =0 b 62%+2x=0 ¢ 32 —Tx=0 

d 222 —11z=0 e 3x2=28z f 9z =622 

2 Solve for z: 

a 22—-5z+6=0 b 22—-2x+1=0 ¢ 2242x—-8=0 

d 224+7x+12=0 e z2=2r+8 f 22 +21=10z 

g 9+2%=6z h 224+2=12 i 22 +8z=233 

i 322492 =12 ke 4a =70 — 222 I 50 — 522 = —15z
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3 Solve for z: 

a 922 120 +4=0 

d 3224+ 5r=2 

g 322=10x+8 

j 1222 =11z +15 

b 222 -132-7=0 

e 22243 =>5x 

h 422+ 4z = 

k 72246z =1   

Example ] l1>)) Self Tutor 

Solve for z: 3z + . -7 
x 

  

3w+2=_7 
xr 

co3t42=—Tz 

3247z +2=0 
(z+2)3z+1)=0 

—2or —% 

  

o   
{multiplying both sides by z} 

{making the RHS = 0} 

{factorising}     

4 Solve for x: 

a (z+1)2?=222-5z+11 

¢ 5—422=3(2r +1)+2 

e 2w-1-_1 
xr 

g (z+3)(2—-xz)=4 

i (—5)(x+3)=20 

  
  

d z+2=3 
x 

f z+3 _ 9 

1-z 

h —4)(z+2)=16 ( 

( 

SOLVING BY “COMPLETING THE SQUARE” 

As you would be aware by now, not all quadratics factorise easily. 

¢ 322 =16z + 12 

f 322+82+4=0 

  422 =112+ 3 

1522 + 2z = 56 

    
    
  

   RHS is short for 

Right Hand Side. 

LEARNING 
ALGEBRA 

4z — 5)(4z — 3) = 143 

For example, 2% + 4z + 1 cannot be factorised by easily identifying factors. In particular, we cannot 

write #2 + 4z + 1 in the form (z —a)(z —b) where a and b are rational numbers. 

An alternative method is to rewrite the equation in the form (x — h)? = k. We refer to this process as 

“completing the square”. 

Start with the quadratic equation in the form ax? + bz + ¢ = 0. 

If a# 1, divide both sides by a. 

coefficient of )2 
> . 

Step I: 

Step 2: 

Step 3: Add to both sides ( 

Step 4:  Factorise the LHS. 

Step 5: Use the rule: If X2=Fk then X = +Vk.   

Rearrange the equation so that only the constant is on the RHS.
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Example 8 o) Self Tutor 
The squared number we 

add to both sides is Solve exactly for x: 2?2 +4z+1=0 
(coefficient of )2 

2 

  

2244z +1=0 

2?4z =-1 {writing the constant on the RHS} 

x4 4+22 =14 {completing the square} 

s (z+2)?%=3 {factorising the LHS} 

T+2=4 

or=-—24 

  

  

  

  

Example 9 

Solve exactly for z:  —3z% + 12z +5=0       

    

    
      

If the coefficient of z2 is 
not 1, we first divide 

throughout to make it 1. 

    

    

0 

0 {dividing both sides by —3} 

x4z = 2 {writing the constant on the RHS} 

2+ (—2)*  {completing the square} 

L {factorising the LHS}    
  

    
  

    

EXERCISE 4C.2 

1 Solve exactly by completing the square: 

a 224z +1=0 b 224+62+2=0 ¢ 22— 14z +46=0 

d 22=4z+3 e 224+6x+7=0 f 22=22+6 

g 2%+ 63 =2 h 22+10=28z i 22 +6z=-11 

2 Solve exactly by completing the square: 

a 202 +4x+1=0 b 222 -10z+3=0 ¢ 32 +120+5=0 

d 322 =6z+4 e 5z —152+2=0 f 42’ +4z=>5 

3 Solve for z: 

a 3z-2-4 b 1-1- 5 ¢ 345 =-2 
x x &I T 

4 Suppose ax®+bx+c=0 where a, b, and c are constants, a # 0. LEARNING ALGEBRA 
Solve for = by completing the square.
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THE QUADRATIC FORMULA 

HISTORICAL NOTE ULA 

Thousands of years ago, people knew how to calculate the area of a rectangular shape given its side 

lengths. When they wanted to find the side lengths necessary to give a certain area, however, they 

ended up with a quadratic equation which they needed to solve. 

  

The first known solution of a quadratic equation is written on the Berlin Papyrus from the Middle 

Kingdom (2160 - 1700 BC) in Egypt. By 400 BC, the Babylonians were using the method of 

“completing the square”. 

Pythagoras and Euclid both used geometric methods to explore the problem. Pythagoras noted that 

the square root was not always an integer, but he refused to accept that irrational solutions existed. 

Euclid also discovered that the square root was not always rational, but concluded that irrational 

numbers did exist. 

A major jump forward was made in India around 

700 AD, when Hindu mathematician Brahmagupta 

devised a general (but incomplete) solution for the 

quadratic equation az? 4+ bz = ¢ which was equivalent 

4 b2 —b . . . 
to == % Taking into account the sign 

a 

of ¢, this is one of the two solutions we know today. 

Brahmagupta also added 

zero to our number system! 

  

The final, complete solution as we know it today first came around 1100 AD, by another Hindu 

mathematician called Bhaskhara. He was the first to recognise that any positive number has two 

square roots, which could be negative or irrational. In fact, the quadratic formula is known in some 

countries today as “Bhaskhara’s Formula”. 

While the Indians had knowledge of the quadratic formula even at this early stage, it took somewhat 

longer for the quadratic formula to arrive in Europe. 

Around 820 AD, the Islamic mathematician Muhammad 

bin Musa Al-Khwarizmi, who was familiar with the work 

of Brahmagupta, recognised that for a quadratic equation 

From the name 

Al-Khwarizmi we get 

) the word “algorithm”. 
to have real solutions, the value b® — 4ac could not be 

negative. 

Al-Khwarizmi’s work was brought to Europe by the Jewish 

mathematician and astronomer Abraham bar Hiyya (also 

known as Savasorda) who lived in Barcelona around 

1100 AD. 

  

By 1545, Girolamo Cardano had blended the algebra of Al-Khwarizmi with Euclidean geometry. 

His work allowed for the existence of roots which are not real, as well as negative and irrational 

roots. 

At the end of the 16th Century the mathematical notation and symbolism was introduced by Frangois 

Viete in France. 

In 1637, when René Descartes published La Géométrie, the quadratic formula adopted the form we 

see today.
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In many cases, factorising a quadratic or completing the square can be long or difficult. We can instead 

use the quadratic formula: 

  
b+ /b2 — 

If ax®?+bx+c=0, a#0, then w:u. 

  

  

  

  

  

2a 

Proof: If az? +bzx+c=0, a#0 

then 22+ 2z +<=0 {dividing each term by a, as a # 0} 
a a 

PRI PSR 
a a 

2.0 1)2__5 (i)z . 
Tl -z s (2(1 =-= s on {completing the square} 

b\? _ % —dac - 
(:t L E) === {factorising} 

b b2 — 4ac 

T 2 4a? 

—b+ /b2 — dac 
] 

2a 

ST PR ) Self Tutor 

Solve for x: 

a 2-2:-6=0 

  

  

  

  
  

  
    

  

a 22-22—-6=0 has b 222 +3z—6=0 has 
a=1, b=-2, ¢c=—-6 a=2, b=3, c=—-6 

—(—2) £ /(=22 —4(1)(—6) 3+ ,/32 — 4(2)(—6) 
2(1) 2(2) 

x:2:m . m=73::\/§ 

2 o 4 

$:2:22fi:1::fi 

EXERCISE 4C.3 

1 Use the quadratic formula to solve exactly for x: 

a 2242 -3=0 b 224+62+7=0 ¢ 22+1=4z 

d 22 4+4zx=1 e 22 —4x+2=0 f 222 20 -3=0 

g 322 -52x—-1=0 h —22+4x+6=0 i 2224+ 7r—-2=0 

2 Rearrange the following equations so they are written in the form ax? + bz + ¢ = 0, then use the 

quadratic formula to solve exactly for z. 

a (z+2)(z—-1)=2-32z b (2z+1)2=3-2 ¢ (z-22%=1+x 

d Bz+1)2=-2z e (z+3)(2x+1)=9 f (2z+3)(2z—-3)=x 
z—1 1 1 
  =2x+1 h z—=-=1 i 2r—-=3 
2—x x T
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THE DISCRIMINANT OF A QUADRATIC 

We can determine how many real solutions a quadratic equation has, without actually solving the equation. 

In the quadratic formula, the quantity b? — 4ac under the square root sign is called the discriminant. 

The symbol delta A is used to represent the discriminant, so A = b% — dac. 

The quadratic formula becomes x = 717:2:—@ where A replaces b — 4ac. 
a 

  

e If A>0, +A isa positive real number, so there are two distinct real roots 

e ia e and z=—7b7\/z. 
2a 2a 

o If A=0, z= b is the only solution, which we call a repeated root. 
2a 

e If A<0, +/A isnota real number and so there are no real roots. 

e Ifa, b, and c are rational and A is a square then the equation has two rational roots which can 

be found by factorisation. 

  

e AL «) Self Tutor 

Use the discriminant to determine the nature of the roots of: 

a 222 —-22+3=0 b 322 —42-2=0 

a A=0b>—4dac b A=0b>—4ac 

=(-2)* - 4(2)(3) = (—4)* —4(3)(-2) 
=-20 =40 

Since A < 0, there are no real roots. Since A > 0, but 40 is not a square, 

there are 2 distinct irrational roots. 
  

EXERCISE 4C.4 

1 Consider the quadratic equation 2 — 7z +9 = 0. 

a Find the discriminant. 

b Hence state the nature of the roots of the equation. 

¢ Check your answer to b by solving the equation. 

2 Consider the quadratic equation 422 — 4z + 1 = 0. 

a Find the discriminant. 

b Hence state the nature of the roots of the equation. 

¢ Check your answer to b by solving the equation. 

3 a Without using the discriminant, explain why the equation 22 4+ 5 = 0 has no real roots. 

b Check that A <0 for this equation. 

L Using the discriminant only, state the nature of the solutions of: 

a 22+72-3=0 b 22-32+2=0 ¢ 32422 —-1=0 

d 522 +4z—-3=0 e a2 +x+5=0 f 1622 -8z +1=0
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5 Using the discriminant only, determine which of the following quadratic equations have rational 

roots which can be found by factorisation. 

  
a 622 —5x—6=0 b 222 -7 —-5=0 ¢ 322 +4x+1=0 

d 622 —470—-8=0 e 422 -3x+2=0 f 82 +2x-3=0 

Example T} l1>)) Self Tutor 

Consider 22 —2x+m = 0. Find the discriminant A, and hence find the values of m for which 

the equation has: 

a a repeated root b two distinct real roots ¢ no real roots. 

22 —2c+m=0 has a=1, b=-2, and c=m 

A =b? —4ac 

= (-2)% —4(1)(m) 
=4—4m 

a For a repeated root b For two distinct real roots ¢ For no real roots 

A=0 A>0 A<0 

. 4—4m=0 S 4—=4m >0 S 4—4m <0 

o 4=4m oo —4dm > —4 s —dm < —4 

om=1 Som<1 oom>1     
6 For each of the following quadratic equations, find the discriminant A in simplest form. Hence find 

the values of m for which the equation has: 

i a repeated root il two distinct real roots ili no real roots. 

a 22 +4r+m=0 b ma?+324+2=0, m#0 ¢ ma?—3z+1=0, m#0 

7 The quadratic equation 4z% + kx + (3 — k) =0 has a repeated root. 

Find the possible values of &, and the repeated root in each case. 

THE SUM AND PRODUCT OF THE ROOTS 

b 
If ax? +bx +c=0 hasroots a and /3, then o+ 3= —— and afizf. 

a a 

Proof: Let  and (3 be the roots of ax? + bz + ¢ = 0. 

az? + bz +c = a(z — a)(z — B) 

= a(z?® — [a + Bz + af) 

. x2+§z+§=x2—[a+fi]z+afl 

Equating coefficients, o+ = _b and af = <. 
a a 

3P B ) Self Tutor 

Find the sum and product of the roots of 25z2 — 20z + 1 = 0. 

Check your answer by solving the quadratic. 
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If « and 3 are the roots then o+ 3= — 
a 

| 
o o o 

O
t
 

and afl:fz_ 
a 

Check: 25z% — 20z +1 =0 has roots 

      

  

    

    

  

20+ /400 - 4(25)(1) _ 20£+/300 _ 20+10v3 _ 2++3 
50 50 50 5 

These have sum = 2+\/§+ Sk v 
5 5 5 

and product = (2+\/§> (2_\/5) L 
5 5 25 25 

EXERCISE 4C.5 

1 For each of the following quadratic equations: 

i Find the sum and product of the roots. 

ii Check your answer by solving the quadratic. 

a 22 +42-21=0 b 22-52+5=0 

¢ 422 - 122 +5=0 d 322 -42-2=0 

2 For the equation k2? — (1+ k)z + (3k +2) = 0, the sum of the roots is twice their product. 
Find £ and the two roots. 

3 The quadratic equation az? —6x +a —2 =0, a # 0, has one root which is double the other. 

a Let the roots be a and 2a. Hence find two equations involving . 

b Find a and the two roots of the quadratic equation. 

4 The quadratic equation kx? + (k — 8)x + (1 —k) = 0, k # 0, has one root which is two more 

than the other. Find & and the two roots. 

e L) o) Self Tutor 

  

The roots of the equation 4z% + 5z —1 =0 are o and 3. 

Find a quadratic equation with roots 3 and 30. 
  

If « and 3 are the roots of 422 +5z —1 =0, then a+3=—2 and af =—1. 

For the quadratic equation with roots 3« and 33, 

the sum of the roots = 3w+ 33 and the product of the roots = (3c)(35) 

   

=3(a+p) =9af3 

~3(-3) ~o(-3) 
—_15 =-9 1 1 

So, we have _b__B and 5:72.     All quadratics of the form 

k(42% + 152 — 9) = 0, 
k € R, k # 0, have roots 

3a and 36. 

a 4 a 4 

    The simplest solutionis a =4, b=15 ¢= -9 

the quadratic equation is 422 + 15z — 9 = 0. 
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5 Find a quadratic equation with roots: 

a 3and -5 b 2++3 and 2—/3. 

6 The roots of the equation 322 422 —4 =0 are o and 3. 

Find a quadratic equation with roots: 

a —a and —f b 2« and 20. 

7 The roots of the equation —2z2 4+ 52+ 1 =0 are a and 3. 

a Find a quadratic equation with roots a+2 and 3+ 2. 

B b Find all quadratic equations with roots % and 3 

8 The roots of the equation 22 —4x — 11 =0 are « and 3. 

Find all quadratic equations with roots «f and a+ 3. 

9 The roots of 2z% + 5z —9 =0 are o and 3. 

Find all quadratic equations with roots o2 and (3% 

10 The roots of the equation 22 — 62 +7 =0 are a and 3. 

Find a quadratic equation with roots « + % and 5+ l 
« 

11 The roots of 222 —3x —5=0 are p and q. 

Find all quadratic equations with roots p? + ¢ and ¢* + p. 

ATIONS 
OLOGY 

We have already seen that: 

e a linear equation can be written in the form ax +b=0, a #0 

e a quadratic equation can be written in the form ax? +bx +c=0, a #0. 

These are the first two members of a family called polynomial equations. 

The next two members of the family are: 

e a cubic equation which can be written in the form az3 +b2? + cx +d =0, a#0 

e a quartic equation which can be written in the form az* + bx® + cx? +dz +e =0, a #0. 

The highest power of x in a polynomial equation is called its degree. 

If a polynomial equation has degree n then it may have up to n real solutions. 

You can use your graphics calculator to solve polynomial equations. You may 

need to first rearrange them into polynomial form. 

. . . GRAPHICS 
Some calculator models will show exact solutions as well as numerical CALCULATOR A INSTRUCTIONS 
approximations.
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Use technology to solve: 

a 2z2+4z="7 

222 4z =7 T by 

    

    

  

B HetiledPorn] (d7c]Resl 
  

Using technology, 

r~1.12 or —3.12 

222 + 4z —7=0 DEFREE 
c o2 s 

  

              

b 22 +4r’ =6—=1 

22 +42+x-6=0 

Using technology, 

rz=-3,—2,0orl   [SOLVE) EERCLEAR (EDIT)    
aX2 +bX+c=0 

i;[ -3‘121} 

  

      

B FHlefam) [)R=) 
aX3 +bX2 +cX+d=0 
X1 

X2 -2 

X3 -3 

[REPEAT) 

  

EXERCISE 4D 

1 Use technology to solve: 

a 22+924+14=0 

¢ 42’ +1r—-8=0 

e —3z2+ 122 =10 

g Tr—2=4a? T 
- 

0
0
 

2 Solve for z: 

a z(z+5)+2x+6)=0 

¢ 3z(zx+2)—5(x—3)=18 d 

o 

3 Use technology to solve: 

a 22-92=0 

¢ 23 -2 - 14r+24=0 

e 203 +a2 =3z -1 

4 Use technology to solve: 

a zt—23+2=0 

¢ 2t —2224+1=0 

e z*—x=>522+3 

5 Use technology to solve: 

a z(x>-1) =22z 

. . 2 
6 Consider the equation z   

r—3 z2 
-2 =2 

22 —8r+16=0 

42 4+ 4z =15 

6 = 2z — bz? 

3.8z + 2.122 = 52.6 

(z—1)(z+9) =5z 

2x(x — 6) =z — 25 

You can give your answers 

as fractions or as decimals. 

  

b 23 -2224+4=0 

d —2%+2=2zr—22 

f 2% +8=>522+ 18z 

b 2*4+22° -3224+2-4=0 

o
 

8 
8 

8 

  
4234322 —2+6=0 

4+ 203 4+ 3 =2(97 + 14) 

b (z-2)(z+1)=2° 

a Write the equation in polynomial form. 

b Hence use technology to solve the equation.
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UATIONS 
HNOLOGY 

In Chapter 1 we solved simultaneous linear equations by graphing the equations on a set of axes, and 

finding the point of intersection. We can use this graphical method to solve more complicated equations. 

e To solve an equation graphically, we graph each side of the equation on the same set of axes. The 

solutions to the equation are the z-coordinates of the points where the graphs meet. 

e If one side of the equation is zero, we graph the other side of the equation. The solutions to the 

equation are the z-intercepts of the graph. 

  

Example 16 LR (R (LTS 

Use technology to solve: 

a 2*=z+3 

a We graph y =27 and y =x+3 on the b We graph y:x27i. 
x 

same set of axes. 

  

B [EXE]:Show coordinates E [EXE]:Show coordinates 
Y1=2%(x) y Y1=x2-(5.x) 1 
Y2=x+3 g \j 

e 
INTSECT 

=-2.862500371 °y=0.1374996288 X=1.708976947 “NE£0 

The graphs intersect at (—2.86, 0.137) The z-intercept is ~ 1.71. 

and (2.44, 5.44). .. the solution is x ~ 1.71. 

the solutions are x ~ —2.86 or 2.44. 
  

EXERCISE 4E 

1 Solve the equation 22 — 5=z + 1 using: a algebra b technology. 

2 Use technology to solve: 

a z=5-% b 2=30+4 ¢ =15 
T 

d 5x2°71 =90 e z?+5=dx+z f (z+1)(z-3)=vz+3 

3 Use technology to solve: 

a 22+2=0 b 20— 21=0 ¢ x4+ YT+4=0 
x 

d 22— zF1=0 e 2t 4270 -30=0 -1 o     

z2 +5 22 +1 

L a Use technology to solve: 

i 202 122+ 11=1 il 222 — 120+ 11 = -7 ili 222 - 122+ 11=-10 

b For which values of k does the equation 2x? — 12z + 11 =k have: 

i two real solutions ii  one real solution iii  no real solutions?
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Many polynomial equations need significant rearrangement before they are in a form suitable for the 

polynomial solver on a calculator. For example, consider (v —4)(z% — 1) = (2 — 22)(x + 1). 

e What are the advantages and disadvantages of: 

> rearranging the equation using algebra and hence using the polynomial solver 

» graphing both sides of the equation on the same set of axes then finding the z-coordinates 

of any points of intersection? 

e How reliable is technology? For example, can you use your calculator to solve: 

» ¥ =-1 > (22 —2)2(70z — 99) = 0? 

REVIEW SET 4A 

1 Solve for x: 

a 212%=238 b (z-2)2=25 ¢ 3(z—v2)?2=6 

2 Solve for z: 

a zt=-9 b 3= ¢ (z—-10°=2 

3 Solve for x using the null factor law: 

  

a z(z+2)=0 b —(z+3)(2z—-7)=0 ¢ (z+5)(z+1)(z—-6)=0 

4 Solve for x: 

a 322 -52=0 b 2242 -5=0 ¢ 22+62+9=0 

d 4z —3=2? e 322=2-5z f 222 — 108 =62 

5 Solve for : 

a (z+3)>=5z+29 b z(z—4)—(z—-6)=0 ¢ (1-2z)4—z)=39 

6 Use the quadratic formula to solve: 

a 22—Tx+2=0 b —22+22-4=0 ¢ 322—-z+3=0 

7 Consider the quadratic equation 622 —z — 2 = 0. 

a Find the discriminant and hence state the nature of the roots of the equation. 

b Check your answer to a by solving the equation. 

8 Using the discriminant only, state the nature of the solutions of 2x2 — 5z +4 = 0. 

9 Find the values of m for which 2z? — 3z +m =0 has: 

a a repeated root b two distinct real roots ¢ no real roots. 

10 Find all quadratic equations with roots % and —3. 

11 The roots of 272 — 3z =4 are o and 3. Find the simplest quadratic equation which has roots 

1 1 
= and ek 

12 One of the roots of kxz?+ (1 —3k)z + (k—6) = 0 is the negative reciprocal of the other root. 

Find k and the two roots.
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Solve for z: 

a 22> —322 -9+ 10=0 b 323 =2(7z - 2) 

¢ 2%+ 60 = 23z + 222 d 22(z? —3) =64 — 62> — 14z 

14 Use technology to solve: 

a 10x2°1=35 b \/5:%71 ¢ ¥ — Yz+5=0 

REVIEW SET 4B 

1 

12 

13 

14 

  

Solve for x: 

a —T22=0 b —dz® =12 ¢ (z—v3)2=16 

Solve for x: 

a zt="5 b 2°=-18 ¢ (z-1)72=4 

Solve, if possible, using the null factor law: 

a2_o b 22 c —2_9 
q Yy ab 

Solve for x: 

a 222 -52=0 b 322 -122=0 € 22-Tr+6=0 

d 22 +4=—dx e 22 -12=4zx f 322—-2—-10=0 

Write in the form az? + bx + ¢ = 0, and hence solve for z: 

Ny b =2 o ¢ 3r-1=2 
xT xr xX xr 

Solve using the quadratic formula: 

a z24+52+3=0 b 322+ 11z —-2=0 

Solve exactly by completing the square: 

a 22-6z+4=0 b 222 +8x=1 ¢ 422 -5z =6 

Using the discriminant only, state the nature of the solutions of: 

a 228 +16=0 b 2:2-2-5=0 ¢ 322+52+3=0 

Answer the Opening Problem on page 72. 

Use the quadratic formula to explain why the sum of the solutions to the equation 

ar? +br+c=0, a#0, is always 8 
a 

One of the roots of 2x%+ kx +12 = 0 is three times the other. Find the possible values of &, 

and the two roots in each case. 

422 — 3z — 3 =0 has roots p and q. Find all quadratic equations with roots p* and ¢°. 

Solve for z: 

a 2% — 152 = 222 b 23 422 - 6x+7=0 ¢ 4zt —42% — 1122 — 82+ 6 =0 

Use technology to solve: 

a 220=7 b 2¥=9-2/7 ¢ L _Vz¥3=0
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OPENING PROBLEM 

Around 1260 AD, the Kurdish historian Ibn Khallikan recorded the following story about Sissa ibn 

Dahir and a chess game against the Indian King Shihram. 

King Shihram was a tyrant king, and his subject Sissa ibn Dahir wanted to teach him 

how important all of his people were. He invented the game of chess for the king, and 

the king was greatly impressed. He insisted on Sissa ibn Dahir naming his reward, and 

the wise man asked for one grain of wheat for the first square, two grains of wheat for 

the second square, four grains of wheat for the third square, and so on, doubling the 

wheat on each successive square on the board. 

The king laughed at first and agreed, for there was so little grain on the first few 

squares. By halfway he was surprised at the amount of grain being paid, and soon he 

realised his great error: that he owed more grain than there was in the world. 

  

Things to think about: 

a How can we describe the number of grains of wheat 

for each square? 

b What expression gives the number of grains of wheat 

for the nth square? 

¢ Find the total number of grains of wheat that the king 

owed. 

  

To help understand problems like the Opening Problem, we need to study sequences and their sums 

which are called series. 

ESMMT NUMBER sEQuENces 
In mathematics it is important that we can: 

e recognise a pattern in a set of numbers 

e describe the pattern in words 

e continue the pattern. 

A number sequence is an ordered list of numbers defined by a rule. 

The numbers in a sequence are called the terms of the sequence. 

Consider the illustrated tower of bricks: 1St row ———» 
2nd row —— 

3rd row — 

    

   The first row has 3 bricks. 

The second row has 4 bricks. 

The third row has 5 bricks. 

The fourth row has 6 bricks.



SEQUENCES AND SERIES (Chapter 5) 91 
  

If we let w, represent the number of bricks in the nth row, then uy =3, uws =4, uz =5, and 

Ug = 6. 

The pattern could be continued forever, generating a sequence of numbers. 

The string of dots 

indicates that the pattern 
There are many ways to describe the sequence, including: 

e listing the terms: 3,4, 5,6, 7, .... continues forever. 

e using words: “The sequence starts at 3, and increases by 1 each 

time”. 

  

e using the explicit formula u, = n + 2 which gives the nth 

term or general term of the sequence in terms of n. 

We can use this formula to find, for example, the 20th term of 

the sequence, which is ugg = 20 + 2 = 22. 

e a graph where each term of a sequence is represented by a dot. 

The dots must not be joined because n must be an integer. 

  

  

e LR [ (1) 

Describe the sequence: 14, 17, 20, 23, .... and write down the next two terms. 

The sequence starts at 14, and each term is 3 more than the previous term. 

The next two terms are 26 and 29. 

  

THE GENERAL TERM OF A SEQUENCE 

The general term or nth term of a sequence is represented by a symbol with a subscript, for example 

Un, Ty tn, OF Ap. 

{u,} represents the sequence that can be generated by using u,, as the nth term. 

Unless stated otherwise, we assume the first term of the sequence is u, and that the sequence is defined 

for n € Z*. Sometimes we might choose for a sequence to start with uo, particularly if n represents 

the number of time periods after the start of an experiment or investment. 

You can use technology to help generate sequences from a formula. , 

GRAPHICS 
CALCULATOR 
INSTRUCTIONS 

EXERCISE 5A 

1 Write down the first four terms of the sequence if you start with: 

a 4 and add 9 each time b 45 and subtract 6 each time 

¢ 2 and multiply by 3 each time d 96 and divide by 2 each time. 

2 The sequence of prime numbers is 2, 3, 5, 7, 11, 13, 17, 19, .... Write down the value of: 

a u b us ¢ ujp. 2 5 10
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3 Consider the sequence 4, 7, 10, 13, 16, .... 

a Describe the sequence in words. b Write down the values of uy and wuy. 

¢ Assuming the pattern continues, find the value of us. 

k& A sequence is defined by the explicit formula w,, = 2n + 5. 

a Write down the first four terms of the sequence. 

b Display these terms on a graph. 

5 A sequence is defined by the explicit formula w, = 3n —2. Find: 

a ug b us C ugr. 

6 Consider the number sequence —9, —6, —1, 6, 15, .... 

a Which of these is the correct explicit formula for this sequence? 

A u,=n-10 B u,=n?>-10 C u,=n°>-10 

b Use the correct formula to find the 20th term of the sequence. 

7 Write a description of the sequence and find the next 2 terms: 

a 8,16, 24,32, ... b 2,58 11, ... ¢ 36, 31, 26, 21, .... 

d 96, 89, 82, 75, .... e 1,4,16, 64, ... f 2,6,18,54, ... 

g 480, 240, 120, 60, .... h 243,81, 27,9, ... i 50000, 10000, 2000, 400, .... 

8 Describe the sequence and write down the next 3 terms: 

a 1,4,9,16, .. b 1,827, 64, .. ¢ 2,6,12,20, ... 

9 Find the next two terms of the sequence: 

a 95,91, 87, 83, ... b 5,20, 80, 320, .... ¢ 1,16, 81, 256, .... 

d 23,5711, ... e 2,4,7, 11, ... f 9,810,711, ... 

10 Evaluate the first five terms of the sequence: 

a {2n} b {2n -3} ¢ {2n+11} d {4n -3} 

e {27} f{6x(3)"} g {(=2)"} h {15 - (=2)"} 

N\ iIA @   

A recurrence formula describes the nth term of a sequence using a formula which A 

involves the preceding terms. 

Click on the icon to obtain this Activity. 

CIMIT ARIHMETIC sEQUENcES 
An arithmetic sequence is a sequence in which each term differs from the previous one 

by the same fixed number. We call this number the common difference d. 

A sequence is arithmetic < U, 41 — u, = d forall n e Z". 

An arithmetic sequence can also be referred to as an arithmetic progression.
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For example: 

e the tower of bricks in the previous Section forms an arithmetic sequence with common difference 1 

e 25,8, 11, 14, .... is arithmetic with e 30, 25, 20, 15, 10, .... is arithmetic with 

common difference 3 since common difference —5 since 

5—-2=3 25-30= -5 

8—-5=3 20 —25=-5 

11 -8 =3, and so on. 15—20 = —5, and so on. 

The name “arithmetic” is given because the middle term of any three consecutive terms is the arithmetic 

mean of the terms on either side. 

If the terms are a, b, ¢, then b—a=c—b {equating common differences} 

2b=a+c 

b_ a-rc   
  which is the arithmetic mean. 

THE GENERAL TERM FORMULA 

If we know that a sequence is arithmetic, we can use a formula to find the value of any term of the 

sequence. 

Suppose the first term of an arithmetic sequence is u; and the common difference is d. 

Then ws =wu; +d, us=wuy +2d, uy=mwuy+3d, andso on. 

Hence wu, =u;+(n—1)d 
/ N—— 

term number the coefficient of d is 
one less than the term number 

For an arithmetic sequence with first term «; and common difference d, 

the general term or nth term is w,, = u; + (n — 1)d. 

  

Example 2 «) Self Tutor 

Consider the sequence 2, 9, 16, 23, 30, .... 

a Show that the sequence is arithmetic. b Find a formula for the general term w,,. 

¢ Find the 100th term of the sequence. 

d Is i 828 ii 2341 a term of the sequence? 
  

          a 9-2=7 16—-9=7 23—-16=7, 30—23=7 

The difference between successive terms is constant. 

the sequence is arithmetic with w; =2 and d=7. 

b up =ug + (n—1)d ¢ uigo = 7(100) — 5 

u, =2+7(n—1) =695 

U, =Tn—>5 

d i Let wu, =828 i Let wu, = 2341 

Tn —5 =828 o Tn—5=2341 

n = 833 . Tn= 2346 

n =119 . n=335% 
828 is a term of the sequence, But n» must be an integer, so 2341 

and in fact is the 119th term. is not a member of the sequence.    
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EXERCISE 5B.1 

1 For each of these arithmetic sequences: 

i State uy and d. 

ii  Find the formula for the general term w,,. 

iii  Find the 15th term of the sequence. 

a 19,25,31,37, .. b 101, 97, 93, 89, ... ¢ 8,94, 11,124, ... 

d 31, 36, 41, 46, .... e 5, -3, —11, —19, ... f aa+d a+2d, a+3d, ... 

2 Consider the sequence 6, 17, 28, 39, 50, .... 

a Show that the sequence is arithmetic. b Find the formula for its general term. 

¢ Find the 50th term. d Is 325 a member? 

e Is 761 a member? 

3 Consider the sequence 87, 83, 79, 75, 71, .... 

a Show that the sequence is arithmetic. b Find the formula for its general term. 

¢ Find the 40th term. d  Which term of the sequence is —297? 

k& A sequence is defined by wu, =3n — 2. 

a By finding w, 41 — u,, prove that the sequence is arithmetic. 

b Find uy and d. ¢ Find the 57th term. 

d  What is the largest term of the sequence that is smaller than 450? Which term is this? 

5 A sequence is defined by u, = n ; 7”. 

a Prove that the sequence is arithmetic. b Find uy and d. ¢ Find wu7s. 

  

d  For what values of n are the terms of the sequence less than —200? 

6 An arithmetic sequence starts 23, 36, 49, 62, .... Find the first term of the sequence to exceed 

100 000. 

7 A sequence is defined by the formula w; = —12, up41 =u, +7, n>1 

a Prove that the sequence is arithmetic. b Find the 200th term of the sequence. 

¢ Is 1000 a member of the sequence? 

[k LR (R TS 

Find k given that 3k + 1, k, and —3 are consecutive terms of an arithmetic sequence. 

  

Since the terms are consecutive, k— (3k+1) =—-3 —k  {equating differences} 

k—3k—-1=-3—-k 

=Ap=1l==FJ=1I 

—14+3=—-k+2k 

k=2 
  

8 Find k given the consecutive arithmetic terms: 

a 32,k,3 b k7,10 ¢ k 2k—-1, 13 

d k, 2k+1, 8—k e 2k+7, 3k+5, 5k—4 f 2k+18, —2—Fk, 2k+2 

g k k% kK*+6 h 5 k k*-8
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9 Suppose 10k 41, 2k, and 4k% —5 are consecutive terms of an arithmetic sequence. 

a Find the possible values of k. 

b For each value of k, find the common difference of the sequence. 

ECITT 
  

Find the general term w,, for an arithmetic sequence with uz =8 and ug = —17. 

ug =8 coour+2d=38 e (D) {using u, =us + (n — 1)d} 

ug = —17 Coouy +7d=—17 e (2)   

We now solve (1) and (2) simultaneously: 

—u; —2d=-8 {multiplying both sides of (1) by —1} 

up +7d = —17 

. 5d=-25 {adding the equations} 

oo d=-5 

So, in (1): up +2(—5) = 8 Check: 
u —10=8 us = 23— 5(3) 
cooup =18 =23-15 

Now wu, =u; + (n—1)d =8 Vv 

U, =18—=5(n—1) ug = 23 — 5(8) 

CooUup, =18—=-5n+5 =23-40 

. U, =23-—5n =-17 v       

10 Find the general term w,, for an arithmetic sequence with: 

a uy=41 and w3 =77 

b us=-2 and up =123 

¢ seventh term 1 and fifteenth term —39 

d eleventh and eighth terms being —16 and —11% respectively. 

11 Suppose a sequence uj, ug, U3, Us, Us, Ug, .... 1s arithmetic. 

a Show that wj + ug, usg+ uyg, us+ ug, .... is also arithmetic. 

b Given that us =5 and wuj9 = 61, find the 30th term of the sequence in a. 

Example 5 ) Self Tutor 

Insert four numbers between 3 and 12 so that all six numbers are in arithmetic sequence. 

  

Suppose the common difference is d. 

the numbers are 3, 3+d, 3+2d, 3+3d, 3+4d, and 12 

3+5d=12 
5d =9 
d=2=18 

So, the sequence is 3, 4.8, 6.6, 8.4, 10.2, 12. 
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12 Insert three numbers between 5 and 10 so that all five numbers are in arithmetic sequence. 

13 Insert six numbers between —1 and 32 so that all eight numbers are in arithmetic sequence. 

14 a Insert three numbers between 50 and 44 so that all five numbers are in arithmetic sequence. 

b Assuming the sequence continues, find the first negative term of the sequence. 

15 %, k, k%41 are respectively the 3rd, 4th, and 6th terms of an arithmetic sequence. 

Given that k € Q, find: a k b the general term u,,. 

16 The three numbers z, y, and z are such that = >y >z > 0. 

.11 1 . . . 
Show that if =, =, and = are consecutive terms of an arithmetic sequence, then x — z, y, and 

Ty z 

z —y+ z could be the lengths of the sides of a right angled triangle. 

17 It is known that there are infinitely many prime numbers. Is it possible to construct an infinite 

arithmetic sequence such that all of the terms are distinct primes? Explain your answer. 

  

Example 6 ) Self Tutor 

Ryan is a cartoonist. His comic strip has just been bought by a newspaper, so he sends them the 

28 comic strips he has drawn so far. Each week after the first he sends 3 more comic strips to the 

newspaper. 

a Find the total number of comic strips sent after 1, 2, 3, and 4 weeks. 

b Show that the total number of comic strips sent after n weeks forms an arithmetic sequence. 

¢ Find the number of comic strips sent after 15 weeks. 

d  When does Ryan send his 120th comic strip? 

  

  

a Week I: 28 comic strips b Every week, Ryan sends 3 comic strips, so 

Week 2: 2843 =31 comic strips the difference between successive weeks is 

Week 3: 31+ 3 =34 comic strips always 3. We have an arithmetic sequence 

Week 4 34+ 3 =37 comic strips with u; = 28 and common difference d = 3. 

€ u,=u1+(n—1)d 

=284+ (n—1)x3 coous =25+43x%x15 

=25+4+3n =170 

After 15 weeks Ryan has sent 70 comic strips. 

d We want to find n such that U, = 120 

25+ 3n =120 

3n =95 

n =312 

  

Ryan sends the 120th comic strip in the 32nd week.       
18 A luxury car manufacturer sets up a factory for a new model vehicle. In the first month only 5 cars 

are made. After this, 13 cars are made every month. 

a List the total number of cars that have been made by the end of each of the first six months. 

b Explain why the total number of cars made after n months forms an arithmetic sequence. 

¢ How many cars are made in the first year? 

d How long is it until the 250th car is made?
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19 At the start of the dry season, Yafiah’s 3000 L water tank is full. She uses 183 L of water each 

week to water her garden. 

a Find the amount of water left in the tank after 1, 2, 3, and 4 weeks. 

b Explain why the amount of water left in the tank after n weeks forms an arithmetic sequence. 

¢ When will Yafiah’s tank run out of water? 

APPROXIMATIONS USING ARITHMETIC SEQUENCES 

In the real-world questions we have just seen, exactly the same number of items is added or subtracted 

in each time period. We can therefore use an arithmetic sequence to model the number of items exactly. 

Most real-world scenarios will not be this exact. Instead, random variation may give us a sequence 

where the difference between terms is similar, but not the same. In these cases we can use an arithmetic 

sequence as an approximation. 

For example, the table below shows the total mass of people in a lift as they walk in: 

I O I N 
Mass (kg) | 86.2 | 147.5 | 210.1 | 298.4 | 385.0 | 459.8 

  

No two people will have exactly the same mass, so the total mass of people will not form an exact 
. . . . 459. 

arithmetic sequence. However, since the average mass of the people is 59.8   ~ 76.6 kg, a reasonable 

model for the total mass would be the arithmetic sequence wu,, = 76.6n. 

EXERCISE 5B.2 

1 Halina is measuring the mass of oranges on a scale. When there are 8 oranges, the total mass is 

1.126 kg. 
a Find the average mass of the oranges on the scale. 

b Hence write an arithmetic sequence for u,,, the approximate total mass when n oranges have 

been placed on the scale. 

2 Nadir has placed an empty egg carton on a set of scales. Its mass is 32 g. When the carton is filled 

with 12 eggs, the total mass of eggs and carton is 743 g. 

a Find the average mass of the eggs in the carton. 

b Hence write an arithmetic sequence for u,,, the approximate total mass when n eggs have been 

added to the carton. 

¢ For what values of n is your model valid? 

3 A farmer has 580 square bales of hay in his shed with total mass 9850 kg. 

The farm has 8 yards of animals. Each day, the farmer feeds out 2 bales of hay to each yard. 

a Write an arithmetic sequence for the number of bales of hay remaining after n days. 

b Write an arithmetic sequence which approximates the mass of hay remaining after n days. 

& Valéria joins a social networking website. After 1 week she has 34 online friends, and after 9 weeks 

she has 80 online friends. 

a Find the average number of online friends Valéria has made each week from week 1 to week 9. 

b Assuming that her total number of online friends after n weeks forms an arithmetic sequence, 

find a model which approximates the number of online friends after n weeks.
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¢ Do you think it is a problem that the common difference in your model is not an integer? 

Explain your answer. 

d Use your model to predict how many online friends Valéria will have after 20 weeks. 

5 A wedding reception venue advertises all-inclusive venue hire and catering costs of €6950 for 

50 guests or €11 950 for 100 guests. 

Assume that the cost of venue hire and catering for n guests forms an arithmetic sequence. 

a Write a formula for the general term u,, of the sequence. 

b Explain the significance of: 

i the common difference i the constant term. 

¢ Estimate the cost of venue hire and catering for a reception with 85 guests. 

LS GEOMETRIC SEQUENCES 
A geometric sequence is a sequence in which each term can be obtained from the 

previous one by multiplying by the same non-zero number. We call this number 

the common ratio 7. 
Up 41 

Un 

A sequence is geometric < = forall neZ*t.   

A geometric sequence can also be referred to as a geometric progression. 

For example: 

e 2,10, 50, 250, .... is a geometric sequence as each term can be obtained by multiplying the previous 

term by 5. 
o ; 10 _ 50 _ 250 _ The common ratio is 5 since 5 = 15 = =7 = 5. 

e 2, —10, 50, —250, .... is a geometric sequence with common ratio —5. 

The name “geometric” is given because the middle term of any three consecutive terms is the geometric 

mean of the terms on either side. 

b . 
If the terms are a, b, ¢ then - = l—i {common ratio} 

a 

b = ac 

b= ++/ac where y/ac is the geometric mean.   

THE GENERAL TERM FORMULA 

Suppose the first term of a geometric sequence is u; and the common ratio is 7. 

Then wo =wuyr, ug=uir%, wus=u;r>, andso on. 

Hence u, =u,r"7! 

/oo 
term number The power of  is one less than the term number. 

For a geometric sequence with first term w; and common ratio 7, 

the general term or nth term is w, = u;r" L.
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Example ] '1>)) Self Tutor 

  

  

    

Consider the sequence 8, 4, 2, 1, %, 

a Show that the sequence is geometric. b Find the general term w,,. 

¢ Hence find the 12th term as a fraction. 

1 
4 2 1 3 . o il 

a —=Z=_=Z=, so consecutive terms have the common ratio 3. 
8 4 2 1 

the sequence is geometric with u; =8 and r = % 

b u, =u;r" ! ¢ upp =8x (%)11 
. YN _ 93 —(n—1 ,un—8(5) or up = 2% x 27 (=1 =fi 

=23 x 27" 
— 24—71 

EXERCISE 5C 

1 For each of these geometric sequences: 

i State uq and 7. ii  Find the formula for the general term w,,. 

iii  Find the 9th term of the sequence. 

a 3,6,12, 24, ... b 2,10, 50, .... ¢ 512, 256, 128, .... 

d 1,3,9,27, .. e 12,18, 27, ... L -4 13 

2 a Show that the sequence b5, 10, 20, 40, .... is geometric. 

b Find wu,, and hence find the 15th term. 

3 a Show that the sequence 12, —6, 3, 7%, ... 1s geometric. 

b Find wu,, and hence write the 13th term as a rational number. 

4 a Show that the sequence 8, —6, 4.5, —3.375, .... is geometric. 

b Hence find the 10th term as a decimal. 

5 a Show that the sequence 8, 4v/2, 4, 2¢/2, ... is geometric. 
7 1 

b Hence show that the general term of the sequence is u, =22 2. 

Example 8 ) Self Tutor 

  

k—1, 2k, and 21 — k are consecutive terms of a geometric sequence. Find k. 
  

i . 2k 21—k 
Since the terms are geometric, ol = T 

LAk = (21— k)(k—1) 

o Ak2 =21k — 21— k2 + k 

o 5k2—22k+21=0 
o (Bk=7)(k-3)=0 

k=1Zor3 

Check: Tf k=71 thetermsare: 2, % %8 v {r=7} 

If k=3 theterms are: 2,6, 18. v {r=3} 

  {equating the common ratio r} 
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6 Find k given that the following are consecutive terms of a geometric sequence: 

a k, 3k, 54 b 1000, 4k, k ¢ 7,k 28 

d 18,k 2 e k12, % f k20, 2k 
9 

g k 3k 20—k h ok k+8, 9k 
7 The first three terms of a geometric sequence are k — 1, 6, and 3k. 

a Find the possible values of k. 

b For each value of k, find the next term in the sequence. 

  

| 3ET 10X 

A geometric sequence has u; = —6 and us = 162. Find its general term. 
  

uy =ur =—6 ... (1) 

and us =urt =162 ... (2) 
uprd 162 

Now — {@=+=m} 
ur —6 

. ord =21 
cor=-3 

Using (1),  u1(—3)=—6 
Sooup =2 

Thus w, =2 x (=3)""* 

  

8 Find the general term w,, of the geometric sequence which has: 

a ug =24 and u; =192 b u3=8 and ug = —1 

¢ ur =24 and uy5 = 384 d ug =5 and uy = le
n 

9 A geometric sequence has ug = 80 and wug = 270. 

a Find the first term and common ratio of the sequence. 

b Find the 10th term of the sequence. 

  

13€T PR [ «) Self Tutor 

Find the first term of the sequence 6, 6+/2, 12, 121/2, .... which exceeds 1400. 

The sequence is geometric with u; =6 and 7 =+/2 

o =6 x (V2" 

We need to find n such that w,, > 1400. 

Using a graphics calculator with Y1 = 6 x (v2) (X — 1), 
we view a table of values: 

15 768 

16 1086.1 

) 17 
18 2172.2 

GRAPHICS 
CALCULATOR P EDIT 
INSTRUCTIONS 

  

      

  

          

The first term to exceed 1400 is uy7 = 1536.    
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10 a Find the first term of the sequence 2, 6, 18, 54, .... which exceeds 10 000. 

b Find the first term of the sequence 4, 44/3, 12, 12/3, ... which exceeds 4800. 

¢ Find the first term of the sequence 12, 6, 3, 1.5, ... which is less than 0.0001 . 

d Find the first term of the sequence 5, —12, 48 135 which is less than —100. 

11 What is the maximum number of distinct prime numbers that can occur in a geometric sequence? 

Give an example of such a sequence. 

12 A geometric sequence with common ratio 7 and an arithmetic sequence with common difference d 

have the same first two terms. The third terms of the geometric and arithmetic sequences are in the 

ratio 2: 1. 

a Find the possible values of r. 

b For each value of r, find the ratio of the fourth terms of the sequences. 

CININNNNT GROWIHAND DECAY 
We now turn our attention to applications of geometric sequences, the first of which being growth and 

decay problems. Typically, geometric sequences are observed when a quantity increases or decreases by 

a fixed percentage of its size each time period. 

For most real-world situations, we have an initial condition corresponding to time zero. This may be 

an initial investment or an initial population. We therefore allow a “zeroeth” term wug to begin the 

sequence. 

Typically, geometric sequences are useful for short term population growth models, or longer term models 

of radioactive decay. 

For situations where there is growth or decay in a geometric sequence: 

Up = ug X " 

where wu( = initial amount 

r = growth multiplier for each time period 

n = number of time periods 

u,, = amount after n time periods. 

Example 11 COR T2 [ (11104 

The initial population of rabbits on a farm was 50. The population increased by 7% each week. 

a How many rabbits were present after: 

i 15 weeks il 30 weeks? 

b How long will it take for the population to reach 500? 

  

  

There is a fixed percentage increase each week, so the population forms a geometric sequence. 

ug =50 and r =1.07 

the population after n weeks is wu,, = 50 x 1.07™. 

a i wups =50x (1.07)1 ~ 137.95 il ugo =50 x (1.07)%° ~ 380.61 

There were 138 rabbits. There were 381 rabbits.
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b We need to find when 50 x (1.07)™ = 500. 

Casio fx-CG50 TI-84 Plus CE TI-nspire 
NORMAL FLOAT AUTO REAL DEGREE MP * A 1] Unsaved v 

Eq:50%x1.07*=500 ( = 34.0324 x=34.03238381 . nslvelso (1.07)=500.) - 
Lft=500 S50x1.07"=500 

Rgt=500 = X=34.032383810995 
bound={-1£99,1£99} 

=E1-E2=0 

REPEAT]   

So, it will take approximately 34.0 weeks. 

  

EXERCISE 5D 

1 A nest of ants initially contains 500 individuals. The population is increasing by 12% each week. 

a How many ants will there be after: 

i 10 weeks il 20 weeks? 

b How many weeks will it take for the ant population to reach 2000? 

2 The animal Eraticus is endangered. Since 2005 there has only been one colony remaining, and in 

2005 the population of that colony was 555. The population has been steadily decreasing by 4.5% 

per year. 

a Estimate the population in the year 2020. 

b In what year do we expect the population to have declined to 50? 

3 A herd of 32 deer is to be left unchecked in a new sanctuary. 

It is estimated that the size of the herd will increase each year 

by 18%. 

a Estimate the size of the herd after: 

i 5 years ii 10 years. 

b How long will it take for the herd size to reach 5000? 

  

4 An endangered species of marsupial has a population of 178. However, with a successful breeding 

program it is expected to increase by 32% each year. 

a Find the expected population size after: 

i 10 years il 25 years. 

b Estimate how long it will take for the population to reach 10 000. 

5 Each year, a physicist measures the remaining radioactivity in a sample. She finds that it reduces 

by 18% each year. If there was 1.52 g of radioactive material left after 4 years: 

a Find the initial quantity of radioactive material. 

b How many more years will it take for the amount of radioactive material to reduce to 0.2 g? 

6 Each year, Maria’s salary is increased by 2.3%. She has been working for her company for 10 years, 

and she currently earns €49 852 per annum. 

a What was Maria’s salary when she joined the company? 

b If she stays with the company for another 4 years, what will her salary be?
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TN FINANCIAL MATHEMATICS 
At some stage in life, most people need to either invest or borrow money. It is very important that 

potential investors and borrowers understand these procedures so they can make the right decisions 

according to their circumstances and their goals. 

  

When money is lent, the person lending the money is known as the lender, and the person receiving the 

money is known as the borrower. The amount borrowed is called the principal. 

The lender usually charges a fee called interest to the borrower. This fee represents the cost of using the 

other person’s money. The borrower must repay the principal borrowed as well as the interest charged 

for using that money. 

The rate at which interest is charged is usually expressed as a percentage of the principal. This percentage 

is known as the interest rate, and it is an important factor when deciding where to invest your money 

and where to borrow money from. 

The total amount of interest charged on a loan depends on the principal, the time the money is borrowed 

for, and the interest rate. 

COMPOUND INTEREST 

When money is deposited in a bank, it will usually earn compound interest. 

After a certain amount of time called the period, the bank pays interest, which is calculated as a percentage 

of the money already in the account. 

It is called compound interest because the interest generated in one period will itself earn more interest 

in the next period. 

    
   

  

For example, suppose you invest $1000 in the bank. The account pays an 

interest rate of 4% per annum (p.a.). The interest is added to your investment 

each year, so at the end of each year you will have 100% + 4% = 104% of 
the value at its start. This corresponds to a multiplier of 1.04. 

per annum means 

each year. 

After one year your investment is worth $1000 x 1.04 = $1040. 

After two years it is worth After three years it is worth 

$1040 x 1.04 $1081.60 x 1.04 S 

= $1000 x 1.04 x 1.04 = $1000 x (1.04)? x 1.04 

= $1000 x (1.04)? = $1000 x (1.04) 
= $1081.60 ~ $1124.86 

Observe that:  ug = $1000 = initial investment 

up = ug X 1.04 = amount after 1 year 

uy = up x (1.04)> = amount after 2 years 

uz = up x (1.04)> = amount after 3 years 

un =ug X (1.04)" = amount after n years 

So the amount in the account after each year forms a geometric sequence!
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The value of a compound interest investment after n time periods is The common ratio 
. for this sequence is 

un = up(1+4)" = (@ 4 ) 

  

where wug is the initial investment 

and ¢ is the interest rate per compounding period. 

  

Example 12 LR R (MY 

$5000 is invested for 4 years at 7% p.a. interest compounded annually. 

a What will it amount to at the end of this period? 

b How much interest has been earned? 

The interest is calculated annually, so n =4 time periods. 

ug = ug X (140)* 

= 5000 x (1.07)*  {7% =0.07} 
~ 6553.98 

The investment will amount to $6553.98. 

The interest earned = $6553.98 — $5000 

= $1553.98 

  

  

EXERCISE 5E.1 

1 Lucy invested £7000 at 6% p.a. interest compounded annually. Find the value of this investment 

after 5 years. 

2 €2000 is invested for 4 years at 2.8% p.a. interest compounded annually. 

a What will it amount to at the end of this period? 

b How much interest has been earned? 

3 How much compound interest is earned by investing $8000 at 2.9% p.a. over a 3 year period? 

£5000 is invested for 4 years at 3% p.a. interest compounded quarterly. 

Find the value of the investment at the end of this period. 

  

  

    
   

Quarterly means 

4 times per year. 
     There are n =4 x4 =16 time periods. 

Each time period the investment increases by i = ST% =0.75%. 

. the amount after 4 years is w16 = ug x (1 +14)° 

= 5000 x (1.0075)'¢  {0.75% = 0.0075} 
~ 5634.96 

The investment will amount to £5634.96 .   
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4 $20000 is invested at 4.8% p.a. interest compounded quarterly. Find the value of this investment 

after: 

a 1 year b 3 years. 

5 a What will an investment of €30 000 at 5.6% p.a. interest compounded annually amount to after 

4 years? 

b How much of this is interest? 

6 How much interest is earned by investing $80000 at 4.4% p.a. for a 3 year period with interest 

compounded quarterly? 

7 Jai recently inherited $92000. He decides to invest it for 

10 years before he spends any of it. The three banks in 

his town offer the following terms: 

Bank A: 5%% p.a. compounded yearly. 

Bank B: 5%% p.a. compounded quarterly. 

Bank C: 5% p.a. compounded monthly. 

Which bank offers Jai the greatest interest on his 

inheritance? 

How much does Ivana need to invest now, to get a maturing value of $10000 in 4 years’ time, 

given interest at 8% p.a. compounded twice annually? Give your answer to the nearest dollar. 

  

  

  

The initial investment ug is unknown. 

There are n =4 x 2 =28 time periods. 

Each time period the investment increases by i = 87% = 4%. 

Now g = up x (1+1)® 

10000 = up x (1.04)%  {4% = 0.04} 10000+ (1.04)° 
10000 7306.90205 

- o 
(1.04)8 

uy ~ 7306.90 

  Uo 

  

JUMP JDELETEDMATVCT] MATH 
Ivana needs to invest $7307 now. 

  

  
8 How much does Habib need to invest now, to get a maturing value of £20000 in 4 years’ time, 

given the money can be invested at a fixed rate of 7.5% p.a. compounded annually? Round your 

answer up to the next pound. 

9 What initial investment is required to produce a maturing amount of $15000 in 60 months’ time 

given a guaranteed fixed interest rate of 5.5% p.a. compounded annually? Round your answer up 

to the next dollar. 

10 How much should I invest now to yield $25000 in 3 years’ time, if the money can be invested at a 

fixed rate of 4.2% p.a. compounded quarterly? 

11 What initial investment will yield ¥4 000000 in 8 years’ time if your money can be invested at 

3.6% p.a. compounded monthly?
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INFLATION 

Inflation is the general increase in the price of goods and services over time. Inflation reduces the 

purchasing power of your money, because a fixed amount of money will buy less goods and services 

as prices rise over time. 

Inflation needs to be taken into account when setting investment goals. For example, suppose you see a 

painting that you would like to buy, and it costs $5000 today. If it takes you 3 years to accumulate the 

$5000, the price of the painting is likely to have increased in that time. So, you will need to accumulate 

more than $5000 to purchase the painting. 

To find how much you need to accumulate, you must index the value of the painting for inflation. 

  

Example 15 O [ (1) 

Georgia would like to purchase a painting that is currently worth $5000. She makes monthly 

deposits into an investment account, so that she can purchase the painting in 3 years’ time. 

If inflation averages 2.5% per year, calculate the value of the painting indexed for inflation for 

3 years. 

To index the value of the painting for inflation, we increase it by 2.5% each year for 3 years. 

indexed value = $5000 x (1.025)% 

= $5384.45 

  

EXERCISE 5E.2 

1 If inflation averages 3% per year, calculate the value of: 

a $8000 indexed for inflation over 2 years 

b $14000 indexed for inflation over 5 years 

¢ $22500 indexed for inflation over 7 years. 

2 Hoang currently requires $1000 per week to maintain his 

lifestyle. Assuming inflation averages 2% per year, how 

much will Hoang require per week for him to maintain his 

current lifestyle in: 

a 10 years’ time b 20 years’ time 

¢ 30 years’ time? 

3 A holiday package is valued at $15000 today. 

If inflation averages 2% per year, calculate the value of 

the holiday package indexed for inflation over 4 years. 

  

THE REAL VALUE OF AN INVESTMENT 

To understand how well an investment will perform, we can consider its final value in terms of today’s 

purchasing power. We call this the real value of the investment. 

We have seen that to index a value for inflation, we multiply its value by the inflation multiplier each 

year. So, to consider the final value of an investment in today’s dollars, we divide its value by the 

inflation multiplier each year.
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S ETTIERT 

Gemma invested $4000 in an account for 5 years at 4.8% p.a. interest compounded half-yearly. 

Inflation over the period averaged 3% per year. 

   
    
        

    

a Calculate the value of the investment after 5 years. 

b Find the real value of the investment by indexing it for inflation. 

   
There are n =5 x 2 =10 time periods. 

4.8% 
Each period, the investment increases by i = =2.4%.   

the amount after 5 years is w10 = ug X (1 + i)m 

= 4000 x (1.024)%° 
~ 5070.60 

The investment will amount to $5070.60 . 

b real value x (1.03)° = $5070.60    

    
    

   Inflation reduces 

  real value = $5070.60 the real value of 

(1.03) an investment. 

= $4373.94     
EXERCISE 5E.3 

1 Ernie invested $5000 in an account for 3 years at 3.6% p.a. interest compounded quarterly. Inflation 

over the period averaged 2% per year. 

a Calculate the value of the investment after 3 years. 

b Find the real value of the investment by indexing it for inflation. 

2 Gino invested €20 000 in an account for 4 years at 4.2% p.a. interest compounded monthly. Inflation 

over the period averaged 3.4% per year. 

a Find the value of Gino’s investment after 4 years. 

b Find the real value of the investment. 

3 Brooke invested $4000 in an account that pays 3% p.a. interest compounded half-yearly for 6 years. 

a Calculate the final value of the investment. 

b How much interest did Brooke earn? 

¢ Given that inflation averaged 3.2% per year over the investment period, find the real value of 

the investment. 

d Discuss the effectiveness of the investment once inflation has been considered. 

4 Jerome places $6000 in an investment account. The account pays 0.5% interest per month, and 

inflation is 0.1% per month. 

a Explain why the real interest rate is approximately 0.4% per month. 

b Hence find the real value of the investment after 2 years. 

5 Suppose $ug is invested in an account which pays i% interest per quarter, and that inflation is 

r% per quarter. Write a formula for the real value of the investment after y years.
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DEPRECIATION 

Assets such as computers, cars, and furniture lose value as time passes. This is due to wear and tear, 

technology becoming old, fashions changing, and other reasons. 

Depreciation is the loss in value of an item over time. 

Mathematically, depreciation is similar to compound interest. In the case of compound interest, the 

investment increases by a fixed percentage each time period. For depreciation, the value decreases by a 

fixed percentage each time period. 

. . -~ o 
The value of an object after n years is u,, = uo(1 — d) The common ratio 

where w is the initial value of the object for this sequence is 

and d is the rate of depreciation per annum. r=(L-d). 

  

Example 17 ) Self Tutor 

An industrial dishwasher was purchased for £2400 and depreciated by 15% each year. 

a Find its value after six years. b By how much did it depreciate? 

a ug=1ugx (1—d) b The depreciation = £2400 — £905.16 
=2400 x (0.85)%  {15% = 0.15} = £1494.84 
= 905.16 

So, after 6 years the value is £905.16. 

  

EXERCISE 5E.4 

1 A lathe is purchased by a workshop for €2500. It depreciates by 20% each year. Find the value of 

the lathe after 3 years. 

2 A tractor was purchased for €110 000, and depreciates at 25% p.a. for 5 years. 

a Find its value at the end of this period. b By how much has it depreciated? 

3 Suppose I buy a laptop for ¥87 500 and keep it for 3 years. During this time it depreciates at an 

annual rate of 30%. 

a Find its value after 3 years. b By how much has the laptop depreciated? 

4 A printing press costing $250000 was sold 4 years later for $80000. At what yearly rate did it 

depreciate in value? 

USING TECHNOLOGY FOR FINANCIAL MODELS 

To solve more complicated problems involving financial models, we must use technology. 

Most graphics calculators have an in-built finance program that can help with finance problems. This 

is called a TVM Solver, where TVM stands for time value of money.
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The TVM Solver can be used to find any variable if all the other TI-84 Plus CE 

variables are given. For the TI-84 Plus CE, the abbreviations used NORMAL FLOAT AUTO REAL RADIAN HP ) 

are: 
Yo 

e N represents the number of compounding periods s 

e % represents the interest rate per year 5!721 

e PV represents the present value of the investment gfif BEGIN 

  

e PMT represents the payment each time period 

o [V re'presents the future value of the investment Casio fx-CG50 

e P/Y isthe number of payments per year B 
. . . C d Int t 

e (/Y isthe number of compounding periods per year ML 

e PMT : END BEGIN lets you choose between payments at 

the end of a time period or payments at the beginning of a 
i i i v tlme'perlod.' Most interest payments are made at the end of e 

the time periods. 

  

Click on the icon to obtain instructions for using the finance program on your 

calculator. 
GRAPHICS 

CALCULATOR 
INSTRUCTIONS 

When calculating compound interest using electronic technology, notice that: 

e The initial investment is entered as a negative value, because that money is moving from you to the 

bank. The future value is the money you receive at the end of the investment, so F'V" is positive. 

e N represents the number of compounding periods, not the number of years. 

e [ is always the percentage interest rate per annum. 

e LRL) o) Self Tutor 

Sally invests $15000 in an account that pays 4.25% p.a. compounded monthly. How much is her 

investment worth after 5 years? 
  

N =5x%x12=60, I%=4.25, PV =-15000, PMT =0, 0 Forn) 
Compound Interest P/Y =12, C/Y =12 e 
1% =4.25 

FV ~18544.53 ngf(—JISOOO 

Sally’s investment is worth $18 544.53 after 5 years. e 
n 

v 
1% JCPV_JCPMTCFV_ RN 
  

                  

  

EXERCISE 5E.5 

1 Enrique invests 60 000 pesos at 3.7% p.a. compounded annually. Find the value of his investment 

after 6 years. 

2 1 deposit $6000 in a bank account that pays 5% p.a. compounded monthly. How much will I have 

in my account after 2 years? 

3 Kenneth sold his boat for $3000, and deposited the money in a bank account paying 5.6% p.a. 

compounded quarterly. How much will Kenneth have in his account after: 

a 3 years b 8 years?
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4 Drew invested €5000 in an account paying 4.2% p.a. interest compounded monthly. 

a Find the amount in the account after 7 years. 

b Calculate the interest earned. 

5 €4000 is invested in an account that pays 1.2% interest per quarter. At this time, inflation averages 

0.5% per quarter. 

a Find the real rate of interest per year. 

b Hence find the real value of the investment after 5 years. 

Example 19 ) Self Tutor 

Halena is investing money in a term deposit paying 5.2% p.a. compounded quarterly. How much 

does she need to deposit now, in order to collect $5000 at the end of 3 years? 

N=3x4=12, I%=52, PMT =0, FV =5000, 
P/Y =4, C/Y =4 Compound Interest 

2 
PV ~ —4282.10 

Thus, $4282.10 needs to be deposited. v 
EII3N] 

  

                      

  

6 How much would you need to invest now in order to accumulate $2500 in 5 years’ time, if the 

interest rate is 4.5% p.a. compounded monthly? 

7 You have just won the lottery and decide to invest the money. Your accountant advises you to 

deposit your winnings in an account that pays 6.5% p.a. compounded annually. After four years 

your winnings have grown to $102917.31. How much did you win in the lottery? 

    

      

8 Donald bought a new stereo for $458. If it 

depreciated in value by 25% p.a., find its value 

after 5 years. 

To use the TVM Solver 

for depreciation, I will 

be negative. 

  

  

Example 20 

For how long must Magnus invest $4000 at 6.45% p.a. compounded half-yearly, for it to amount 

to $10000? 
  

I% =6.45, PV = —4000, PMT =0, FV =10000, 0 e 

PlY =2, C/Y =2 

N ~ 289 

So, 29 half-years are required, which is 14.5 years. g\/ly:éoooo 
n 
  

      1% [ PV                 
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9 A couple inherited $40 000 and deposited it in an account paying 4%% p.a. compounded quarterly. 

They withdrew the money as soon as they had over $45000. How long did they keep the money in 

that account? 

10 A business deposits €80 000 in an account that pays 5%% p.a. compounded monthly. How long will 

it take before they double their money? 

11 Farm vehicles are known to depreciate in value by 12% each year. If Susan buys a quadrunner for 

$6800, how long will it take for the value to reduce to $1000? 

  

  

       

    
        

Iman deposits $5000 in an account that compounds interest monthly. 2.5 years later, the account 

has balance $6000. What annual rate of interest has been paid? 
  

N =25x12=30, PV =-5000, PMT =0, FV =6000, P/Y =12, C/Y =12 

1% = 17.32 0 
. . Compound Interest 

The interest rate is 7.32% p.a. n__=30 
| N ] 
PV =-5000 
PMT=0 
FV =6000 
P/Y=12 v 

n 1% )PV ELI3N] 
  

                    

12 An investor has purchased rare medals for $10 000 and hopes to sell them 3 years later for $15 000. 

What must the annual percentage increase in the value of the medals be, in order for the investor’s 

target to be reached? 

13 I deposited €5000 into an account that compounds interest monthly. 3% years later the account has 

balance €6165. What annual rate of interest did the account pay? 

14 A young couple invests their savings of $9000 in an account where the interest is compounded 

quarterly. Three years later the account balance is $10493. What interest rate has been paid? 

15 A new sports car devalues from £68500 to £26380 over 4 years. Find the annual rate of 

depreciation. 

There are many situations where we are interested in finding the sum of the terms of a number sequence. 

A series is the sum of the terms of a sequence. 

For a finite sequence with n terms, the corresponding series is  uy + ug + ug + .... + Up,. 

The sum of this series is S, = uy +us +us+....+u, and this will always be a finite real number. 

      For an infinite sequence the corresponding series is  uy + ug + ug + ... + Uy + ... 

In many cases, the sum of an infinite series cannot be calculated. In some cases, however, it does 

converge to a finite number.
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SIGMA NOTATION 

uy + us + ug + ug + ... +u, can be written more compactly using sigma notation or summation 

notation. 

The symbol Y is called sigma. It is the equivalent of capital S in the Greek alphabet. 

We write  uy + uz +ug +ug + ... +up a8 Y up. 

n 

> uy reads “the sum of all numbers of the form uj, where k=1, 2, 3, ..., up to n”. 
=1 

Example 22 .1;)) Self Tutor 

Consider the sequence 1, 4, 9, 16, 25, .... 

  

      

      

a Write down an expression for S,. b Find S, for n=1, 2, 3, 4, and 5. 

a S, =124+22+32+4%+ .. +n? b S5 = 
{all terms are squares} So=1+4=5 

n S3=1+4+9=14 _ 2 

712116 S4=1+4+9+16=30 

S5 =14+4+9+16+25=55     
  

  

Example 23 DR T2 [ (1104 

Expand and evaluate: 

7 54 
a Y (k+1) b > oF 

k=1 k=1 

7 1 a Y (k+1)=2+3+4+5+6+7+8 b > —=L1+i+i4+L4+ 
k=1 =5 k=1 31     
  

You can also use technology to evaluate the sum of a series in sigma > Unsaved v 

notation. Click on the icon for instructions. 

GRAPHICS 
CALCULATOR 
INSTRUCTIONS 

  

PROPERTIES OF SIGMA NOTATION 

S (ar b)) = 3 ar+ 3 by 
k=1 k=1 k=1 

n n n 

If cis a constant, > car =c > ap and ) c=cn. 
k=1 k=1 k=1
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EXERCISE 5F 

1 Consider the sequence of composite numbers 4, 6, 8, 9, 10, 12, 14, 15, 16, .... 

Find: 

a S b S5 ¢ Sio 

2 Suppose a sequence has Sy = 13 and S5 = 20. Find the value of us. 

For each of the following sequences: 

i Write down an expression for S,,. ii Find Ss. 

a 3,11,19, 27, ... b 42, 37, 32, 27, .... ¢ 12,6, 3, 1%, 

d 23,431,632, .. e 1,3,4. % .. f1,8,27,64, ... 

4 Expand and evaluate: 

3 6 4 
a > 4k b Y (k+1) ¢ > (3k—5) 

k=1 k=1 k=1 

5 7 5 
d > (11-2k) e S k(k+1) fy 10 x 2kt 

k=1 k=1 k=1 

For w, =3n—1, write wu; + us+ ug + .... + ugg using sigma notation and evaluate the sum. 

6 Show that: 

a c=cn b Yecar=c) ar ¢ Y (ap+be)=> ar+ Y bi 
k=1 k=1 k=1 k=1 k=1 =1 

ey «) Self Tutor 

n 

a Expand ) 2k then write the expansion again underneath but with the terms in the reverse 
k=1 

order. 

b Add the terms vertically, and hence write an expression for the sum S, of the first n even 

integers. 

  

a Y2%=2+ 4 + 6 +..+@2n—-2)+2n 
=1 
  

  

  

or 2n+(2n—2)+(2n—4)+.... 4 4 -2 

b 2 2% =(n+2) +@n+2) +@n+2) ot @n+2)+(2n+2) 
=1 —n(2n+2) 

=2n(n+1) 

  i 2k =n(n+1) 
k=1 

  

  
n 

7 a Expand ) k then write the expansion again underneath with the terms in the reverse order. 
k=1 

b Add the terms vertically, and hence write an expression for the sum S,, of the first n integers. 

n 

¢ Hence find a and b such that > (ak + b) =8n% + 11n for all positive integers n. 
k=1 

8 Write an expression for the sum of the first n positive odd integers.
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9 a Showthat (z+1)® =2 +32%+ 3z + 1. 

  

  

  

    

  

  

b Copy and complete: (0 + 1)* = 0% 4 3(0)> + 3(0) + 1 

(14+1)* =1%+3(1)% + 3(1) 
(2+1)3 =234 
(B3+1)3= 

(n+1)3= 

¢ Add the terms vertically, and hence show that (n+1)3 =3 k> +3 > k+ (n+1). 
k=1 k=1 

  d Giventhat Y k= n(n; U show that S kr= w 
k=1 k=1 

n 

10 Given that Z k= n(n; Y and Sk = w, write > (k+1)(k+2) in simplest 
k=1 k=1 k=1 

  

form. 

Check your answer in the case when n = 10. 

An arithmetic series is the sum of the terms of an arithmetic sequence. 

For example: 21, 23, 25, 27, ...., 49 is a finite arithmetic sequence. 

21 +23 425+ 27+ ....+49 is the corresponding arithmetic series. 

SUM OF A FINITE ARITHMETIC SERIES 

Rather than adding all the terms individually, we can use a formula to find the sum of a finite arithmetic 

series. 

If the first term is uy, the final term is u,,, and the common difference is d, the terms are 

uy, up+d, up+2d, ., (u, —2d), (up—d), up,. 

  

  

  

    

  
  

oSy =+ (u +d) + (w4 2d) + o+ (g — 2d) + (uy — d) 4 uy 

But S, =up + (un —d) + (un —2d) + ... + (u1 + 2d) + (u1 +d) +u;  {reversing them} 

Adding these two equations vertically, we get: 

25, = (u1 + up) + (U1 + up) + (U1 4+ wp) + oo + (w1 + up) + (1 + up) + (u1 +uy) 

n of these 

25, =n(ur + uy) 

Sp = g(ul +u,) where wu,=u;+(n—1)d 

The sum of a finite arithmetic series with first term u;, common difference d, 

and last term w,,, is 

IS g(ul + up) or IS g(Zul + (n —1)d).
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Find the sum of 4+ 7410+ 13+ .... to 50 terms. 

The series is arithmetic with u; =4, d =3, and n = 50. 

  Now S, = g(2u1 + (n—1)d) 

Ss0=22(2x4 + 49 x 3) 

= 3875 

  

  

3E1TIRT) 

Find the sum of —6-+1+8+ 15+ .... 4+ 141.      

   
    

    
        

  

The series is arithmetic with u; = —6, d =7, and u, = 141. 

First we need to find n. 

Now wu, =141 

up + (n—1)d =141 

—6+7(n—1) =141 
T(n—1) =147 Sao = Z(—6+141) 
n—1=21 =11 x 135 

=22 = 1485 

Using S, = g(ul SR 

   

  

  
You can also use technology to evaluate series, although for some 

calculator models this is tedious. 
GRAPHICS 

CALCULATOR 
INSTRUCTIONS 

EXERCISE 5G 

1 Find the sum of: 

        

a 7+9+11+13+.... to 10 terms b 3+7+11+15+.... to 20 terms 

¢ $+3+54+8+... to50 terms d 100+ 93+ 86+ 79+ ... to 40 terms 

e (=31)+(—28) 4+ (—25) + (—22) + ... to 15 terms 

f 50+ 481 +47+453 + ... to 80 terms. 

2 Find the sum of: 

a 5+8+11+14+....+101 b 37+334+29+25+....+9 

¢ 504491 +49 +48% + ... + (—20) d 8+104+13+15% +....+83 

3 Evaluate these arithmetic series: 
10 15 20 /13 

a > (2 +5) b S (k- 50) c 2(_) 
=1 k=1 =1\ 2 

Check your answers using technology. 

L An arithmetic series has eleven terms. The first term is 6 and the last term is —27. Find the sum of 

the series.
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5 A bricklayer builds a triangular wall with layers of bricks as 

shown. If the bricklayer uses 171 bricks, how many layers did 

he build? 

. 

6 Vicki has 30 days to train for a swimming competition. 

She swims 20 laps on the first day, then each day after that 

she swims two more laps than the previous day. So, she swims 

22 laps on the second day, 24 laps on the third day, and so on. 

a How many laps does Vicki swim on: 

i the tenth day i the final day? 

b How many laps does Vicki swim in total? 

  

7 A woman deposits $100 into her son’s savings account on his first birthday. She deposits $125 on 

his second birthday, $150 on his third birthday, and so on. 

a Calculate the amount of money she will deposit into her son’s account on his 15th birthday. 

b Find the total amount she will have deposited over the 15 years. 

8 A football stadium has 25 sections of seating. Each section has 44 rows of seats, with 22 seats in 

the first row, 23 in the second row, 24 in the third row, and so on. How many seats are there in: 

a row 44 of one section b each section ¢ the whole stadium? 

9 Find the sum of: 

a the first 50 multiples of 11 b the multiples of 7 between 0 and 1000 

¢ the integers from 1 to 100 which are not divisible by 3 

d the three-digit numbers which start or end with a “4”. 

10 k—1, 2k+3, and 27 — k are the first three terms of an arithmetic sequence. 

a Find k. b Find the sum of the first 25 terms of the sequence. 

11 The sixth term of an arithmetic sequence is 21, and the sum of the first seventeen terms is 0. Find 

the first two terms of the sequence. 

12 An arithmetic series has S3 =9 and Sg = 90. Find Syo. 

  

  

An arithmetic sequence has first term 8 and common difference 2. The sum of the terms of the 

sequence is 170. Find the number of terms in the sequence. 
  

Now S, =170, so §(2u1 + (n —1)d) = 170 

g(1fi+2(n—1))=170 

. 8n+n(n—1) =170 

s+ Tn—170=0 
o (n+17)(n—10) =0 

. n=10 {as n>0} 

there are 10 terms in the sequence. 
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13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

An arithmetic sequence has first term 4 and common difference 6. The sum of the terms of the 

sequence is 200. Find the number of terms in the sequence. 

An arithmetic sequence has u; =7 and Sy = 17. 

a Find the common difference of the sequence. b Find n such that S, = 242. 

Consider the arithmetic sequence 13, 21, 29, 37, .... How many terms are needed for the sum of 

the sequence terms to exceed 1000? 

Use the arithmetic sequence formula to prove that the sum of the first n integers is   
n(n +1) 

5 

a Write a formula for the nth odd integer. 

b Hence prove that the sum of the first n odd integers is n2. 

Three consecutive terms of an arithmetic sequence have a sum of 12 and a product of —80. Find 

the terms. 

The sum of the first 15 terms of an arithmetic sequence is 480. Find the 8th term of the sequence. 

Five consecutive terms of an arithmetic sequence have a sum of 40. The product of the first, middle, 

and last terms is 224. Find the terms of the sequence. 

  

The sum of the first n terms of an arithmetic sequence is w 

a Find its first two terms. b Find the twentieth term of the sequence. 

Find 3—5+7—-9+11—-13+15—.... to 80 terms. 

The sum of the first n terms of a sequence is n? — %n. Prove that the sequence is arithmetic. 

Let u, =3+ 2n. 

a For n =1, ..,4, plotthe points (n, u,) on a graph, and draw rectangles with vertices 

(n, up), (n+1,uy,), (n,0), and (n+1,0). 

b Explain how S,, relates to the areas of the rectangles. 

¢ Using your sketch, explain why: I Uy =u,+2 il S,e1 =5+ uUps1. 

An arithmetic sequence has common difference d. The series sums S5, S5, and S7 themselves form 

an arithmetic sequence. Find, in terms of d, the common difference for this sequence. 

ACTIVITY 2 

A circular stadium consists of sections as illustrated, 

Wi 

13 

Se 

th aisles in between. The diagram shows the 

tiers of concrete steps for the final section, 

ction K. Seats are placed along every concrete 

step, with each seat 0.45 m wide. The arc AB at 13m 

the front of the first row is 14.4 m long, while the 

arc CD at the back of the back row is 20.25 m long. 

1 How wide is each concrete step?     2 What is the length of the arc of the back of D EEilT 

Row 1, Row 2, Row 3, and so on? of circular 
stadium 

  

3 How many seats are there in Row 1, Row 2, 

Row 3, ...., Row 13? 

4 How many sections are there in the stadium?
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5 What is the total seating capacity of the stadium? 

6 What is the radius r of the “playing surface”? 

THEORY OF KNOWLEDGE 

The sequence of odd numbers 1, 3,5, 7, .... isdefinedby w,=2n—-1, n=1,2, 3,4, .... 

By studying sums of the first few terms of the sequence, we might suspect that the sum of the first 

n odd numbers is n?. 

    
  

  

Sy = 1= 1=12 
Sy = 1+3= 4=22 

S3 = 1+3+5= 9=3 
Sy 14+3454+7=16=42 

Ss=1+34+5+7+9=25=52   

But is this enough to prove that the statement is true for all positive integers n? 

1 Can we prove that a statement is true in all cases by checking that it is true for some specific 

cases? 

2 How do we know when we have proven a statement to be true? 

In the case of the sum of the first n odd integers, you should have proven the result in the last 

Exercise using the known, proven formula for the sum of an arithmetic series. 

However, in mathematics not all conjectures turn out to be true. For example, consider the sequence 

of numbers u, = n?+n + 41. 

We observe that: 

uy =12 + 1+ 41 = 43 which is prime 

ug = 2% 4+ 24 41 = 47 which is prime 

uz = 3% + 34 41 = 53 which is prime 

uy = 42 + 4441 = 61 which is prime. 

  
  

From this, we may conjecture that m? +n + 41 is prime for any positive integer 7. 

In fact, n?+n 441 is prime for all positive integers n from 1 to 39. 

However, ugo = 40% + 40 + 41 = 412, so wuyg is composite. 

Suppose we place n points around a circle such that when we connect each point with every other 

point, no three lines intersect at the same point. We then count the number of regions that the circle 

is divided into. 

The first five cases are shown below: 

0 % a
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From these cases we conjecture that for n points, the circle is divided into 27~ regions. 

Draw the case n =6 and see if the conjecture is true! 

3 Is it reasonable for a mathematician to assume a conjecture is true until it has been formally 

proven? 

LM FINITE GEOMETRIC SERIES 
A geometric series is the sum of the terms of a geometric sequence. 

For example: 1,2, 4,8, 16, ..., 1024 is a finite geometric sequence. 

1+24+4+8+16+....+1024 is the corresponding finite geometric series. 

If we are adding the first n terms of an infinite geometric sequence, we are then calculating a finite 

geometric series called the nth partial sum of the corresponding infinite series. 

If we are adding all of the terms in an infinite geometric sequence, we have an infinite geometric series. 

SUM OF A FINITE GEOMETRIC SERIES 

If the first term is u; and the common ratio is r, then the terms are: wy, uy7, uyr?, uyr>, ..., uyr™ L. 

2 3 n—2 Fugrd 4+ o ugr Fugrn—t So, S, =uy +uir+ugr 

For a finite geometric series with = # 1, 

u(r*” —1 u (1 —r" 
S, = g a7 S, = g 

r—1 1—7r 

Proof: If S,=u+wr+wmr?+urd+...+wur” 2+ur" ! (%) 

then 7S, = (u1r +urr? + wyr® +urr? + o F ™) Fugr® 

TSp = (Sp — 1) + " {from (*)} 

rSp — S, = uir™ —uy 

Sp(r—1)=u (r" — 1) 

Sn:M or w(@d—r") provided 7 # 1. 
r—1 1—7r 

In the case 7 =1 we have a sequence in which all terms are the same. The sequence is also arithmetic 

(with d =0), and S,, = uin.
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Example 28 LR (R (ML) 

Find the sum of 2+ 6+ 18+ 54+ .... to 12 terms. 
  

The series is geometric with uy =2, r =3, and n = 12. 

5 — up(r’™ —1) 

7*11) — 531440 
  

Example 29 LR R ML 

Find a formula for S,,, the sum of the first n terms of This answer cannot be 

the series 9—3+1—2+.... simplified as we do not 
know if n is odd or even. 

  

The series is geometric with uq =9 and r = —=. 

Cu(l—r") 9(1 — (_%)n) 

S= o T ; 
Sn = %(1 - (7l 3)") 

  

(/ 

EXERCISE 5H 

1 Find the sum of the following series: 

a 24+6+18+54+.... to 8 terms b 5+10+20+40+ .... to 10 terms 

¢ 124+6+3+1.5+... to 10 terms d VT+T7T+7V/7T+49+ ... to 12 terms 

e 6-3+13—24 . to15terms f1-Js+3— 505+ t020terms. 

2 Find a formula for S,,, the sum of the first n terms of the series: 

a V3+3+3V3+9+.... b 124+6+3+13+.... 

¢ 0.9+ 0.09 +0.009 4 0.0009 + .... d 20—10+5—2%+.,.. 

3 Evaluate these geometric series: 

10 12 P 25 
a Y 3x2kt b > (3) ¢ > 6x(-2)F 

k=1 k=1 k=1 

L At the end of each year, a salesperson is paid a bonus of $2000 which is always deposited into the 

same account. It earns a fixed rate of interest of 6% p.a. with interest being paid annually. The total 

amount in the account at the end of each year will be: 

A1 = 2000 

Az = A7 x 1.06 + 2000 

Az = Ay x 1.06 + 2000 and so on. 

a Show that Az = 2000 + 2000 x 1.06 -+ 2000 x (1.06)2. 

b Show that A4 = 2000[1 + 1.06 + (1.06)? + (1.06)*]. 

¢ Find the total bank balance after 10 years, assuming there are no fees or withdrawals. 
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5 Answer the Opening Problem on page 90. 

6 Paula has started renting an apartment. She paid $5000 rent in the first year, and the rent increased 

by 5% each year. 

a Find, to the nearest $10, the rent paid by Paula in the 4th year. 

b Write an expression for the total rent paid by Paula during the first n years. 

¢ How much rent did Paula pay during the first 7 years? Give your answer to the nearest $10. 

7 Jim initially deposits £6000 in an account which earns 5% p.a. interest paid annually. At the end 

of each year, Jim invests another £1000 in the account. Find the value of the account after 8 years. 

8 Consider S,L:%JriJr%Jrl—lfiJr....Jrzln‘ 

Find Si, Ss, S3, S4, and S5 in fractional form. 

b Hence guess the formula for S,,. 

ur(1—r") 
1—r 

d Comment on S,, as n gets very large. 

  

¢ Find S, using S, = 

  

  

  

  

      e Explain the relationship between the given diagram and d.       

A geometric series has second term 6. The sum of its first three terms is —14. Find its fourth term. 

10 An arithmetic and a geometric sequence both have first term 1, and their second terms are equal. 

The 14th term of the arithmetic sequence is three times the third term of the geometric sequence. 

Find the twentieth term of each sequence. 

11 Suppose wuj, ug, ..., u, is a geometric sequence with common ratio 7. Show that 

2u12(7'2”_1 —1) 

r—1 

Example 30 ) Self Tutor 

A geometric sequence has first term 5 and common ratio 2. The sum of the first n terms of the 

sequence is 635. Find n. 

(u1 +u2)? + (ug +uz)? + (uz + ug)?+ oo + (Up—1 +up)? 

  

  

The sequence is geometric with u; =5 and r = 2. 

- ui(r" — 1) _ 52" —1) =527 —1) 
r—1 2—-1 

To find n such that S,, = 635, we use a table of values with Y; =5 x (2°X—1): 

Casio fx-CG50 TI-84 Plus CE HP Prime 
o NORHAL FLOAT AUTO REAL DEGREE HP [} [T e 
Y1=5x(27(x)-1) 

X V1 

PRESS 4 T0 EDIT FUNCTION 

  [FORAULA AT I CEDIT ) GFH-CON GPHPLT 
  

  
S7 =635, so n=717.     
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12 A geometric sequence has first term 6 and common ratio 1.5. The sum of the first n terms of the 

sequence is 79.125. Find n. 

13 Find n given that 3 2 x 35~1 = 177146. 
k=1 

14 Felicity is offered a new job, and is given two salary options to choose from: 

Option A: $40000 in the first year, and 5% extra each subsequent year. 

Option B: $60000 in the first year, and $1000 more each subsequent year. 

b 

If Felicity believed that she would work for 3 years in this new job, explain why Option B 

would be best for her. 

Write down an expression for the amount of money earned in the nth year if she selects: 

i Option A il Option B. 

Find the minimum length of time Felicity would need to work before the amount of money 

earned per year from Option A exceeds that of Option B. 

Felicity decides that the best way to compare the two options is to consider the fotal income 

accumulated after the first n years in each case. If T4 and Tz represent the total income earned 

over n years for Options A and B respectively, show that: 

i T4 =800000(1.05™ — 1) dollars ii T =500n%+ 59500n dollars 

The graph alongside shows T4 and T graphed 

against n. 
      

    

total graph 1 
income ($) raph 2 

i Which graph represents 7’4 and which graph 

represents Tg? 

ii Use technology to find the coordinates of the 

point P, where T4 and T intersect. 

iii Hence write down a time interval, in whole 

years, for which Option B provides the 

greater total income. n (years) 

15 $8000 is borrowed over a 2-year period at a rate of 12% p.a. compounded quarterly. Quarterly 

repayments are made and the interest is adjusted each quarter, which means that at the end of each 

quarter, interest is charged on the previous balance and then the balance is reduced by the amount 

repaid. 
. .12 

There are 2 x 4 =8 repayments and the interest per quarter is %% = 3%. 

At the end of the first quarter, the amount owed is given by A; = $8000 x 1.03 — R, where R is 

the amount of each repayment. 

At the end of the second quarter, the amount owed is given by: 

Q 
an 
O
 o
 

Ay =A; x 1.03 - R 
= ($8000 x 1.03 — R) x 1.03 — R 
= $8000 x (1.03)> — 1.03R — R 

Write an expression for the amount owed at the end of the third quarter, As. 

Write an expression for the amount owed at the end of the eighth quarter, As. 

Given that Ag =0 for the loan to be fully repaid, deduce the value of R. 

Now suppose the amount borrowed was $P, r is the interest rate per repayment interval (as a 

decimal), and there are m repayments. Show that each repayment is 

P(14+7)"xr 
R=———2+_"— dollars. 

(1+r)m—1
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[ IO INFINITE GEOMETRIC SERIES 
To examine the sum of all the terms of an infinite geometric sequence, we need to consider 

S, = up(l—r™) 

1-r 

  

when n gets very large. 

        

If |r| > 1, the series is said to be divergent and the sum becomes 

i i 
is the size of 7. 

infinitely large. 
|7 size of 7 
If [r]|>1 then 

For example, when 7 =2, 1+2+4+8+16+.... is infinitely r<-lorr>1l 

large. 

If |r| <1, orin other words —1 < r < 1, then as n becomes 

very large, r™ approaches 0. 

  

  

This means that .S,, will get closer and closer to 11” . 
-7 

o0 

If |r| <1, an infinite geometric series of the form wuy + uyr + wur? 4+ ... = Z wyrk—1 
k=1 

will converge to the limiting sum S = 1“1 . 
-7 

Proof: If the first term is u; and the common ratio is r, the terms are wy, uir, uir2, U rs, ... 

Suppose the sum of the corresponding infinite series is 

S =wuy +urr +urr? +urrd + ... (%) 

rS = uyr +uyr? + urd +ugrt + 

sorS=5—-u {comparing with (*)} 

Sr—-1)=-u 

§=-1 {provided r # 1}   

1—r 

This result can be used to find the value of recurring decimals. 

Example 31 LR R ML 

Write 0.7 as a rational number. 

=_ 7., 1 7 7 . . . ; 
0.7 = 10 T 100 T Toog + Tooog T - 1S an infinite geometric 

series with uy = 35 and r = 2. 

0 
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EXERCISE 51 

1 

13 

14 

a Explain why 0.3 = 1—30 + % + fi + .... s an infinite geometric series. 

b Hence show that 0.3 = 1. 

Write as a rational number: a 04 b 016 ¢ 0.312 

ul Use S =   1 to check your answer to Exercise SH question 8 d. 
- 

Find the sum of each of the following infinite geometric series: 

a 184+ 12+84+ 40+ . b 189-63+21—-0.7+... 

. X 3 & o\ k 
Find: a T b > 6(-%) 

k=1 k=0 

The sum of the first three terms of a convergent infinite geometric series is 19. The sum of the 

series is 27. Find the first term and the common ratio. 

The second term of a convergent infinite geometric series is %. The sum of the series is 10. Show 

that there are two possible series, and find the first term and the common ratio in each case. 

An infinite geometric series has S = % and S3 =21. Find Ss. 

When dropped, a ball takes 1 second to hit the ground. 

It then takes 90% of this time to rebound to its new 

height, and this continues until the ball comes to rest. 

a Show that the total time of motion is given by 

142(0.9) 4+ 2(0.9)> 4+ 2(0.9)% + .... 

b Find S, for the series in a. 

¢ How long does it take for the ball to come to rest? 

ground 

When a ball is dropped, it rebounds 75% of its height after each bounce. If the ball travels a total 

distance of 490 cm, from what height was the ball dropped? 

. = . 9 1 
a Explain why 0.9 =1 exactly. b Show that if w, = Tom then S, =1— o 

¢ On a graph, plot the points (n, u,) and (n, S,) for n =1, 2, ..., 10. Connect each set 

of points with a smooth curve. 

o0 k—1 

Find z if 3 (3—”“) —4 
k=1 2 

Suppose w1 + ug + us + ug + .... is a convergent infinite geometric series, with 

Up, U, U3, Ugy ... > 0. 

a Explain why w; —ug +ug —ug +.... and Juy + /uz + /us + /ug + .... must also be 

convergent infinite geometric series. 

b Given uy —up+uz —us+ ... = 5 and U1 + Uz + Uz + uz + ... = 3, find 

Uy + U + U3 + Ug + el 

Show that § + 2+ &+ 55+ &+ =1
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ACTIVITY 3 

Click on the icon to run a card game for sequences and series. CARD GAME 

  

  THEORY OF KNOWLEDGE 

The German mathematician Leopold Kronecker (1823 - 1891) 

made important contributions in number theory and algebra. 

Several things are named after him, including formulae, symbols, 

and a theorem. 

Kronecker made several well-known quotes, including: 

“God made integers; all else is the work of man.” 

“A mathematical object does not exist unless it can be 

constructed from natural numbers in a finite number of steps.” 

  

Leopold Kronecker 

1 What do you understand by the term infinity? 

2 If the entire world were made of grains of sand, could you count them? Would the number 

of grains of sand be infinite? 

3 There are clearly an infinite number of positive integers, and an infinite number of positive 

even integers. 

a Construct an argument that: 

i there are more positive integers than positive even integers 

ii there is the same number of positive integers as positive even integers. 

b Can the traditional notions of “more than”, “less than”, and “equal to” be extended 

to infinity? 

Consider an infinite geometric series with first term u; and common ratio 7. 

u1 
  If |r|<1, the series will converge to the sum S = T 
- 

4 Can we explain through intuition how a sum of non-zero terms, which goes on and on 

for ever and ever, could actually be a finite number? 

In the case r = —1, the terms are wy, —uy, Uy, —Up, .... 

If we take partial sums of the series, the answer is always u; or 0. 

5 What is the sum of the infinite series when r = —1? Is it infinite? Is it defined? 

Substituting 7 = —1 into the formula above gives S = % Could this possibly be the 

answer?
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  ACTIVITY 4 

The Haese Mathematics logo is the 4th member of a sequence of diagrams. The VON KOCH'S 
. ele B o SNOWFLAKE CURVE 
limiting curve which the sequence approaches is called von Koch’s snowflake 

curve. 

Click on the icon to obtain this Activity. 

REVIEW SET 5A 

1 Consider the number sequence 5, 9, 11, 12, 15, 19. Find: 

a u b ug ¢ Sy 

  

2 Find k if 3k, k—2, and k+ 7 are consecutive terms of an arithmetic sequence. 

3 A sequence is defined by wu,, = 6(%)”71 . 

a Prove that the sequence is geometric. b Find u; and r. 

¢ Find the 16th term of the sequence to 3 significant figures. 

& Determine the general term of a geometric sequence given that its sixth term is <> and its tenth 

term is 236, 

5 Insert six numbers between 23 and 9 so that all eight numbers are in arithmetic sequence. 

6 Theodore is squeezing the juice from some lemons. When he has squeezed 6 lemons, he has 

collected 274.3 mL of juice. 

a Find the average amount of juice collected from each lemon. 

b Hence write an arithmetic sequence w,, which approximates the amount of juice collected 

from squeezing n lemons. 

¢ Predict the amount of juice collected from squeezing 13 lemons. 

7 Find the sum of each of the following infinite geometric series: 

a 18—12+8— ... b 8+4v2+4+... 

8 Find the sum of: 

a 7+11+15+19+....+99 b 35+33%+32+30%+.‘..+20 

9 Each year, a school manages to use only 90% as much 

paper as the previous year. In the year 2010, they used 

700 000 sheets of paper. 

a Find how much paper the school used in the years 

2011 and 2012. 

b How much paper did the school use in total in 

the decade from 2008 to 2018? 

  

7 
10 Expand and hence evaluate: a > k? b Y — 
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13 

14 

15 

16 

17 

19 

20 

21 

23 

. . . 3n%+5n + 
The sum of the first n terms of an infinite sequence is = forall neZ*. 

a Find the nth term. b Prove that the sequence is arithmetic. 

£12500 is invested in an account which pays 4.25% p.a. interest. Find the value of the 

investment after 5 years if the interest is compounded: 

a half-yearly b monthly. 

4 years ago, Chelsea invested some money in an account paying 6.5% p.a. interest compounded 

quarterly. There is currently $6212.27 in the account. How much did Chelsea invest originally? 

If inflation averages 2.5% per year, calculate the value of: 

a €6000 indexed for inflation over 4 years 

b €11200 indexed for inflation over 7 years. 

Georgina invested $20000 in an account which paid 6.2% p.a. interest, compounded monthly 

for 3 years. Inflation averaged 1.8% per year over this time. 

a Calculate the future value of the investment. 

b Find the real value of the investment. 

Show that 28, 23, 18, 13, .... is an arithmetic sequence. Hence find u,, and the sum S,, of its 

first n terms in simplest form. 

a Determine the number of terms in the sequence 128, 64, 32, 16, ..., % 

b Find the sum of these terms. 

The sum of the first two terms of an infinite geometric series is 90. The third term is 24. Show 

that there are two possible series, and that both series converge. 

After years of decline in his health, Tim has now realised that smoking is unhealthy. Until now, 

he has regularly smoked 120 cigarettes each week. To help him quit, he is determined to reduce 

this amount by 5 cigarettes every week from now on. 

a Explain why the number of cigarettes Tim smokes each week will form an arithmetic 

sequence with u; = 115. State the common difference for the sequence. 

b How many weeks will it take before Tim has smoked his last cigarette? 

¢ Find the total number of cigarettes Tim will smoke before he successfully quits. 

Consider the infinite geometric sequence 160, 80v/2, 80, 40v/2, ... 

a Write the 12th term of the sequence in the form kv/2 where k € Q. 

b Find, in the form @+ b\/2 where a, b € Z: 

i Sy ii the sum S of the infinite series. 

The first 3 terms of a geometric sequence have sum 39. If the middle term is increased by 

66%%, the first three terms now form an arithmetic sequence. Find the smallest possible value 

of the first term. 

The series sums S1, Sa, and Sy of an arithmetic sequence form a geometric sequence. Find the 

common ratio for this sequence. 

x, y, and z are consecutive terms of a geometric sequence. 

If 2+y+2z=1% and 2 +y*+ 22 =5, find the values of z, y, and 2.
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24 A competition offers three options for the first prize, each of which pays the winner a monthly 

sum for 24 months. 

Option 1:  $8000 per month. 

Option 2: $1000 in the first month, then each successive month pays $600 more than the 

previous month. 

Option 3:  $500 in the first month, then each successive month pays 20% more than the 

previous month. 

Calculate the total prize value for Option 1. 

b For Option 2: 

i Write down the amount won in each of the first three months. 

ii Calculate the total amount won over the 24 month period. 

¢ For Option 3: 

i Write down the amount won in each of the first three months. 

ii Calculate the total amount won over the 24 month period. 

d Which option is worth the greatest amount of money overall? 

e The amount won in the first month under Option 3 is to be altered so that the total prize 

over 24 months is $250000. Calculate the new initial amount, giving your answer to the 

nearest cent. 

25 2z and x —2 are the first two terms of a convergent geometric series. The sum of the series 

is %. Find z, clearly explaining why there is only one possible value. 

26 a, b, and c are consecutive terms of an arithmetic sequence. Prove that the following are also 

consecutive terms of an arithmetic sequence: 

a bt+c, ct+a, and a+b b L L L Vi verve ™M v 
  

R 

1 Evaluate the first five terms of the sequence: 

a {(%)n} b {12+5n} < { . } 
n+2 
  

2 A sequence is defined by w, =68 — 5n. 

Prove that the sequence is arithmetic. b Find u; and d. 

Find the 37th term of the sequence. 

o 
A 

o 

State the first term of the sequence which is less than —200. 

3 a Find the general term of the arithmetic sequence with w7 = 31 and w35 = —17. 

b Hence find the value of wusy4. 

4 Find the sum of the first 12 terms of: 

a 3+9+15+21+.... b 244+12+6+3+.... 

5 Stacy runs a hot dog stand at a local fair. On the first day she served 25 customers and made 

£60 profit. On the second day she served 43 customers and made £135 profit. 

a Assuming that her profit from serving n customers forms an arithmetic sequence, find a 

model which approximates the profit from serving n customers.
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12 

13 

14 

15 

16 

17 

19 

b Explain the significance of the common difference and the constant term in your model. 

¢ On the third day, Stacy served 36 customers. Use your model to estimate her profit. 

Find the first term of the sequence 5, 10, 20, 40, .... which exceeds 10 000. 

A ball bounces from a height of 3 metres and returns to 80% of its previous height on each 

bounce. Find the total distance travelled by the ball until it stops bouncing. 

$7000 is invested at 6% p.a. compound interest. Find the value of the investment after 3 years 

if interest is compounded: 

a annually b quarterly ¢ monthly. 

a Find k given that 4, k, and k? — 1 are consecutive terms of a geometric sequence. 

b For each value of &, find the common ratio of the sequence. 

Seve is training for a long distance walk. He walks 

for 10 km in the first week, then each week thereafter 

he walks 500 m further than the previous week. If he 

continues this pattern for a year, how far does Seve 

walk: 

a in the last week b in total? 

  

Find the sum of the infinite geometric series: 

a 121—-11+1—.. B A 

Find the first term of the sequence 24, 8, %, %, .... which is less than 0.001. 

Vijay deposits 200 000 rupees in an account that compounds interest half-yearly. 6 years later, 

the account has balance 250 680 rupees. Use technology to calculate the annual rate of interest. 

Frederik invests €5000 at 5.8% p.a. compounded monthly. Use technology to find how long it 

will take to amount to €12 000. 

Richard sold his car for $7500. He invested the money in an account paying 3.7% p.a. interest 

compounded quarterly for 8 years. Inflation averaged 3.1% per year over this period. 

a Find the future value of Richard’s investment. 

b Find the real value of Richard’s investment. 

A photocopier bought for $9800 will depreciate by 26% each year. Find its value after 5 years. 

  

Evaluate: 

8. /31—3k S - CON = E( - ) b > 50(0.8) ¢ > 5(2) 
k=1 k=1 k=7 

A geometric sequence has ug =24 and wup; = 768. 

a Determine the general term of the sequence. b Find the sum of the first 15 terms. 

In 2004 there were 3000 iguanas on a Galapagos island. Since then, the population of iguanas 

on the island has increased by 5% each year. 

a How many iguanas were on the island in 2007? 

b In what year will the population first exceed 10 000?



130  SEQUENCES AND SERIES  (Chapter 5) 

o0 

20 a Under what conditions will the series > 50(2z — 1)k~ converge? Explain your answer. 
k=1 

o0 

b Find > 50(2z —1)*~! if 2=0.3. 
k=1 

21 Suppose wuq, ug, us, .... is an arithmetic sequence. 

a Show that 2%, 2¥2 2%s . is a geometric sequence. 

b Given that u3 = —4 and wus = —10, find the sum of the infinite geometric series 

29 42Uz 42U 4, 

22 Michael is saving to buy a house and needs $400 000. 

a Three years ago, he invested a sum of money in an account paying 6.5% p.a. interest 

compounded half-yearly. This investment has just matured at $100000. How much did 

Michael invest three years ago? 

b Michael decides to reinvest his $100 000 lump sum into an account for a period of n years 

at 6.0% p.a. interest compounded annually. 

Copy and complete the table below showing the value V,, of Michael’s investment after 

n years. 

(e ] 0] 

  

Write a formula for V,, in terms of n. 

Q 
n 

Michael also decides to start an additional saving plan, whereby he deposits $6000 into 

a safe at the end of each year. Write down a formula for S, the amount of money in 

Michael’s safe after n years. 

e The total amount of money Michael has for his house after n years is given by 

T, =V, + S,. Calculate the missing values in the table below. 
  

  

n (years) 0 1 2 3 4 

T, ($) | 100000 | 112000 | 124360             

f After how many whole years will Michael have the $400 000 needed to buy his house? 

23 The sum of an infinite geometric series is 49 and the second term of the series is 10. Find the 

possible values for the sum of the first three terms of the series. 

24 Suppose n consecutive geometric terms are inserted between 1 and 2. Write the sum of these n 

terms, in terms of n. 

25 The 3rd, 4th, and 8th terms of an arithmetic sequence are the first three terms of a geometric 

sequence, r # 1. 

a Find the common ratio for the geometric sequence. 

b Show that the 24th term of the arithmetic sequence is the 4th term of the geometric sequence. 

26 Notice that 11 —2=9=32 and 1111 —22=1089 = 332 

Show that (111111....1) — (22222...2) is a perfect square. 
—_——— — —— 

2n lots of 1 n lots of 2



  

Mecasurement 

Contents: A Circles, arcs, and sectors 

B Surface area 

€ Volume 
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OPENING PROBLEM 

MEASUREMENT ~ (Chapter 6) 

A jewellery box is made of wood 5 mm thick. 

When shut, its height is 95 mm. 

The curved edge of the lid is an arc of a circle, and has 

length 125.51 mm. 

Things to think about: 

a 

b 

In previous years you should have studied measurement extensively. 

What is the external surface area of the container? 

Why is it useful to specify the “external” surface 

area when talking about a container? 

Can you find: 

i the volume of jewellery the box can hold 

ii the capacity of the box 

ili the volume of wood used to make the box? 

  

130 mm 

  

125.51 mm 

80 mm 

200 mm 

In this Chapter we revise 

measurements associated with parts of a circle, as well as the surface area and volume of 3-dimensional 

shapes. 

For a circle with radius 7: 

e the circumference C = 27r 

e thearea A =7r? 

An arc is a part of a circle which joins any two 

different points. It can be measured using the 

angle 0° subtended by the points at the centre. 

Arc length = b X 27r 
360 

A sector is the region between two radii of a 

circle and the arc between them. 

Perimeter = two radii + arc length 

0 
—2r+fi><27rr 

Area = =2 x 772 
360 

      

arc 

sector
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For the given figure, find to 3 significant figures: 

a the length of the arc 

b the perimeter of the sector 

¢ the area of the sector. 

  

48° 
3cm 

a Arc length = % X 2mr b Perimeter = 27 + arc length 

_ 48 o 3 ~2x3+251 cm 

= 360 X 4T X o cm ~ 8.51 cm 
~ 2.51 cm 

6 
¢ Area = — x 712 

360 

— 48 2 om2 = 56 X ™ X 37 em 

~ 3.77 cm?     

EXERCISE 6A 

1 Find the perimeter of: 

  

8cm 

  

2 An arc of a circle makes a 36° angle at its centre. If the arc has length 26 cm, find the radius of 

the circle. 

3 A sector of a circle makes a 127° angle at its centre. If the arc of the sector has length 36 mm, find 
the perimeter of the sector. 

L Find the area of: 

a b < d 

10cm 

@ 
100° 

3.5m 

5 Find the radius of a sector with angle 67° and area 16.2 cm?. 

6 Find the perimeter of a sector with angle 136° and area 28.8 cm?.
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7 A running track consists of two straight segments joined 

by semi-circular ends, as shown. The total perimeter of 

the track is 1600 metres. 

a Determine the diameter of the semi-circular ends. 

b Jason takes 4 minutes and 25 seconds to complete 

a single lap of the track. Calculate Jason’s average 

speed in ms™!. 

8 X and Y are the centres of the circles containing the two 

arcs AB shown. 

Find: 

a the length AX 

b the perimeter of the shaded crescent 

¢ the area of the crescent. 

¢ running track ¢ 

  

le— 500 m —» 

  

9 Belinda has made a lampshade with area 0.32 m?. 

Its shorter arc has length 1 m, and its slant height 

is 28 cm. 

1m 28 cm 

Suppose the material is cut as the difference between two 

sectors with common angle 6°, and radii r and R. 

a Show that the area of the lampshade is given by 

_0.280 ) 
A= S0 m(2r +0.28) m*. 

180 
b Use the smaller sector to show that § = —. 

r 

Find 7 and 6. 

d Hence find the length of the longer arc. 

n
 

  

DI SURFACE ARGA 
SOLIDS WITH PLANE FACES 

The surface area of a three-dimensional figure with 

plane faces is the sum of the areas of the faces. 

The surface area is therefore the same as the area of the 

net required to make the figure. 

A plane face is 

one which is flat. 
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The pyramid shown is 10.8 ¢cm high. 

Find its surface area. 
   

    
    

   
    

   

  

   

    

  

13.2cm 

  

The net of the pyramid includes one square with side length 

13.2 cm, and four isosceles triangles with base 13.2 cm. 

Let the height of the triangles be h cm. 

Now 7% =10.82+6.6> {Pythagoras} 

h =1/10.82 + 6.62 ~ 12.66 

. the surface area 

~13.22 +4 x (4 x 13.2 x 12.66) cm? 
~ 508 cm? 

  

  
EXERCISE 6B.1 

1 Find the surface area of each solid: 

             

a b 

- . = L 99 m = Gem 
0.67m 4cm 1.2cm 

2 Find the surface area of each pyramid: 

a b < 
height 5.6 m 

26 cm 5cm 

6cm 

20 cm 

3 «—219cm———> A harpsichord case has the dimensions shown. 

a Find the total area of the top and bottom surfaces. 

b Find the area of each side of the case. 

¢ If the timber costs €128 per square metre, find the 

value of the timber used to construct this case. 
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4 Find the surface area of: 

a this set of steps b the sides and base of this swimming pool. 

25 cm 
25 m 

16 cm 1.8m 

  

90 cm 

5 The Taylor Prism is a regular hexagonal prism made of clay 

with a historical record written on its sides. It was found by 

archaeologist Colonel Taylor in 1830. 

If the ancient Assyrians had written on all the surfaces, what 

total surface area would the writing have covered? 

  

6 Write a formula for the surface area of: 

a a rectangular prism with side lengths = cm, (z +2) cm, and 2z cm 

b a square-based pyramid for which every edge has length = cm. 

SOLIDS WITH CURVED SURFACES 

These objects have curved surfaces, but their surface areas can still be calculated using formulae. 

Cylinder 

|<—r—>l |<—7‘—>j 

A = curved surface A = curved surface 

+ 2 circular ends —+ circular base 

= 27wrh + 2712 = 7rs + wr?   

  

  

INVESTIGATION 1 

Archimedes of Syracuse (287 BC - 212 BC) was born on the island 

of Sicily. The son of a mathematician, he studied first in Syracuse 

and then Alexandria, Egypt, where he would have seen the works 

of Euclid. Returning to Syracuse, he was a notable inventor and 

problem solver for King Heiro. The Archimedes screw he invented 

is still used today as a primitive water pump. He also designed and 

constructed war machines for the defence of Syracuse, enabling the 

city to withstand the Roman siege for over two years. However, in 

212 BC the Romans took Syracuse, and despite the orders of the 

Roman commander Marcellus to spare him, Archimedes was killed. 

  

  

  

    

        
 



MEASUREMENT  (Chapter 6) 137 
  

Upset at the death of his respected foe, Marcellus ensured that Archimedes was buried as he had 

requested: in recognition of his greatest mathematical achievement, the symbol of a sphere in a 

cylinder was engraved on his tombstone. 

Archimedes was fascinated by the geometric properties of cylinders, cones, and spheres. In this 

Investigation we will follow Archimedes’ proof of the formula for the surface area of a sphere. He 

then went on to prove the formula for the volume of a sphere and how it related to the volumes of 

a cone and cylinder with the same radius as the sphere and height twice that radius. 

At the time of Archimedes, the relationship between the 

circumference of a circle and its radius was well known, so the 

surface area of the curved surface of a cylinder was also known. 

Archimedes supposed that a sphere of radius r was placed in a 

cylinder which only just contained it, so the cylinder had radius 7 

and height 2r. 

  

What to do: 

1 Find the area of the curved surface of the cylinder with radius r and height 2r. 

2 Suppose a thin slice of thickness Ay is taken at some 

distance y above or below the centre of the sphere. Let the 

radius of the cross-section of the sphere at that height be x. 

a Considering the area of the curved surface of the 

cylinder, explain why the contribution from this slice 

is 2mrAy. 

b Explain why 2% =72 — 2. 

    

¢ Use similar triangles to show that zAs = rAy. 

d Hence show that the contribution to the surface area of the sphere from this slice is also 

2nmrAy. 

3 Hence explain why the surface area of a sphere is equal to the area of the curved surface of the 

cylinder which just contains it, and state the formula for this surface area.
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Example 3 o) Self Tutor 

Find, to 1 decimal place, the outer surface area of: 

@  hollow top and bottom 

—f 
‘ 

| 
6cm 

  

a The cylinder is hollow b A=d4mr? ¢ A=nrs+ar? 

top and bottom, so we =4 x 7 x 8 cm? =7 x 5% 12+ 7 x 5% cm? 

only have the curved ~ 804.2 cm® ~ 267.0 em? 
surface. 

A =2nrh 

=2xmx6x 15 cm? 

~ 565.5 cm? 

  

EXERCISE 6B.2 

1 Find, to 1 decimal place, the outer surface area of: 

a < > _f b € hollow 6cm 

12cm 

_{ 10cm 

e // 8cm 

4.5km 

d /\ € hollow top only f 
3cm 

18 m T 

12cm 

4 

4 

“
 

‘<—l4m—>| L—Q(]cm—>l 

2 Find the surface area of: 

a a cylinder with height 36 cm and radius 8 cm b a sphere with diameter 4.6 m 

¢ a cone with radius 38 mm and slant height 86 mm 

d a cone with radius 1.2 cm and height 1.6 cm. 

T A conical tent has base radius 2 m and height 5 m. 

a Find the slant height s, to 2 decimal places. 

5m b Find the area of canvas necessary to make the tent, including 

3       
  

   

F—Zm*l 

l the base. 

¢ If canvas costs $18 per m?, find the cost of the canvas.
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& A cylindrical tank of base diameter 8 m and height 6 m requires a non-porous lining on its circular 

base and curved walls. The lining costs $23.20 per m? for the base, and $18.50 per m? for the sides. 

a Find the area of the base. b Find the cost of lining the base. 

¢ Find the area of the curved wall. d Find the cost of lining the curved wall. 

e Find the total cost of the lining, to the nearest $10. 

5 This slice of cake is to be covered with icing on all sides, 10cm 

excluding the bottom. 

Find the surface area of the cake slice to be iced. 

e ) Self Tutor 

5cm 

  

The length of a hollow pipe is three times its radius. 

a Write an expression for its outer surface area in terms of its radius r. 

b If the outer surface area is 301.6 m?, find the radius of the pipe. 

  

a Let the radius be r m, so b The surface area is 301.6 m? 

the length is 3r m. - 6mr? = 301.6 

Surface area = 27rh 

=27r X 3r S 

= 672 m? 

o _ 301.6 

T 6m 
  

301.6 

6m 
  {as r >0} r= 

r = 4.00 

The radius of the pipe is 4 m.     
  

6 The height of a hollow cylinder is the same as its diameter. hollow top 

a Write an expression for the outer surface area of the cylinder in and bottom 

terms of its radius r. 

b Find the height of the cylinder if its surface area is 91.6 m?. 

7 The slant height of a hollow cone is three times its radius. 

        
a Write an expression for the outer surface area of the cone in terms 

of its radius 7. 
; 

b Given that the surface area is 21.2 cm?, find the cone’s: 

i slant height i height. /3r 

8 Write a formula for the surface area of: 

a a cylinder with radius  cm and height 2z cm b a hemisphere with radius 7 cm 

¢ a cone with radius  cm and height 2z cm.
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9 Find: 

a the radius of a sphere with surface area 647 ¢cm? 

b the height of a solid cylinder with radius 6.3 cm and surface area 1243 cm? 

¢ the radius of a cone with slant height 143 mm and surface area 60000 mm?. 

10 Find, correct to 1 decimal place, the surface area of each solid: 

a 4 b < 

A &S * 2m 

2.8m 6cm 

‘ 12m Gm 

11 The planet Neptune is roughly spherical and has surface area ~ 7.618 x 10° km?. Estimate the 

radius of Neptune. 

12 A For the net of a cone alongside, notice that the length of 

arc AB must equal the circumference of the base circle. 

s a  Write the arc length AB in terms of s and 6. 

b Hence write 6 in terms of 7 and s. 

‘ ¢ Show that the surface area of the cone is given by 

A =7rs+mrl. 

OLUME   

The volume of a solid is the amount of space it occupies. 

SOLIDS OF UNIFORM CROSS-SECTION 
Solid Cross-section 

In the triangular prism alongside, any vertical slice 

parallel to the front triangular face will be the same size 

and shape as that face. Solids like this are called solids 

of uniform cross-section. The cross-section in this case ” 

is a triangle. 

Another example is a cylinder which has a circular 

cross-section. Q 

For any solid of uniform cross-section: 

Volume = area of cross-section X length
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In particular, we can define formulae for the volume of: 

  

e rectangular prisms e cylinders 

height T 

h 

width l 

length 

Volume = length x width x height Volume = 7r2h 

  

Find the volume of: 

a T b 

  

  

45 mm 

L— 36 mm —>| 12em 

a V=nr’h b Let the prism have height ~ cm. 

=7 x 18% x 45 mm® 10cm h* 462 = 10% {Pythagoras} 
~ 45800 mm? - h® 436 =100 

- o h? =64 
h=38 {as h >0} 

Volume = area of cross-section x length 

= (3 x 12 x 8) x 30 cm® 

= 1440 cm?® 

6cm 

    
EXERCISE 6C.1 

1 Find the volume of: 

a 

NN
 

  

2.3cm ¥ 13.8cm 
5cm ( 

T 2.6cm 
—129em—» >6em 

4.2cm 

jf'g cm \ 13cm 

“ 24cm 
> 2‘“‘\‘ 280° Toom 

8.2cm
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2 Find the volume of: 

a b 

[l 
4.6m        B l 

1200 mm 

S |1 
3 The Water Supply department uses huge concrete pipes to drain _&05m 

stormwater. 

a Find the external radius of a pipe. 

b Find the internal radius of a pipe. 

¢ Find the volume of concrete necessary to make one pipe. 

  

4 A rectangular garage floor 9.2 m by 6.5 m is to be concreted to a depth of 120 mm. 

a What volume of concrete is required? 

b Concrete costs $135 per m?, and is only supplied in multiples of 0.2 m®. How much will the 

concrete cost? 

5 A concrete path 1 m wide and 10 cm deep is placed around 

a circular lighthouse of diameter 12 m. 

a Draw an overhead view of the situation. 

b Find the surface area of the concrete. 

¢ Find the volume of concrete required for the path. 

6 1000 km of black plastic cylindrical water piping with 

internal diameter 13 mm and walls of thickness 2 mm 

is required for a major irrigation project. The piping is 

made from bulk plastic which weighs 0.86 tonnes per cubic 

metre. How many tonnes of black plastic are required? 

  

7 T am currently building a new rectangular garden which is 8.6 m by 2.4 m, and 15 cm deep. I have 

decided to purchase some soil from the local garden supplier, and will load it into my trailer which 

measures 2.2 m x 1.8 m x 60 cm. I will fill the trailer to within 20 cm from the top. 

a How many trailer loads of soil will T need? 

b Each load of soil costs $87.30. What will the total cost of the soil be? 

¢ 1 decide to put bark on top of the soil in the garden. Each load covers 11 m? of garden bed. 

i How many loads of bark will I need? 

il Each load of bark costs $47.95. What is the total cost of the bark? 

d Calculate the total cost of establishing the garden.
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8 A scout’s tent is 150 cm wide and 200 cm long. It has the 

shape of an isosceles triangular prism as shown. 

a Find the height of each vertical support post. 

b Find the volume of the tent. 

¢ Find the total area of the canvas in the tent, including 

the ends and floor. 

Example 6 ) Self Tutor 

Find, to 3 significant figures, the radius of a cylinder - 

with height 3.9 cm and volume 54.03 cm®. T 

1.9 cm 

— 
T em 

V =54.03 cm?® 

7 x 1?2 x3.9=54.03 {V = area of cross-section x length} 

> 54.03 L . 
= {dividing both sides by = x 3.9} 

o=y 2B 910 {as r>0} 
X 3.9 

The radius is approximately 2.10 cm. 

9 Find: 

a the height of a rectangular prism with base 5 cm by 3 ¢cm and volume 40 cm? 

b the side length of a cube of butter with volume 34.01 em? 

¢ the radius of a steel cylinder with height 4.6 cm and volume 43.75 cm?. 

10 A gold bar has the trapezoidal cross-section shown. Its 

volume is 480 cm®. 
Find the length of the bar. 

8cm 

OTHER SOLIDS 

We will now consider the volume of pyramids, cones, and spheres. 

Pyramids and cones are called tapered solids. The cross-sections of tapered solids are not uniform. 

Rather, the cross-sections are a set of similar shapes which get smaller as we approach the apex. 

apex apex 

I I ihei ht 
height ¢ 

base base 

pyramid cone sphere
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INVESTIGATION 2 

We have already seen formulae for the surface area and volume of many solids. We now seek to 

establish formulae for other solids including pyramids, cones, and spheres. 

To achieve this, we make use of two mathematical series we proved in Chapter 5: 

  

  

  

n 

o the sum of the first n integers: ) k= n(n; Y 
k=1 

n 

o the sum of the first n perfect squares: > k2 = w 
k=1 

What to do: 

1 Suppose the sum of the first n integers is divided by 7. 
n 

Sk 

a Evaluate ’“:é for: 
n 

i n=10 ii n=100 iil n=1000 iv n =10000. 
n 

Sk 

b Predict the value of k:; as n — 00. 
n 

2 Suppose the sum of the first n perfect squares is divided by n?. 

  

  

> 82 
a Evaluate k:nls for: 

i n=10 ii n=100 iii n»=1000 iv n = 10000. 

b Predict the value of k=n13 as n — oo. 

3 Consider a square-based pyramid with base side 

length x and height h.  The pyramid can be 

approximated using a set of n rectangular prisms with 

equal thickness, and each with a square base, stacked 

on top of one another. 

a Explain why the thickness of each prism is E. 
n 

  

b We suppose the base of each prism is the 

cross-section of the actual pyramid at the hk 

corresponding height. Let the kth prism have ry 

base X} x Xji. We start at the apex and move L h 

down, so the base of the nth prism will be the 

z X ¢ base of the pyramid. 

Use the diagram alongside to explain why 

Py 
n
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¢ Explain why the volume of the pyramid can be approximated using the series 

  

k‘2 
n, 2 Z 

nh ("’_’“) — a2h =L 
k=17 T " 

d Use 2 to explain why as the number of prisms we use in our approximation approaches 

infinity, the volume is given by %xzh S % % base area x height. 

4 Approximate a cone with radius 7 and height h using a stack of n cylinders with equal thickness. 

Explain why: 

  

a the kth cylinder has height % and radius Ry = rk n 
n n k2 

b (k)2 Z 
b the volume of the cone can be approximated using the series », — (—) =7r2h ’“’13 

= n n 

¢ the volume of the cone is given by 1mr?h = 1 x base area x height. 

5 Suppose a tapered solid has height h and base area A. 

We can approximate the solid using n solids of 

uniform cross-section which have equal thickness, and \/—‘ 

whose bases are mathematically similar to the base of Q/v/‘a 

the tapered solid. Explain why: I 

a the kth solid of uniform cross-section has %// 5 
o h k\? \ ', D 

height -~ and area Ay = A(;) v 

base area A b the volume of the tapered solid can be 

    
   

        

. . &k (kN 
approximated using the series Y — A (—) 

= n n 

¢ the volume of the tapered solid is given by % x base area x height. 

6 Approximate a hemisphere with radius r using a stack 

of n cylinders with equal thickness. 

a Explain why the kth cylinder has height 1 
n 

b Let the radius of the kth cylinder be Ry. 

Use the diagram alongside to explain why 
2 

(T— fi) +R2=r2 
n 

  

2 K2 
Hence show that R2? = —( 2k — — ). 

n n 

¢ Explain why the volume of the hemisphere can be approximated using the series 
n 2 2 2 n k n kz 

> Tfl(r (2k k—)) —71'7“3( ,Zl ,Zl ) 
=in n n — — 

n Tl3 

  

    

d Use 1 and 2 to explain why as the number of cylinders we use in our approximation 

approaches infinity, the volume is given by %71’?‘3. Hence find a formula for the volume 

of a sphere with radius r.
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7 Archimedes used a different idea to find the formula for the volume of a sphere. The following 

is not exactly what he did, but is very much in the same spirit. 

Consider the cylinder, sphere, and double cone 

alongside. 2 

a Show that if any horizontal slice of the 2 

three solids is made, the sum of the 

areas from the sphere and the double cone o e 

equals the area from the cylinder. 

  

b Explain why the sum of the volumes of the cylinder and double cone equals the volume of 

the cylinder. 

¢ Use the known volume of a cylinder and cone formulae to find the volume of the sphere. 

8 Now suppose we approximate a sphere with radius r 

using a large number n of tapered solids, each with 

height r and their apex at the centre of the sphere. 

Suppose the kth solid has base area Ay. 

a Explain why > 2A,r = 4ar®, 
k=1 

b Hence explain why the surface area of a sphere 

is given by A = 4712, 

  

From the Investigation, you should have established that: 

e The volume of any tapered solid is given by ~ Volume = %(area of base X height) 

It is a third of the volume of the solid of uniform cross-section with the same base and height. 

e The volume of a sphere with radius r is given by ~ Volume = %fl'r:‘ 

|_Example 7| ) Self Tutor 
  

     
Find the volume of each solid: 

a b 

6.8cm 

siom 2.3cm 

a V= %(area of base x height) b V= §7r7‘3 

= L(length x width x height) . ( % )3 em? 
= 2(5.1 x 2.3 x 6.8) cm® s 

o ~ 3160 cm 
~ 26.6 cm    
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EXERCISE 6C.2 

1 Find the volume of: 

a 

ya | 
3.7cm 

12cm 

  

f 

21.6m 

       8cm 
l‘—lS.?m—’I 

2 Find the volume of: 

a b ‘ 4 < 
24m oA m 

v 

12m 

12m 

  

3 A ready mixed concrete tanker is to be constructed 

from steel as a cylinder with conical ends. 

a Calculate the total volume of concrete that can 

be held in the tanker. 

b How long would the tanker be if the ends 

were hemispheres instead of cones, but the 

cylindrical section remained the same? 

  

¢ How much more or less concrete would fit in the tanker if the ends were hemispheres instead 

of cones? 

d Show that the surface area of the tanker: 

i with conical ends is about 30 m? 
i with hemispherical ends is about 33 m?. 

e Overall, which do you think is the better design for the tanker? Give reasons for your answer. 

4 Find: 

a the height of a glass cone with base radius 12.3 cm and volume 706 cm?® 

b the radius of a spherical weather balloon with volume 73.62 m? 

¢ the base radius of a cone with height 6.2 cm and volume 203.9 cm?. 

5 A cylinder of resin has height equal to its diameter. Some of it is used to form a cone with the same 

height and diameter as the cylinder. Show that the remainder is the exact amount needed to form a 

sphere with the same diameter.
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6 For a sphere of radius 7, the volume of the cap of height h is cap 

    

10m 

b Write an expression for the volume of the cap in the case that h = r. Compare this volume 

with the volume of the sphere. Explain your result. 

  

  

ACTIVITY 1 

The density of a substance is its mass per unit volume. 

mass 
density = 

ty volume 

One gram is the mass of one cubic centimetre of pure water at 4°C. The density of pure water at 
5 1 

4°C is therefore —2_ =1 gem 3. 
1 cm3 

Some densities of common substances are shown in the table: Density (gem=3 

pine wood 

paper 

oil 

  

water 

steel 

copper 

lead 

  

What to do: 

1 Find the density of: 

a a metal rod with mass 10 g and volume 2 cm? 

b a cube of chocolate with side length 2 cm and mass 10.6 g 

¢ a glass marble with radius 4.5 mm and mass 1.03 g. 

2 Rearrange the density formula to make: 

a mass the subject b volume the subject. 

3 Find the volume of 80 g of salt with density 2.16 gecm 3. 

4 Find the mass of a copper wire with radius 1 mm and length 250 m.
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10 

The gold bar shown has mass 13.60 kg. Find the 

density of gold. 

4cm I 22cm 

10cm 

Jonathon has a steel ball bearing with radius 1.4 cm, and a lead sphere with radius 1.2 cm. 

Which sphere weighs more, and by what percentage? 

Oil and water are immiscible, which means they do not mix. Does oil float on water, or water 

float on 0il? Explain your answer. 

a In general, as a substance is heated, it expands. What happens to the density of the 

substance? 

b Water is unusual in that its solid state is less dense than its liquid state. How do we observe 

this in the world around us? 

Determine the total mass of stone required to build a square-based pyramid with all edges of 

length 200 m. The density of the stone is 2.25 tonnes per m>. 

The planet Uranus is approximately spherical with radius 2.536 x 107 m and mass 

8.681 x 102 kg. 

a Estimate the volume of Uranus. b Hence find its density. 

  PROJECT 

Choose an iconic mountain of the world. Your task is to 

estimate its volume. 

To achieve this task, you will need: 

e a topographic map of the mountain 

e knowledge of Simpson’s rule. 

What to do: 

  

SIMPSON'S RULE 

a Use Simpson’s rule to estimate the cross-sectional 

area of the mountain at each contour level. 

b Hence estimate the volume of the mountain added 

at each change in altitude level. 

¢ Use a solid of uniform cross-section to estimate 

the volume of the mountain from your lowest 

chosen contour down to sea level.   d Sum your results to estimate the total volume of 

the mountain.   e Discuss the assumptions you made in your calculations.
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a Make regular slices across your contour map and use Simpson’s rule to estimate the area 

of each slice. 

b Hence estimate the volume of the mountain for each interval between the slices. 

¢ Sum your results to give the total volume of the mountain. 

d Discuss the assumptions you made in your calculations. 

a Overlay a fine grid on top of the topographical map. Use the contours to estimate the 

altitude at each vertex point of the grid. Hence estimate the average altitude of each grid 

square. 

b Hence estimate the volume of the mountain under each grid square. 

¢ Sum your results to give the total volume of the mountain. 

d Discuss the assumptions you have made in your calculations. 

Compare the estimates you have obtained for the volume of the mountain. 

a What assumptions do you need to make in order to compare them fairly? 

b Which method do you think is the: 

most elegant ii most accurate i 

i easiest to automate using software? 

Can you suggest a more accurate method for estimating the volume of the mountain? Explain 

why you believe it is more accurate, and perform calculations. 

Research the composition of your chosen mountain and use the information to estimate its mass. 

If you measured the volume of a mountain down to the base plane around it rather than to sea 

level, what is the “biggest” mountain on Earth? 

DEET o 
The capacity of a container is the quantity of fluid it is capable of holding. 

Notice that the term “capacity” belongs to the container rather than the fluid itself. The capacity of the 

container tells us what volume of fluid fits inside it. The units of volume and capacity are therefore 

linked: 

1 mL of water occupies 1 em® of space. 

1mL 

  

    
    

Volume  Capacity 

1cm® =1 mL 
   = means “is 

equivalent to”. 

1000 cm®* =1 L 

1m?=1kL 

1m®=1000L 
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DISCUSSION 

  

e In common language, are the terms volume and capacity used correctly? 

e Which of the following statements are technically correct? Which of the statements are 

commonly accepted in language, even though they are not technically correct? 

> The jug has capacity 600 mL. > The jug can hold 600 mL of water. 

> The volume of the jug is 600 cm?®. > The jug can hold 600 cm® of water. 

» T am going to the supermarket to buy a 2 L bottle of milk. 

» T am going to the supermarket to buy 2 L of milk. 

  

| 3°€T T K ] LR R 

Find the capacity of a 2.6 m by 3.1 m by 1.45 m tank. 

V = length x width x height 

‘ =26 x3.1x1.45 m? 
— 3 T im =11.687 m 

2.6m The tank’s capacity is 11.687 kL. 

  

EXERCISE 6D 

1 Find the capacity (in kL) of each tank: 

a ——— b — < |<—746m—>| 

2.1m ;Lfm ‘T 

_.L 4.5m 

1.8m 
34m 

547m—>| l 

2 Find the volume of soup that will fit in this hemispherical 

pot. Give your answer in: 

a cm? b L. 

|<—360m—>| 

   

       
    
    

   
When talking about 

liquids, it is common 

to talk about their 

volume using the 

units of capacity. 

dam wall 
3 A dam wall is built at the narrow point of a | 

river to create a small reservoir. When full, the end of T 

reservoir has an average depth of 13 m, and catchment 80m 

has the shape shown in the diagram. Find the %2 X 
capacity of the reservoir. 

170 m —OL— 250 m



152 MEASUREMENT (Chapter 6) 

4 Jam is packed into cylindrical tins which have radius 4.5 cm and height 15 cm. The mixing vat is 

also cylindrical with cross-sectional area 1.2 m? and height 4.1 m. 

a Find the capacity of each tin. b Find the capacity of the mixing vat. 

¢ How many tins of jam could be filled from one vat? 

d  If the jam is sold at $3.50 per tin, what is the value of one vat of jam? 

The circular pond in the park near my house has 

radius 2.4 m. It has just been filled with 10 kL of 

water. How deep is the pond? 

  

Example [ .1;)) Self Tutor 

17.3 mm of rain falls on a flat rectangular shed roof which has length 10 m and width 6.5 m. All 

of the water goes into a cylindrical tank with base diameter 4 m. By how many millimetres does 

the water level in the tank rise? 

For the roof: The dimensions of the roof are in m, so we convert 17.3 mm to metres. 

17.3 mm = (17.3 <+ 1000) m = 0.0173 m 

The volume of water collected by the roof = area of roof x depth 

=10 x 6.5 x 0.0173 m’ 
=1.1245 m? 

For the tank: The volume added to the tank 

= area of base x height 

=7x22xhm? 

=47 x h m® —
 

> 
j
—
 

   

  

l<—2m—>l 

The volume added to the tank must equal the volume which falls on the roof, so 

4 x h =1.1245 

  

  

h— 1-1245 {dividing both sides by 47} 
T 

h =~ 0.0895 m 

the water level rises by about 89.5 mm.     
6 The base of a house has area 110 m2. One night 12 mm 

of rain falls on the roof. All of the water goes into a tank 

which has base diameter 4 m. 

a Find the volume of water which fell on the roof. D:I D:’ . 

b How many kL of water entered the tank? 1l 
m 

¢ By how much did the water level in the tank rise? 10m 

7 The design department of a fish canning company wants to change the size of their cylindrical tins. 

The original tin is 15 cm high and 7.2 cm in diameter. The new tin is to have approximately the 

same volume, but its diameter will be 10 cm. How high must it be, to the nearest mm?
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8 A conical wine glass has the dimensions shown. 8.6cm 

a Find the capacity of the glass. 

b Suppose the glass is 75% full. T 

i How many mL of wine does it contain? 13 em 

ii If the wine is poured into a cylindrical glass of the same l 

diameter, how high will it rise? 

9 A fleet of trucks have containers with the hollow 

shape illustrated. Wheat is transported in these 

containers, and its level must not exceed a mark 

10 cm below the top. How many truck loads 

of wheat are necessary to fill a cylindrical silo fgififi 

with internal diameter 8 m and height 25 m? below 
top 

     
   

    

10 Answer the Opening Problem on page 132. 

5m 
3m 

/ 2 m 

  ACTIVITY 2 

  

Your boss asks you to design a rectangular box-shaped container which is open at the top and contains 

exactly 1 litre of fluid. The base measurements must be in the ratio 2 : 1. She intends to manufacture 

millions of these containers, and wishes to keep manufacturing costs to a minimum. She therefore 

insists that the least amount of material is used. 

What to do: 

1 The base is to be in the ratio 2 : 1, so we let the 

dimensions be  cm and 2z cm. The height is also yem 

unknown, so we let it be y cm. As the values of x 

and y vary, the container changes size. Tom 

Explain why: 2eem 

a the volume V = 2z%y b 222y = 1000 ¢ y= 5—020 
&I 

2 Show that the surface area is given by A = 222 + 6xy. 

3 Construct a spreadsheet which A B C 

calculates the surface area for 
r—1923 4 1  xvalues yvalues A values 

= =% * * INSTRUCTIONAL 2 1 =500/A272 =2*A2"2+6*A2*B2 
SPREADSHEET VIDEO 3 =A2+1 

S 
5 fill down 

4 Find the smallest value of A, and the value of x which produces it. Hence write down the 

dimensions of the box your boss desires.
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AT AT   

1 For the given sector, find to 3 significant figures: 

a the length of the arc 

b the perimeter of the sector 

10 cm 

¢ the area of the sector. 

2 Find the radius of a sector with angle 80° and area 247 cm?. 

3 Find, to 1 decimal place, the outer surface area of: 

a hollow top  © 

] and bottom 

    
4 A tool shed with the dimensions illustrated is to be 

painted with two coats of zinc-aluminium. Each litre of 

zinc-aluminium covers 5 m? and costs $8.25. It must be 

purchased in whole litres. 

          

   

   

a Find the area to be painted, including the roof. 

b Find the total cost of the zinc-aluminium. 

5 Calculate, to 3 significant figures, the volume of: 

a 

3.2m 

6 Tom has just had a load of sand delivered. The sand is piled in a cone with radius 1.6 m and 

height 1.2 m. Find the volume of the sand. 

7 A plastic beach ball has radius 27 cm. Find its volume. 

8 Find the volume of material required to construct this 20m i 

9 Find the capacity of: 

a b 60 cm 

‘ 1.4m 
7cm 

8.6cm 

12.2cm
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10 A rectangular shed has a roof of length 12 m and width 5.5 m. Rainfall from the roof runs into 

a cylindrical tank with base diameter 4.35 m. If 15.4 mm of rain falls, how many millimetres 

does the water level in the tank rise? 

11 A feed silo is made out of sheet steel 3 mm thick using a 

hemisphere, a cylinder, and a cone. 

a Explain why the height of the cone must be 70 cm. T 
b Hence find the slant height of the conical section. 3.3m 1.8m 

¢ Calculate the total amount of steel used. l 

d Show that the silo can hold about 5.2 cubic metres of grain. 

e Write the capacity of the silo in kL. L—_ J 
1.6m 

REVIEW SET 6B 

1 For the given sector, find to 3 significant figures: 

a the angle 6° 

b the area of the sector. 6.18 cm 4.62 cm 

  

2 For the given figure, find the: 

a perimeter b area. 

2 cm 

. 1200 X 
. bcm 

3 Find the surface area of: 

a b < 

2.0m 

74 mm 

6.8cm 
2.2m 1.3m 

3.6cm 

4 The hexagonal gazebo shown has wood panelling 

for the roof, floor, and part of five of the walls. 

Find the total surface area of wood panelling in the 

gazebo. Include the interior as well as the exterior. 
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5 I am sending my sister some fragile objects inside a postal cylinder. The cylinder is 325 mm 

long and has diameter 40 mm. What area of bubble wrap do I need to line its inside walls? 

6 Find the volume of: 

A S 4.4cm 

7 Frank wants to have a large F outside his shop for 

advertising. He designs one with the dimensions shown. 

a If the F is made from solid plastic, what volume of 

plastic is needed? 

b If the F is made from fibreglass as a hollow object, 

what surface area of fibreglass is needed? 1.7m 

  

    

0.4m 

0.3m 

0.4m 

|e—>] f— 
04m 04m0.1m 

8 A kitchen bench is a rectangular prism measuring 3845 mm by 1260 mm by 1190 mm. It 

contains a rectangular sink which is 550 mm wide, 750 mm long, and 195 mm deep. Find the 

storage capacity of the bench in litres. 

9 A cylindrical drum for storing industrial waste has capacity 10 kL. If the height of the drum is 

3 m, find its radius. 

10 The Sun is a nearly perfect sphere with radius ~ 6.955 x 10% m. 

Find, in scientific notation, the Sun’s: 

a surface area b volume. 

11 A solid metal spinning top is constructed by joining a 

hemispherical top to a cone-shaped base. 

The radius of both the hemisphere and the base of the cone is 

3 cm. The volume of the cone is half that of the hemisphere. 

Calculate: 

a the volume of the hemispherical top 

b the height of the cone-shaped base 

¢ the outer surface area of the spinning top.



    
Right angled triangle 

trigonometry 
Contents: A Trigonometric ratios 

B Inverse trigonometric ratios 

C Right angles in geometric figures 

D  Problem solving with trigonometry 

E True bearings 

F  The angle between a line and a 

plane
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  OPENING PROBLEM 

Things to think about: 

a Both of the right angled triangles alongside Q 
contain a 30° angle. From the information B 

we are given, can we determine: . 
cm 

i the lengths PQ and QR 3cm 

M P 30° 30° 
—?{ ? A c P R ii the ratio of lengths 

b Both of the right angled triangles alongside A B P Q 
contain a 35° angle. Can you explain why: 

| AB_PQ 

S R BC QR 

ii any other right angled triangle containing a 35° angle will have corresponding sides in the 

same ratio? 

Trigonometry is the study of the relationships between the side lengths and angles 

of triangles. 

Trigonometry is extensively used in the real world, being essential for engineering, architecture, building, 

physics, astronomy, navigation, and many other industries. 

  THEORY OF KNOWLEDGE 

The study of celestial objects such as the sun, moon, stars, and planets is called astronomy. It has 

been important to civilisations all over the world for thousands of years, not only because it allowed 

them to navigate at night, but because the celestial objects feature in so many of their myths and 

beliefs. 

To create an accurate star map, astronomers measure the 

angles between objects in the sky. The oldest known star 

map was found in the Silk Road town of Dunhuang in 

1907. It was made in the 7th century AD, presumably from 

the Imperial Observatory in either Chang’an (present day 

Xi’an) or Luoyang. A possible author of the map was the 

mathematician and astronomer Li Chunfeng (602 - 670). 

The map shows 1339 stars in 257 star groups recorded with 

great precision on 12 charts, each covering approximately 

30 degree sections of the night sky.[*] 

  

1 How much of what we believe comes from what we observe? Is it necessary to understand 

something, in order to believe it? How much of what we study is a quest to understand 

what we observe, and prove what we believe? 

2 How much of what we want to know is a common desire of people and cultures all over 

the world?
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3 How did ancient people calculate with such accuracy before computer technology? 

[1] “The Dunhuang Chinese Sky: A comprehensive study of the oldest known star atlas”, 

J-M Bonnet-Bidaud, F. Praderie, S. Whitfield, J. Astronomical History and Heritage, 12(1), 

39-59 (2009). 

In this Chapter we will study the trigonometry of right angled triangles. 

NI TRIGONOMETRIC RATIOS 
In previous years you should have seen that for any right angled triangle with a fixed angle 6, the side 

lengths are in the same ratio. 

In the triangle alongside: 

e The hypotenuse (HYP) is the side which is opposite the C 

right angle. It is the longest side of the triangle. 

e [BC] is the side opposite (OPP) angle 6. HYP OPP 

e [AB] is the side adjacent (ADJ) to angle 6. 

A B 
ADIJ 

The trigonometric ratios for the angle  are: 

. oPP ADJ oPP 
sinf = —— cosf = —— tan = — 

HYP HYP ADJ 

They stand for sine, cosine, and tangent. 

    

OPP 

. ino PP sin 6 
Notice that 2% — Hyp _ OPP _ tanf, so tan @ = . 

cos ADJ ADJ cos 6 

HYP 

The trigonometric ratios for any angle can be found using a calculator. 

GRAPHICS 
CALCULATOR 
INSTRUCTIONS 

  

  

For the following triangle, find: 

a sinf b cosf ¢ tanf 
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EXERCISE 7A 

1 For each of the following triangles, find: 

i sinf ii cos@ iii tan 

a 5m b 

3m 8cm 5cm 

o 4m O 

< d 

7em 4cm 6cm 

< o~ 5em 

2 The right angled triangle alongside contains an angle X 

of 56°. - 
a Use a ruler to measure the length of each side, to 

the nearest millimetre. 

b Hence estimate, to 2 decimal places: 

i sinb6° il cosb56° 

il tan56° 

¢ Check your answers using a calculator. , 

A 3 Consider the right angled isosceles triangle ABC alongside. 

a Explain why ABC = 45°. 

b Use Pythagoras’ theorem to find AB. 

¢ Hence find: Im 

i sin45° il cos45° il tan45°. 

d Check your answers using a calculator. 

1m C 

4 Explain why it is impossible for the sine or cosine of an angle to be greater than 1. 

5 Consider the right angled triangle shown. 

a Write expressions for: 

i sinA il cosA iii tan A 

iv sinB v cosB vi tanB 

b State the relationship between A and B. 

¢ Hence state the relationship between: 

i sin@ and cos(90° — ) 

il cosf and sin(90° — 0) 

iii tan® and tan(90° —0) 
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Find, correct to 3 significant figures, the unknown length 

in the following triangles: 

a b 
7cm 

5m 
z cm 

& 

        
    

   
Make sure your 

calculator is set to 

degrees mode. 

T m 

  

a The relevant sides are ADJ and HYP, so we use the cosine ratio. 

c0s32° =2 {cos@zg} 
7 HYP 

7TXxcos32° =z {multiplying both sides by 7} 

r~5.94 {using technology} 

  

So, the side is about 5.94 cm long. 

  

b The relevant sides are ADJ and OPP, so we use the tangent 

ratio. 

o5 _ore HYP (5)1;:) tan 64° = - {tan6 = o } 

z X tan64° =5 {multiplying both sides by =} 
.5 o . o 

— O L= s {dividing both sides by tan64°} 

ADJ oo rR2.44 {using technology} 

So, the side is about 2.44 m long.     
6 Find, correct to 3 significant figures, the unknown length: 

a b < 0 
& 

cm Zm 11m 3em z dem 

rcm 

1 

d e f & 
8.8m 

zm m 3.29cm 

o ] 

7.6m 

7 Consider the triangle alongside. ym 

a Find z. 

b Find y using: 3m 

i Pythagoras’ theorem 

i trigonometry. Q o 

T cm
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8 Find, correct to 2 decimal places, a/l unknown sides: 

b 0 < I, 9.7cm 
rm 

5m rm 8m xcm 

O ym ycm 

ym 

9 Find the perimeter and area of triangle ABC. 

6
2
c
m
'
 

Amn 

10 This triangle has area 20 cm?. Find its perimeter. ‘ 

C RATIOS   

. . . PP 
In the triangle alongside, sinf = OPP _ é 

HYP 4 

ine i 3 HYP To find 6, we need to find the angle whose sine is I Am opp 

3m 

[ 

We say that § is the inverse sine of £, and write 6 =sin™" () = 48.6°. EEEEEEEEEIIN 

the angle 

w1th a sine of « GRAPHICS 
CALCULATOR 
INSTRUCTIONS 

We define inverse cosine and inverse tangent in a similar way. 

  

  

€T T LR TR (T 

Find, correct to 3 significant figures, the measure of the angle marked 6: 

a b 
2 
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5 OPP 
a sinf = 2 {sin@:m} 

G P 
2m . 0~=418° {using technology} 

O 

b tan0:1—70 {tanO:%} 
OPP ADJ A ADJ 

7cm s oo 0= tan_l(g) 

o 0 ~55.0° {using technology} 

EXERCISE 7B 

1 Find, correct to 3 significant figures, the measure of the angle marked 6: 

a b M < 
1m 

5m 3m 
5cm G 

o 7cm 

4.1m 

d e f 

80 cm 
2.5¢cm 4.1cm 10.2m 

0 
& 0 

9.9m 1.1m 

2 Consider the triangle alongside. 

a Find 6, correct to 1 decimal place. Y 9m 

b Find ¢ using: 5m 

i the angles in a triangle theorem L é 

i trigonometry. 

  

3 Find, correct to 1 decimal place, all unknown angles: 

a b 7.2cm € 21m -0 

13m ) 

‘ 5.8cm 4.4m 
10m 

L Try to find 6 in the following diagrams. What conclusions can you draw? 

a b S < & 

5m 8.1m 9.3m 
6m 

7.4m 9.3m 

1
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5 Find all unknown sides and angles in these figures: 

a b 

4cm 1om 8m 

[ ] 1 

3cm 2cm [e———ym——| 

6 ABC is a right angled isosceles triangle. AX = XB and A 

BY:YC=1:2. 

Find the measure of the shaded angle. 

X 

B Y C 
7 Find a: 

  

fl FIGURES 

Many geometric figures contain right angles which we can use to help solve problems: 

  

   

e In an isosceles triangle and an equilateral e The corners of a rectangle and a square are 

triangle, the altitude bisects the base at right angles. We can construct a diagonal 

right angles. to form a right angled triangle. 

rectangle 

isosceles triangle equilateral triangle square 

e In a square and a rhombus, the diagonals e In a Kkite, the diagonals intersect at right 

bisect each other at right angles. angles. 

   
square rhombus kite



e A tangent to a circle and a radius at the e The angle in a semi-circle is always a right 

point of contact meet at right angles. angle. 

We can form a right angled triangle with 

another point on the tangent. 

semi-circle 

radius 

  

> 
tangent point of contact 

e The line drawn from the centre of a circle at right angles 

to a chord, bisects the chord. 

  

  

Find the unknowns: 

zcm 5.2m 

8.3m 

10cm 

  

In the shaded right angled triangle, 

cos67° = = 

  

In the shaded right angled triangle, 

. @ 2.6 
Sin — = — 

2 8.3 

Loa . _1(26 
2.6 m oo T Smogs     
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EXERCISE 7C 

1 Find the unknown, correct to 3 significant figures: 

< 4.86 cm 
6cm 

cm 

6.94cm 

f 

7cm 

zem 

9cm 
8cm 

2 A rectangle is 9.2 m by 3.8 m. What angle does its diagonal make with its longer side? 

a b 

‘m 3 
4cm 

d e 

rcm 

5cm 

3 The diagonal and the longer side of a rectangle make an angle of 43.2°. If the longer side is 

12.6 cm, find the length of the shorter side. 

4 Find the area of the rectangle: 

34cm    

  

Example 5 ) Self Tutor 

A rhombus has diagonals of length 10 cm and 6 cm. Find the smaller angle of the rhombus. 

The diagonals bisect each other at right angles, so 

AM =5cm and BM = 3 cm. 

In AABM, 6 will be the smallest angle as it is 

opposite the shortest side. 

  

tanf = 2 

. f=tan! (%) 

. 0~ 30.964° 

The required angle is 260 as the diagonals bisect the angles at each vertex. 

So, the angle is about 61.9°.     
5 A rhombus has diagonals of length 12 cm and 7 cm. Find the larger angle of the rhombus. 

6 The smaller angle of a rhombus measures 21.8° and the shorter diagonal has length 13.8 cm. 

Find the lengths of the sides of the rhombus.
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7 Find the value of z: 

a b 
6cm 10cm 6m rm 

80° 2° 30° 88° 

Example 6 o) Self Tutor 

  

Find z: 

10cm xecm 

65° 48° 

We draw perpendiculars [AM] and [BN] to [DC], 

creating right angled triangles and the rectangle 

  

  

ABNM. 

In AADM, sin65° = 110 

y = 10sin 65° 

In ABCN, sin48° =¥ 
xT 

_ 10sin65° 
- T 

R Y 
sin 48°   

  

8 Find the unknown value: 

a b 

3m rm 5cm 6cm 

9 Find the area of the figure: 

a b 
70° 

4cm 6cm 3cm 

60° 

10 A rhombus has sides of length 8 metres, and the longer diagonal has length 13 metres. 

a Draw a diagram and label it with the given information. 

b Find the length of the shorter diagonal of the rhombus. 

¢ Find the measure of the smaller angle in the rhombus.
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11 Find the radius of the circle: 

a b N 

‘ 

3¢, 

    

LR R (ML 

A circle has radius 6.5 cm. A chord of the circle subtends an angle of 112° at its centre. 

Find the length of the chord. 

We complete an isosceles triangle and draw 

the line from the apex to the base. 
s 

For the shaded triangle, sin56° = % 

o, 6.5 xsinb6° =x 

oo~ 5.389 

o 2z~ 10.78 

.. the chord is about 10.8 cm long. 

12 Find the value of the unknown: 

    
  

    
10 cm 

  

13 A circle has diameter 11.4 cm. A chord of the circle subtends an angle of 89° at its centre. Find 

the length of the chord. 

14 A chord of a circle is 13.2 cm long and the circle’s radius is 9.4 cm. Find the angle subtended by 

the chord at the centre of the circle. 

15 PC =10 cm, and the circle has radius 4 cm. 16 Find the shaded area. 

Find the angle between the tangents. 

35° 

4cm
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I3 [ BROBLEM SOLVING WITH TRIGONOMETRY 
In this Section we consider practical applications of trigonometry. It allows us to find heights and 

distances which are very difficult or even impossible to measure directly. 

ANGLES OF ELEVATION AND DEPRESSION 

The angle between the horizontal and 

your line of sight to an object is called: 

  

   

  

     

o the angle of elevation if you are . 
angle of elevation      

  

looking upwards oord - > horizontal 

o the angle of depression if you are angle of depression 
looking downwards. 

angle of elevation i 
> horizontal 

  

Example 8 ) Self Tutor 

A tree casts a shadow of 12.4 m when the angle of elevation to the sun is 52°. Find the height of 

the tree. 

Let the tree’s height be 2 m. 

For the 52° angle, OPP = h m, ADJ = 12.4 m 

tan 52° = e 
12.4 

12.4 X tan52° = h 

h~15.9 

the tree is about 15.9 m high. 

  

  

EXERCISE 7D 

1 A flagpole casts a shadow of 9.32 m when the angle of elevation to the sun is 63°. Find the height 

of the flagpole. 

2 A steep hill is inclined at 18° to the horizontal. It runs down to the beach so its base is at sea level. 

a IfT walk 150 m up the hill, what is my height above sea level? 

b IfI climb to a point 80 m above sea level, how far have I walked? 

3 A train must climb a constant gradient of 5.5 m for every 200 m of track. Find the angle of incline. 

L a Find the angle of elevation to the top of a 56 m high building from point A which is 113 m 

from its base. 

b What is the angle of depression from the top of the building to A? 

5 The angle of depression from the top of a 20 m high vertical 

cliff to a boat B is 8°. 

How far is the boat from the base of the cliff? 
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Example 9 o) Self Tutor 

A builder has designed the roof 

structure illustrated. Find the 

pitch of this roof. The pitch of a roof 
is the angle that the 

roof makes with 

the horizontal. 

By constructing an altitude of the 
8.7m . . q 

isosceles triangle, we form two right 

] angled triangles. 
75 

™ e 7.5 ADJ 
cosG’:E {cosB:m} 

The pitch of the roof is approximately 30.5°. 

  

6 Find 6, the pitch of the roof. 7 The pitch of the given roof is 23°. Find the 

length of the timber beam [AB]. 
8.3 m B 

23° 

/ A A A 
0.6m 15m 0.6m f b\ 

0.8m 16 m 0.8m 

    

8 A rectangular field is 20 metres longer than it is wide. When Patrick walks from one corner to the 

opposite corner, he makes an angle of 55° with the shorter side of the field. Find the length of this 

shorter side. 

9 A stormwater drain has the shape illustrated. 

Determine the angle 3 where the left hand side 

meets with the bottom of the drain. 

  

10 From an observer O who is 200 m from a building, the 

angles of elevation to the bottom and top of a flagpole 

are 36° and 38° respectively. Find the height of the 

flagpole. 

36° 38° 
  

o 200m
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11 The angle of depression from the top of a 15 m high cliff to a boat at sea is 2.7°. How much closer 

to the cliff must the boat move for the angle of depression to become 4°? 

12 A helicopter flies horizontally at 100 kmh™!. An observer notices that it takes 20 seconds for the 

helicopter to fly from directly overhead to being at an angle of elevation of 60°. Find the height of 

the helicopter above the ground. 

13 [AC] is a straight shore line 5 km long. B is a boat 

out at sea. Find the shortest distance from the boat to 60° 45° 
the shore. 

B 

14 A new feature at the botanical gardens will be a regular 

heptagonal flower bed with sides of length 20 m. 

Find the width of land d m required for the flower bed. 

  

Example 10 LR R (TS 

        

       

  

A rectangular prism has the dimensions shown. 

Find the measure of ABC. ' 

- 11cm 

14cm 

    Consider the end of the prism containing points A and C. 

Let AC =z cm 

Using Pythagoras, 2% = 6%+ 11° - 

z? =157 11cm 

oo x=vV157  {as x>0} 

AABC is right angled at C ’ 

Let ABC =6 m V157 em 

. tanf = V5T O Liem o {tan@——} Tiom 

. — V157 s f=tan! ( = ) 

0 ~ 41.8° 157 cm 

So, ABC ~ 41.8°. 
1l4cm 
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15 The cube shown has sides of length 13 cm. Find: H G 

a BD b FDB. 

C 

A B 

16 In the rectangular prism shown, Z is the midpoint of [WX]. 

Find: 

a VX b RXV 
¢ YZ d YZU. 

  

17 An open cone has a vertical angle measuring 40° and a base radius of 

30 cm. Find: 

a the height of the cone 

b the capacity of the cone in litres. 

  

18 D A ramp is built as the triangular prism shown. 

a Find the length: 

A ! i CE i CD. 
0.24m F b Find DCE. 

? 1.6 m L2m 
C 

19 Elizabeth is terrified of spiders. When she walks into a room, she notices one in the opposite 

corner S. 

a If Elizabeth is 1.6 m tall, how far is the 

spider from her head? 

b The spider can see up to an angle of 42° 

from the direction it is facing. This spider 

is facing a fly at F. Can it see Elizabeth? 

  

8.5m 

20 Rico is flying his kite with the aid of a southerly wind. He has let out 34 m of string, and the kite 

is at an angle of elevation of 37°. His friend Edward stands to the west, 65 m away. 

a How far is Edward from the kite? 

b What is the angle of elevation 

from Edward to the kite? 
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21 Find the angle between the slant edge [AX] and the base 

diagonal [AC]. 

  

22 Find the volume of each solid: 

   1.26 m 

23 A parallax is the angle through which an object appears to move 

when viewed from different positions. 

In 1838, the Prussian astronomer Friedrich Wilhelm Bessel 

(1784 - 1846) used the telescopes at the Konigsberg Observatory 

to measure the parallax of the star 61 Cygni to be approximately 
1 0.314 arc seconds, where one arc second is zg55 of a degree. He 

did this by comparing the apparent positions of 61 Cygni during the 

year, relative to a fixed backdrop of distant stars. 

  

stars 

  

a Given that the radius of the Earth’s orbit is ~ 1.49 x 10! m . - " 
1 parsec or “parallactic second’ 

and tha'? 1 light-year ~ .9..461 x 10'° m, explain Bessel’s is the distance 1o a star with a 

calculation that 61 Cygni is about 10.3 light-years away. parallax of 1 arc second 

b Modern estimates place 61 Cygni at about 11.4 light-years measured across the Earth’s 

away. Calculate a more accurate value for the parallax of orbit. 
1 parsec ~ 3.26 light-years. 61 Cygni. 
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I ThusBeaRinGs 
True bearings are used to describe the direction of one object from another. The direction is described 

by comparing it with the true north direction. 

True bearings are measured clockwise from true north. 

They are always written with 3 digits, plus decimals if necessary. 

Suppose you are in town A and you want to go to town B. If you 

start facing true north, you need to turn 48° clockwise in order to 

face town B. We say that the bearing of B from A is 048°. 

N 
4 

Now suppose you are in town B and want to go to town A. If you 228° 

start facing true north, you need to turn 228° clockwise in order 

to face town A. The bearing of A from B is 228°. 

Notice that the bearing of B from A and the bearing of A from B 

differ by 180°. 

EXERCISE 7E 

1 Draw a diagram showing that the bearing of B from A is: 

    

a 075° b 205° ¢ 110° d 325° 

2 Find the bearing of Q from P in each diagram: 

a < 

e 

3 In the diagram given, find the bearing of: 

a B from A b A from B ¢ C fromB 

d B from C e Cfrom A f A from C. 

  

Example 11 «) Self Tutor 

When Samantha goes jogging, she finishes 2 km south and 3 km west of 

where she started. Find Samantha’s bearing from her starting point. 

  

Suppose Samantha starts at S and finishes at F. I;I 

tanf = 2 

0 =tan?! (%) ~ 56.3° 

So, the bearing ~ 180° + 56.3° ~ 236° 
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4  When Walter drives to his sports club, he finishes 10 km east and 7 km south of where he started. 

Find Walter’s bearing from his starting point. 

5 Julia is swimming in the ocean. A current takes her 200 m north and 100 m west of where she 

started. 

a How far is Julia from her starting point? 

b Find Julia’s bearing from her starting point. 

¢ In which direction is the starting point from where Julia is now? 

6 Paul runs 1.5 km on the bearing 127°. 

a Draw a diagram of the situation. 

b How far east is Paul from his starting point? 

¢ How far south is Paul from his starting point? 

7 Tiffany kayaks 4 km on the bearing 323°. How far west 

is Tiffany from her starting point? 

8 A train travels on the bearing 072° until it is 12 km east 

of its starting point. How far did the train travel on this 

bearing? 

A courier departs from his depot A and drives on a 136° course for 2.4 km to an intersection B. 

He turns right at the intersection, and drives on a 226° course for 3.1 km to his destination C. 

Find: 

a the distance of C from A b the bearing of C from A. 

  

  

    
    

     
      ABN = 180° — 136° = 44°  {cointerior angles} 

- ABC =360° —44° — 226°  {angles at a point} 

=90° 

a AC’=24%>+312 {Pythagoras} 

. AC=+/2421312 {as AC>0} 
~ 3.92 km 

So, C is about 3.92 km from A. 

b To find the bearing of C from A, we first need to find 6. 

Now tanf = 9T 
24 

6 = tan (fl) 
24 

s 0~52.3° 

The bearing of C from A is 136° + 52.3° ~ 188°. 

  

    
9 An orienteer runs 720 m in the direction 236° to a checkpoint, and then 460 m in the direction 146° 

to the finish. Find the: 

a direct distance from the starting point to the finishing point 

b bearing of the finishing point from the starting point.
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10 A cruise ship sails from port P in the direction 112° for 

13.6 km, and then in the direction 202° for 72 km. Find 

the distance and bearing of the cruise ship from P. 

11 Yachts A and B depart from the same point. Yacht A sails 

11 km on the bearing 034°. Yacht B sails 14 km on the 

bearing 124°. Find the distance and bearing of yacht B 

from yacht A. 

  

12 An eagle is 2 km away on the bearing 293° from its nest. The eagle flies in a straight line for 5 km, 

and is now on the bearing 023° from its nest. 

a On what bearing did the eagle fly? b How far north from its nest is the eagle now? 

I3 [ THEANGLE BETWEEN A LING AND A PLANE 
When the sun shines on the gnomon of a sundial, it casts a 

shadow onto the dial beneath it. 

  

   

    

   

        
    

        
    

        
    

If the sun is directly overhead, its rays are perpendicular to the 

dial. The shadow formed is the projection of the gnomon onto 

the dial. 

  

Name the angle between the following line 

segments and the base plane TUVW: 

a [PU] b [QX] 

  

a The projection of [PU] onto the base plane 

is [TU]. 

the required angle is PUT. 

b The projection of [QX] onto the base plane 

is [UX]. 

the required angle is Q)A(U. 

 



RIGHT ANGLED TRIANGLE TRIGONOMETRY  (Chapter 7) 177 
  

  

[ R ) Self Tutor 

The diagram shows a cube with side length 12 cm. M is 

the midpoint of [GH]. 

Find the angle between the following line segments and 

the base plane EFGH: 

a [AH] b [BM] 

  

  

a The projection of [AH] onto the base plane is [EH]. B C 

the required angle is AHE. A ’ 

tand = 12 {tanO:fl} 
2 ADJ 
e 3 12cm G 

o=aF b [N 
The angle is 45°. E oem H 

b The projection of [BM] onto the base plane is [FM]. 

the required angle is BMF. 
Let FM = z cm. 

Using Pythagoras in AFGM, 

  

  

z? =12° + 62 
2?2 =180 

z =180 {as z > 0} 

Let BMF =« 
OPP 

2 tana:jé—o {tana:A—DJ} 

— tan—1(_12 a = tan (m) 

o~ 41.81° 

The angle is about 41.8°. 

  

    
  

EXERCISE 7F 

1 Name the projection of each line segment onto the base plane of the given figure:     a i [AH] b i [RX] X 
il [BE] b il [NX] 
i [AG] 
iv [BH] H Le 
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2 Name the angle between the following line segments and the base plane of the figure: 

  

   

a | [AF] A b i [AB] E 

ii [BM] ii [BN] 

iii [AD] E iii [AE] B 

iv [BN] 
D 

Aty © 

3 Find the angle between the following line segments and the base plane of the figure: 

a | [CF] b i [PR] P Q 

i [AG] i [QU] i 
il [BX] iii [PU] 

iv [DX] iv [QM] 

¢ i [QR] d i [AX] 

i [QU] il [XY] 

iii [QN] 

0.6m 

L The base of this pyramid is a regular pentagon. All sides A 

of the pyramid have the same length. 

Find the angle between [AX] and the base plane. 

X 

RESEARCH UNDIALS   

1 Who invented sundials? 

2 The gnomon of a sundial is the tilted arm that extends above the dial. 

a At what time of day will the shadow of the gnomon be its mathematical projection on the 

dial? 

b Why does the longitude of a sundial matter? 

¢ How does the shadow help us tell the time at other times of the day? 

3 Visit www.shadowspro.com to investigate sundials further. What other types of sundials are 

there? How do they differ?
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4 In the 2018 ITV documentary The Queen’s Green Planet, host Sir David Attenborough 

commented to Queen Elizabeth IT of England that her sundial in the Buckingham Palace garden 

had been “neatly planted in the shade”. The Queen asked her head gardener “Hadn’t we thought 

of that? It wasn’t in the shade originally, I'm sure. Maybe we could move it.” But it was 

Sir David who responded “Depends if you want to tell the time or not!” 

Jokes aside, the conversation highlights a very real problem that people faced for centuries: 

When the sky is overcast, one could neither use a sundial to tell the time, nor the stars to 

navigate. 

What other inventions were made to help with timekeeping and navigation? 

I STROLABES 
The astrolabe was invented around 200 BC. The Greek astonomer Hipparchus is often credited with 

its invention. 

An astrolabe is an astronomical model of the celestial sphere. It 

was used primarily to take astronomical measurements such as 

the altitudes of astronomical bodies, but philosophers, astrologers, 

and sailors found many other uses for it. 

The astrolabe provided accurate measurements of the entire sky, 

such as the position of the sun, moon, and other heavenly bodies, 

and accurate times for sunrises, sunsets, and phases of the moon. 

On land, we may be concerned about where we need to go, but at 

sea we also need to know where we are now. The astrolabe could 

be used to determine latitude and longitude, and measure altitude. 

  

1 How was an astrolabe made? 

2 How exactly does an astrolabe work? 

REVIEW SET 7A   

  

1 For the triangle alongside, find: 

a the length of the hypotenuse 
8cm Gem ) 

b sind ¢ cosf d tané. 

A © 

2 Find z: 

a b 7m c 9cm 

8m 
rm 9 T cm 

m o 
2° 58 

[ 

3 A 20 cm piece of wire was bent at B as shown alongside. C 

Find the area of triangle ABC. P ’ 
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& Find the measure of all unknown sides 5 Find 0, the pitch of the roof. 

and angles in triangle CDE: 

6cm E 9.8m 
D 

mcm' ycm 0.7m 18 m 0.7m 

C 

6 A rhombus has diagonals of length 15 cm and 8 cm. Find the larger angle of the rhombus. 

  

7 Find, correct to 2 significant figures, the value of z: 

a b < 
65° 40° 

Skm g 3 \ 

8 From a point 20 m horizontally from the base of a cylindrical lighthouse, the angle of elevation 

to the top of the lighthouse is 34°. Find the height of the lighthouse. 

9 Find the bearing of Q from P in each diagram: 

a 

   
10 After a short flight, a helicopter is 12 km south and 5 km west of its helipad. Find the helicopter’s 

distance and bearing from the helipad. 

11 Two identical buildings stand parallel on 

opposite sides of a road. Find the angle 

of depression from A to B. 

    

    

    

                    

    
12 An open cone has a vertical angle measuring 35° and a height 

of 18 cm. Find the capacity of the cone in litres. 

18 cm



RIGHT ANGLED TRIANGLE TRIGONOMETRY  (Chapter 7) 181 
  

13 Find the angle between the following line segments  Gem 

and the base plane of the figure: N A 

a [AC] b [AD] 
8cm 

© B 

D 

REVIEW SET 7B 

1 A 

  

C The right angled triangle alongside contains an angle of 26°. 

a Use a ruler to measure the length of each side, to the nearest 

millimetre. 

b Hence estimate the value, to 2 decimal places, of: 

i sin26° ii cos26° iii tan26°. 

Check your answers using a calculator. 

T
 

B 

2 Find the angle marked 6: 

a b a < 6.2m 

7m 10cm O 

4m 

4.5m 

H 13cm 

3 Find the lengths of the unknown sides: 4 Find the measure of all unknown sides 

and angles in triangle KLM: 
A B 

M ‘ 

mm 

32cm 
19¢em 

G 
[] 

c K rcm L 

5 For the triangle PQR shown, find the: 6 Find the radius of the circle: 

a perimeter 

b areca. m 
R 

Q 

40cm N



182 

10 

11 

12 

13 

RIGHT ANGLED TRIANGLE TRIGONOMETRY  (Chapter 7) 

From a given point, the angle of elevation to the top of 

a tall building is 20°. After walking 80 m towards the 20° 

building, the angle of elevation is now 23°. How tall is a 

the building? 

For the rectangular prism shown, find: 

a AHG b DFH. 

  

H 8 cm G 

Aaron ran 3 km on the bearing 213°, then 2.5 km on the bearing 303°. Find Aaron’s distance 

and bearing from his starting point. 

Joggers Amelia and Kristos depart from the same position at the same time. Amelia jogs in the 

direction 074°, and Kristos jogs in the direction 164°. After 30 minutes, Amelia has jogged 

2 km further than Kristos, and her bearing from Kristos is 044°. 

How far apart are the joggers at this time? 

Find the volume of this pyramid: 

  

Find the angle between the following line segments 

and the base plane of the given figure: 

a [BH] b [CM] ¢ [XM] 

Triangle ACH is isosceles with altitude 25 cm and 

base angles HAC = HCA = 65°. 

a Find the length: 

i AH ii AC. 

B C 

— A 

  
b Triangle ACH lies within the square-based 

rectangular prism shown. Find the volume of 

this prism.



  

The unit circle and 

radian measure 

Contents: 

  
A Radian measure 

O
m
M
m
o
n
w
 Arc length and sector area 

The unit circle 
Muiltiples of & and % 

The Pythagorean identity 

Finding angles 

The equation of a straight line
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OPENING PROBLEM 

Consider the triangles below: 

V2 em 

45° 455 

lcem 

o
 

  

Things to think about: 

a Triangle ABC is an equilateral triangle with sides 2 cm long. Altitude [AN] bisects side [BC] 

and the vertical angle BAC. 

Can you use this figure to find: 

i sin30° ii cos60° iii cos30° iv sin60°? 

b Triangle PQR is a right angled isosceles triangle with hypotenuse /2 cm long. 

Can you use this figure to find: 

i cos45° i sin45° iii tan45°? 

In this Chapter we build on our knowledge of angles and trigonometry. We consider: 

e radian measure as an alternative to degrees 

e the unit circle which helps us give meaning to the trigonometric ratios for any angle. 

CNEE RADIAN MEASURE 
DEGREE MEASUREMENT OF ANGLES 

We have seen previously that one full revolution makes an angle of 360°, 

and the angle on a straight line is 180°. Hence, one degree, 1°, can 

be defined as fith of one full revolution. This measure of angle is 

commonly used by surveyors and architects. 

  

For greater accuracy we define one minute, 1’, as 6—10th of one degree and one second, 1", as 6—10th of 

one minute. Obviously a minute and a second are very small angles. 

Most graphics calculators can convert fractions of angles measured in degrees NN 

into minutes and seconds. This is also useful for converting fractions of hours 

into minutes and seconds for time measurement, as one minute is 6—10th of one cffaf&'%s,k 
. . INSTRUCTIONS 

hour, and one second is 6—10th of one minute.
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RADIAN MEASUREMENT OF ANGLES 

Around 1400 AD, the Persian mathematician Al-Kashi began measuring angles according to the length 

of the arc of a circle that the angle subtends. This idea was developed into radian measure by the 

Englishman Roger Coates in 1714. The word “radian” is an abbreviation of “radial angle”. 

Suppose the arc length formed by an angle is the same DEMO 

length as the radius. This angle is said to have a measure 

of 1 radian (1°). " 

The symbol “c” is used for radian measure but is usually omitted. 

By contrast, the degree symbol is always used when the measure 

of an angle is given in degrees. 

From the diagram to the right, it can be seen that 1¢ is slightly 

smaller than 60°. In fact, 1¢~ 57.3°. 

  

DEGREE-RADIAN CONVERSIONS 

Consider a semi-circle of radius . The arc length is 77, so there o 

are 7 radians in a semi-circle. 

Therefore, 7 radians = 180°. lflc 

- 

So, 1¢= (122)° ~ 57.3° and 1° = (&%) =~ 0.0175. o 
. . 180 

To convert from degrees to radians, we multiply by 55- T 

To convert from radians to degrees, we multiply by 152, Degrees Radians 
~ 

180 

  

  

Angles in radians 
may be expressed 

Convert: either in terms of 

a 45° to radians, in terms of 7 b 126.5° to radians. 7 or as decimals. 

  

  

a 45° = (45 x &) radians b 126.5° 
= Z radians = (126.5 x %5) radians 

~ 2.21 radians 
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EXERCISE 8A 

1 Convert to radians, in terms of 7: 

a 90° b 60° ¢ 30° d 18° e 9° 

f 135° g 225° h 270° i 360° j 720° 

e 315° I 540° m 36° n 80° o 230° 

2 Convert to radians, correct to 3 significant figures: 

a 36.7° b 137.2° ¢ 317.9° d 219.6° e 396.7° 

Example 2 o) Self Tutor 

Convert to degrees: 

a i b 0.638 radians. 

  

b 0.638 radians 

= (0.638 x 182)° 
~ 36.6° 

  

3 Convert to degrees: 

a I b & ¢ 3 d & e I 

t s 5% h 55 i i3 
4 Convert to degrees, correct to 2 decimal places: 

a 2 b 1.53 ¢ 0.867 d 3.179 e 5.267 

5 Copy and complete, giving answers in terms of m: 

a 0 | 45 | 90 [ 135 ] 180 [ 225 [ 270 [ 315 | 360 

Radians | | 

] 

  

  

You should have previously seen formulae for the length of an arc and 

the area of a sector, for an angle given in degrees. 

For a sector with radius 7 and angle 6 given in degrees, 

arc length | = o X 27r 
360 

0 2 area A = — X 7r 
360 

However, if the angle 6 is measured in radians, the formulae become much simpler.
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e  measures how many times longer the e There are 27 radians in a circle so 

arc length is than the radius. 0 . 
area of sector = — X area of circle 

9 = ! 27 

T 0 T . _ v 2 = or ‘.A727T><7rr 

_1p.2 A= 30r 

For a sector with radius r and angle 6 given in radians: 

e arc length 1 = Or o area A= 16r? 

Example 3 o) Self Tutor 

A sector has radius 12 cm and angle 3 radians. Find its: 

a arc length b area 

a arc length = 0r 

=3x12 

=36 cm 

  

EXERCISE 8B 

1 Find the arc length of each sector: 

a b < 

3cem 

7cm 6.2m 

2 Find the area of each sector: 

a b [ : < | 

2cm 5.6cm 
8cm 

3 Find the arc length and area of a sector of a circle with: 

  

a radius 9 cm and angle %" b radius 4.93 cm and angle 4.67 radians. 

| 3°€7, 11 YA LR R (TTTY 

A sector has radius 8.2 cm and arc length 12.3 cm. Find its: 

a angle 

a l=0r {6 in radians} b area = 16r® 
_1 2 

g="L =123 _ 15 radians =3 x15x82 
ro82 = 50.43 cm? 
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4 Find, in radians, the angle of a sector of: 

a radius 4.3 m and arc length 2.95 m b radius 10 cm and area 30 cm?. 

5 Find @ (in radians) for each of the following, and hence find the area of each figure: 

a b < Tem 

/ Scm 
317 

6cm 

\ b 8.4cm 

6 A sector has an angle of 1.88 radians and an arc length of 5.92 m. Find its: 

a radius b area. 

7 A sector has an angle of 1.19 radians and an area of 20.8 cm?. Find its: 

  

a radius b perimeter. 

8 The end wall of a building has the shape illustrated, where 

the centre of arc AB is at C. Find: 

a « in radians to 4 significant figures 

b 6 in radians to 4 significant figures 

¢ the area of the wall. 

9 The cone /\ is made from this sector: 

sem 

l<— 12cm 
rcm 

Find, correct to 3 significant figures: 

a the slant length s cm b the value of 

¢ the arc length of the sector d the sector angle # in radians. 

10 T [AT] is a tangent to the given circle. OA =13 cm and the 

circle has radius 5 cm. Find the perimeter of the shaded 

region. 

A 

o i 1 nautical mile (nmi) 
11 A nautical mile (nmi) is the distance on the Earth’s surface 

that subtends an angle of 1 minute (or 6—10th of a degree) of 

the Great Circle arc measured from the centre of the Earth. 

A knot is a speed of 1 nautical mile per hour. 

a Given that the radius of the Earth is 6370 km, show 

that 1 nmi is approximately 1.853 km. 

b Calculate how long it would take a plane to fly 2130 km 

from Perth to Adelaide if the plane can fly at 480 knots.  
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12 fence A sheep is tethered to a post which is 6 m from a long 

? fence. The length of the rope is 9 m. Find the area which 

6m the sheep can feed on. 
* sheep 

post "/\4\,\@ 

13 A belt fits tightly around two pulleys with radii 

4 cm and 6 cm respectively. The distance between 

their centres is 20 cm. 

Find, correct to 4 significant figures: 

a « b 0 c ¢ 

d the length of the belt. 

14 Two semi-circles touch each other within a quarter circle as - 

shown. P, Q, and R are collinear. The radius of the quarter 

circle is 12 cm. 

a Find the radius of the smaller semi-circle. 

b Calculate the area of: P area B 

i A ii B. 

Q 

O 4‘ 

T S R area A 

  

15 An infinite number of circles are drawn in a sector of 

a circle as shown. 

a Show that the largest circle has radius 1—?? cm. 

b Find the total area of this infinite series of circles. 

¢ What fraction of the sector is occupied by the 

circles? 

  

THEORY OF KNOWLEDGE 

There are several theories for why one complete turn was divided into 360 degrees: 

  

e 360 is approximately the number of days in a year. 

e The Babylonians used a counting system in base 60. If 

they drew 6 equilateral triangles within a circle as shown, 

and divided each angle into 60 subdivisions, then there were 

360 subdivisions in one turn. The division of an hour into 

60 minutes, and a minute into 60 seconds, is from this base 

60 counting system. 

e 360 has 24 divisors, including every integer from 1 to 10 \ 

except 7.
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By contrast, we have seen how radians are convenient in simplifying formulae which relate angles 

with distances and areas. 

1 Which angle measure do you think is more: 

a practical b natural ¢ mathematical? 

2 What other measures of angle are there, and for what purpose were they defined? 

3 Which temperature scale, Celsius, Kelvin, or Fahrenheit, do you think is more: 

a practical b natural? 

4 What other measures have we defined as a way of convenience? 

5 What things are done differently around the world, but would be useful to globally 

standardise? For example, why are there different power voltages in different countries? 

Why have they not been standardised? 

6 What things do we measure in a particular way simply for reasons of history rather than 

practical purpose? 

EA N THE UNIT CIReLE 
The unit circle is the circle with 

centre (0, 0) and radius 1 unit. 

  

Applying the distance formula to a general point (z, y) on the circle, we find the equation of the unit 

circle is z2 +y? = 1. 

ANGLE MEASUREMENT 

Suppose P lies anywhere on the unit circle, and A is (1, 0). 

Let 0 be the angle measured anticlockwise from [OA] on the 

positive x-axis. 
    

   

Positive 
direction 

0 is positive for anticlockwise rotations and 

negative for clockwise rotations. 

Negative 
direction
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DEFINITION OF SINE AND COSINE 

Consider a point P(a, b) which lies on the unit circle in the 

first quadrant. [OP] makes an angle 6 with the z-axis as shown. 

Using right angled triangle trigonometry: 

ADJ a 
cosf=—=-=ua 

HYP 1 

OPP b 
sinf=—=-=5» 

HYP 1 

  

More generally, we define: 

If P is any point on the unit circle such 

that [OP] makes an angle # measured 

anticlockwise from the positive z-axis: 

e cos @ is the z-coordinate of P 

e sin@ is the y-coordinate of P 

  

For all points on the unit circle, —1 <z <1, —1<y<1, and 22 4 y? = 1. We therefore conclude: 

For any angle 6: 

o —1<cosf<1 and —1<sinf <1 

o cos20 +sin?6 =1 

DEFINITION OF TANGENT 

Suppose we extend [OP] to meet the tangent from A(1, 0). 

We let the intersection between these lines be point Q. 

Note that as P moves, so does Q. 

The position of Q relative to A is defined as the tangent 

function. 

Notice that triangles ONP and OAQ are equiangular and 

therefore similar. 

  

  

  

Consequently AQ _ NP hence AQ _ sind 

oA ON cos @ tangent 

iti 
sin 6 

Under the definition that AQ = tan 6, tan @ — ) 

cos 0 

sin 6 
  Since [OP] has gradient , we can also say that tan 6 is the gradient of [OP]. 
cos
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  INVESTIGATION 

In this Investigation we explore the signs of the trigonometric ratios in each quadrant of the unit 

circle. 

What to do: THE UNIT 
CIRCLE 

1 Click on the icon to run the Unit Circle software. 

Drag the point P slowly around the circle. 

Note the sign of each trigonometric ratio in each quadrant. 

1 

2 

3 

4 

positive    
2 Hence write down the trigonometric ratios which are positive for each quadrant. 

From the Investigation you should have discovered that: 

e sinf, cosf, and tan@ are all positive in quadrant 1 

e only sinf is positive in quadrant 2 

e only tanf is positive in quadrant 3 

e only cosf is positive in quadrant 4. 

We can use a letter to show which trigonometric ratios are 

positive in each quadrant. The A stands for a// of the ratios. 

  

You might like to remember them using 

All Silly Turtles Crawl. 

PERIODICITY OF TRIGONOMETRIC RATIOS 

Since there are 27 radians in a full revolution, if we add any integer multiple of 27 to € (in radians) then 

the position of P on the unit circle is unchanged. 

For 6 in radians and k € Z, 

cos (0 + 2kw) = cos @ and sin (0 + 2kw) = sin 6. 

We notice that for any point (cos@, sinf) 

on the unit circle, the point directly opposite 

is (—cosf, —sinb). 

cos(f + m) = —cosf 

sin(f + w) = —sinf 

—sinf 
and tan(f+7) = = tan6   

—cos 6 

  
For 6 in radians and k € Z, tan(@ + kw) = tané.
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CALCULATOR USE 

When using your calculator to find trigonometric ratios for angles, you must 
) 

make sure your calculator is correctly set to either degree or radian mode. 

Click on the icon for instructions. 

EXERCISE 8C 

1 With the aid of a unit circle, complete the following table: 

GRAPHICS 
CALCULATOR 
INSTRUCTIONS 

  

0° 90° 180° 270° 360° 450° 
  

  

  

  

  

          

2 For each unit circle illustrated: 

i State the exact coordinates of points A, B, and C in terms of sine and cosine. 

ii Use your calculator to give the coordinates of A, B, and C correct to 3 significant figures. 

  

3 a Use your calculator to evaluate: 

i s i 8 

  

b Copy and complete the following table. Use your calculator to evaluate the trigonometric ratios, 

then a to write them exactly. 

  

G(degrees 135° | 150° | 240° 

6‘(rad1ans 

  

  

k& Copy and complete: 

(o | g ez | i e | st | 5 | | 
I R e e e 

2 
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5 In which quadrants are the following true? 

a cos@ is positive. b cos@ is negative. 

¢ cosf and sinf are both negative. d cos@ is negative and sin @ is positive. 

6 Explain why: 

a cos400° = cos40° b sin‘r’?’r = sinlgT’r ¢ tan BT" = tan(fnT”) 

7 Which two of these have the same value? 

A tan15° B tan50° € tan200° D tan230° E tan300° 

8 Which two of these have the same value? 

A sin220° B sin3r C sin(—%) D sin120° E sin40° 

9 a Use your calculator to evaluate: 

i sin100° ii sin80° i sin120° iv sin60° 

v sin150° vi sin30° vii sin45° viii  sin 135° 

b Use the results from a to copy and complete: sin(180° — 6) = ...... 

Write the rule you have just found in terms of radians. 

o 
a 

Justify your answer using the diagram alongside: 

e Find the obtuse angle with the same sine as: 

i 45° i 51° i I v I 

  

10 a Use your calculator to evaluate: 

i cos70° ii cos110° iii  cos60° iv cos120° 

vV cos25° vi cos155° vii cos80° viii  cos 100° 

b Use the results from a to copy and complete: cos(180° — 6) = ...... 

Write the rule you have just found in terms of radians. 

Q
 

Justify your answer using the diagram alongside: 

  

  

e Find the obtuse angle which has the negative cosine of: v 

i 40° i 19° i T v & 

11 Use the definition tanf = sz and your results from 9 and 10 to write tan(w — 6) in terms of 
cOs 

tan6. 

12  Without using your calculator, find: 

a sin137° if sin43° &~ 0.6820 b sin59° if sin121° ~ 0.8572 

¢ cos143° if cos37° ~ 0.7986 d cos24° if cos156° =~ —0.9135 

e sin115° if sin65° = 0.9063 f cos132° if cos48° = 0.6691
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13 a 

14 a 

Copy and complete: 

  

What trigonometric formulae can be deduced from your results in a? 

The coordinates of P in the figure are (cos#, sin#@). 

By finding the coordinates of Q in terms of # in two 

different ways, prove your formulae in b. 

Hence explain why 

cos(2m — @) = cosf 

and sin(27 — 0) = —sin6. 

Write tan(27 — 6) in terms of tan 6. 

  

Explain why P has coordinates 

(cos(§ —0), sin(F —0)). 

  

Show that: 

i XP =sinf ii OX = cosf 

Hence, copy and complete: 

i cos(3—0)=... i sin(3—60)=... 

Check your answer to ¢ by calculating: 

i cosZ and sin3Z i sinZ and cosZ. 

Write tan(3 —6) in terms of tan 6. 

  

PN e{Vi (o], 

In the previous Exercise you should have proven the following trigonometric identities: 

cos(180° — 0) = —cosf | cos(m —6) = —cosf 

sin(180° — @) = sin 6 sin(m — 0) = sin @ 

tan(180° — ) = —tanf | tan(m —6) = —tan@ 

cos(—0) = cosf cos(—0) = cosd 

sin(—0) = —sinf sin(—0) = —sin @ 

tan(—6) = —tané 

cos(90° — ) = sin@ 

sin(90° — 6) = cos @ 
1 

- = tan(90° — 6) e 

  
e What do we mean by the word “identity”? 

e Why are identities important? 

e What other identities do we use?
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D o s a 
Angles which are multiples of & and F occur frequently in geometry, so it is important for us to write 

their trigonometric ratios exactly. 

MULTIPLES OF % OR 45° 

Consider 6 = 45°. 

Angle OPB also measures 45°, so triangle OBP is isosceles. 

. welet OB=BP=a 

  

Now a*+a? =12 {Pythagoras} 
2_ 1 

a’ =3 
a= % {since a >0} 

. 14 1 Pis (%, %> where 75~ 0.707. 

So, cos T = \/LE and sin % = % 

We can now find the coordinates of all points on 

the unit circle corresponding to multiples of % by 

symmetry.    

  

    SR . 
(~1,0) WD (1,0) 

(%~ ) vz 73 

MULTIPLES OF % OR 30° 

Consider 6 = 60°. 

Since OA = OP, triangle OAP is isosceles. 

Now AOP = 60°, so the remaining angles are therefore 

also 60°. Triangle AOP is therefore equilateral. 

The altitude [PN] bisects base [OA], so ON = 1. 

IfPis (4, k), then (3)>+k*=1 

k=2 {since k > 0} 

  

So, cos%:% and sin%:fig -~ 

/U 
PO — T _ 200 x _ /3 s 1 o Now NPO = & =30°. Hence cosg =% and sing =3 60° 

o
l
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You should remember the values of cosine and sine 

for angles %, 7, and 3. 

However, if you forget, you can use these diagrams 

to quickly generate the results. 

Discuss how you can do this. 

We can now find the coordinates of all points on 

the unit circle corresponding to multiples of § by 

symmetry. 

  

SUMMARY   e TFor multiples of 7, the coordinates of the points on the unit circle involve 0 and +1. 

e For other multiples of Z, the coordinates involve + 

        e For other multiples of %, the coordinates involve % and 325 

Example 5 ORI 1) 

  

a a=% b a=4 
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EXERCISE 8D 

1 Use a unit circle diagram to find exact values for sinf, cosf, and tan@ for  equal to: 

s 37 i 37 a % b T ¢ T d 7w e —=f 

2 Use a unit circle diagram to find exact values for sin 3, cosf3, and tang for 3 equal to: 

™ 2w 7 5w 11w az b = ¢ d = e ¢ 

3 Find the exact values of: 
2 27 2 a cos&, sinsr, and tan ¢ 

4 a Find the exact values of cosZ and sin 2 

b What can you say about tan %? 

Example 6 ) Self Tutor 

Without using a calculator, show that 8sin % cos %’r = —6. 

  

x _ 3 5m _ /3 T =% and cos F = —% 

8sin % cos— —8(‘/_> <—§) 

=2(-3) 
=6 

  

5 Without using a calculator, evaluate: 

a sin?(%) b sinZcos% ¢ 1-— cosz(%) 

d sin*(%) -1 e cos?(F) —sin Iz f sin3f — cosF 

g 1-2sin®*(Z) h cos?(3£) —sin®(2£) i tan?(%) — 2sin’(%) 

) 2tan5T7r cos% 
i 2tan(—%") —51n3—’r k ————— | — 

1—tan2(%) sinTfl'+tan% 

Check all answers using your calculator. 

  

L N ) Self Tutor 

Find all angles 0 < 6 < 27 with a cosine of % 

Since the cosine is %, we draw the 

vertical line = = % 

Because 3 is involved, we know the 

required angles are multiples of . 

5 They are % and <.  
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10 

Find all angles between 0 and 27 with: 

: 1 ; V3 : 1 a asine of 5 b asine of 5= ¢ acosine of 7 

d a cosine of —3 e a cosine of 7% f asine of 7_@ 

Find all angles between 0 and 27 (inclusive) which have a tangent of: 

1 a1 b -1 ¢ V3 d o0 e = f —\/3 

Find all angles between 0 and 47 with: 

a a cosine of@ b asine of—% ¢ asine of —1 

Find 0 if 0 <6 <27 and: 

a cos€=% b siné‘zé ¢ cosf=-—1 d sinf=1 

e cos@zffi f sin0=1 g cos’=1 h cos?0 =3 

i tan&:—% j tan’0=3 

Find all values of 6 for which tan6 is: 

a zero b undefined. 

[ I THE PYTHAGOREAN IDENTITY 
From the equation of the unit circle 22 +y? =1, we obtain the Pythagorean identity: 

For any angle f, cos?@ + sin®0 = 1. 

We can use this identity to find one trigonometric ratio from another. 

[ ] ) Self Tutor 

Find the possible exact values of cosf for sinf = %. Illustrate your answers. 

  

  

  

  

EXERCISE 8E 

1 Find the possible exact values of cos 6 for: 

a sinf=3 b sinf=-1 ¢ sinf=0 d sinf=—1 

2 Find the possible exact values of sin 6 for: 

4 a cosf =z b cos&:—% ¢ cosf=1 d cosf=0
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Example 9 o) Self Tutor 

If sinf=-3 and 7 <6< 3L, find cosd and tanf. Give exact values. 
  

Now cos?d +sin?f = 1 

00520+%=1 

29_ 7 cos™ 0 = {5 

_ 1T cost) = -   

But 7 <6< 3L 5> 50 0 is a quadrant 3 angle. 

cosf is negative. 
3 

in 6 7 
9= YT and tang =20 _ = cos 25 and tan — 7 

T 

  

3 Without using a calculator, find: 

a sinf if cosf =% and 0<O< 3 b cosf ifsin€=%and F<o0<m 

¢ cos@ if sin9=—% and 37’r<€<27r d sinf if cos€=—% and 7T<19<377r4 

4 Find tané exactly given: 

a sinf=% and F<f<m b cosf=1 and ¥ <f<2r 

< sin@zffi and m <60 <3 d cosf=-3 and T <f<. 

Example 10 «) Self Tutor 

Now sin?6 + cos?6 = 1 

(—2cos0)? +cos’f =1 

4cos?0 +cos’0 =1 

5cos?f =1 

  

  
+-1 cosf = =% 

But 37" < 60 < 2m, so 6 isaquadrant 4 angle. cos@ is positive and sin 6 is negative. 

cosf = % and sinf = —%. 

  

5 Find exact values for sin# and cos given that: 

a tanf=2 and 0<0< 3 b tanf=-2 and F<f<m 

ctané’:% and m <6 <3 d tanf=—-22 and F << 2r 

6 Suppose tanf =k where k is a constant and 7 < 6§ < 37" Write expressions for sinf and cos 6 

in terms of k.
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EANIT FINDING ANGLES 
In Exercise 8C you should have proven that: 

  

For 6 in degrees: For 6 in radians: 

e sin(180° — 6) =sin6 e sin(w — ) =sinf 

e cos(180° — 0) = —cos 0 e cos(m —0) = —cosb 

e cos(360° — 0) = cos 6 e cos(2m — 6) = cos 6 

e sin(360° — ) = —sin6 e sin(2w — 0) = —sind 

We need results such as these, and also the periodicity of the trigonometric ratios, to find angles which 

have a particular sine, cosine, or tangent. 

Example 11 LR R T 

  

Find the two angles € on the unit circle, with 0° < 6 < 360°, such that: 

a COS@Z% b sin@z% ¢ tanf =2 

  

a Using technology, cos™! (%) = 70.53° b Using technology, sin™'(3) ~ 48.59° g gY; 3 4 

   
0 ~70.53° or 360° — 70.53° o 6~ 4859° or 180° — 48.59° 

0 ~70.5° or 289.5° oo 0~ 48.6° or 131.4° 

¢ Using technology, tan~!(2) ~ 63.43° 

For positive cos 6, sin 6, or tan 0, 

your calculator will give the acute angle 6. 

  

> 
0~ 63.43° or 180° + 63.43° 

0 ~ 63.4° or 243.4°     
EXERCISE 8F 

1 Find two angles € on the unit circle, with 0° < 6 < 360°, such that: 

a tanf =4 b cosf = 0.83 ¢ sinf = 

d cosf=0 e tanf =6.67 f cos@z% 

wr
le
s



202  THE UNIT CIRCLE AND RADIAN MEASURE  (Chapter 8) 

2 Find two angles 6 on the unit circle, with 0 < 6 < 2w, such that: 

a tanf = % b cosf = % ¢ sinf =0.61 

d cos&:% e tanf =0.114 f siné’zé 

Example 12 ) Self Tutor 

  

Find two angles 0 on the unit circle, with 0 < 6 < 27, such that: 

a sinf=-04 b cosf=-2 ¢ tanf = —3 
  

a Using technology, sin™!(—0.4) ~ —0.412 
If sin 0 or tan 6 is negative, your 

calculator will give € in the 

domain -5 < 6 < 0. 

If cos 0 is negative, your calculator 

will give the obtuse angle 6. 

The angles given by your 

calculator are shown in green.    
But 0<60<2r \\ 

0 ~m+0.412 or 27 —0.412 

0 ~ 3.55 or 5.87 

b Using technology, cos™(—%) ~ 2.30 ¢ Using technology, tan~!(— 

  

  

But 0<6 <2 But 0 <60 <27 

0 ~230 or 27 —2.30 s =7 —0.322 or 27 —0.322 

0 ~2.30 or 3.98 s 6=282 or 596     
  

3 Find two angles 0 on the unit circle, with 0 < 6 < 27, such that: 

a cosf = —% b sinf=0 ¢ tanf = —-3.1 d sinf = —0.421 

e tanf =1.2 f cosf =0.7816 g sinf = fi h cosf = —% 

4 Find all # such that —180° < 6 < 180° and: 

a cosl?:—l—lo b sin6’=% < tan9=—% 

d cosf =038 e tan6’=—% f sin6’=—1—71 

5 a Find two angles 6 on the unit circle, with 0 < 6 < 27, such that cosf = 1—30 

b For each value of 0, find sinf and tan exactly.
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I3 I THE EGUATION OF A STRAIGHT LINE 
If a straight line makes an angle of 6 with the positive z-axis then its gradient is m = tan. 

  

Proof: e For m > 0: 

   
    

  

Gradient m = 2=—° Gradient m = =2 
a—0 a—0 

_° b 
T a TG 
= tan6 = —tan(m — 6) 

=tanf 

Find the equation of the given line: The line has gradient m = tan § = % and 

y-intercept 1. 

the line has equation y = %m +1. 

  

  

EXERCISE 8G 

1 Find the equation of each line: 

a Yy b 

60° 

2 Find the equation of each line: 

a   
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I O R (T 

Find, in radians, the measure of 6: Y 

  

  

The line has gradient —1, so tanf = —1. 

Using technology, tan~—!(—2)~ —0.464   But 0<6f<m, so 6~m—0.464 =~ 2.68   
3 Find, in radians, the measure of 6: 

a 

   
LA KT 

1 Convert to radians in terms of 7: 

a 120° b 225° ¢ 150° d 540° 

2 Tllustrate the quadrants where sinf and cosf have the same sign. 

3 Determine the coordinates of the point on the unit circle corresponding to an angle of: 

a 320° b 163° ¢ 0.68° d L= 

4 Find the arc length of a sector with angle 1.5 radians and radius 8 cm. 

5 Find the acute angles that have the same: 

a sine as %’" b sine as 165° ¢ cosine as 276°.
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6 Find: 

a sin159° if sin21° ~ 0.358 b c0s92° if cos88° =~ 0.035 

¢ cos75° if cos105° =~ —0.259 d tan(—133°) if tan47° ~1.072. 

7 Use a unit circle diagram to find: 

a cos360° and sin360° b cos(—) and sin(—m). 

8 Find exact values for sinf, cosf, and tan@ for 6 equal to: 

27 8 

a3 b 
9 P a State the value of 4 in: 

i degrees ii radians. 

b State the arc length AP. 

A ¢ State the area of the minor sector OAP. 

10 If sing=—-1 and 7 <z < 3L, find tanz exactly. 

11 If cosf =2, find the possible values of sin 6. 

12 Evaluate: 

a 2sinfcos% b tan’ (%) -1 ¢ cos? (%) — sin? (%) 

13 Given tanz = —3 and 3F <z <2m, find: 

a cosz b sinz. 

14 Suppose cosf = Lfi and 6 is acute. Find the exact value of tan6. 

15 Explain how to use the unit circle to find § when cosf = —sinf, 0 < 6 < 2m. 

16 Find two angles on the unit circle with 0 < 6 < 27, such that: 

a cosf=32 b sinf=—1 ¢ tanf =3 

17 Find the equation of each line: 

a y b 

o
 

  

REVIEW SET 8B 

1 Convert to degrees, to 2 decimal places: 

a ¥ b 1.46 ¢ 0.435° d —5.271 

2 Determine the area of a sector with angle % and radius 13 cm.
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10 

11 

12 

13 

14 

15 

16 

17 
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Find the angle [OA] makes with the positive z-axis if the z-coordinate of the point A on the 

unit circle is —0.222. 

Find the radius and area of a sector of perimeter 36 cm with an angle of %” 

A sector has perimeter 21 cm and area 27 cm?. Find the radius of the sector. 

Use a unit circle diagram to find: 

a cos¥Z and siniF b cos(—%) and sin(—%) 

Suppose m = sinp, where p is acute. Write an expression in terms of m for: 

a sin(m —p) b sin(p + 2) € cosp d tanp 

Find all angles between 0° and 360° which have: 

a a cosine of 73§ b a sine of \/LE ¢ a tangent of —V3 

Find 0 for 0 <0 < 27 if: 

3 a cosf=—1 b sin26’=z 

Find the obtuse angles which have the same: 

a sine as 47° b sine as & ¢ cosine as 186° 

Find the perimeter and area of a sector with radius 11 cm and angle 63°. 

Show that cos%’r — sin 3T’“ =2 

If cosf=—3, Z<f<n find the exact value of: 

a sinf b tand ¢ cos(m—0) 

Without using a calculator, evaluate: 

a tan?60° — sin?45° b cos?(%) +sing 

¢ cos 3 — tan 3¢ d tan?(3F) 

Use a unit circle diagram to show that cos(% + 9) =—sinf for § <0 <. 

Three circles with radius r are drawn as shown, each 

with its centre on the circumference of the other two 

circles. A, B, and C are the centres of the three circles. 

Prove that an expression for the area of the shaded 
2 

region is A = %(w —/3). 

Find, in radians, the measure of 6:   



  

Non-right angled 

triangle trigonometry 
Contents: A The area of a triangle 

B The cosine rule 

€ The sine rule 
D Problem solving with trigonometry 
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OPENING PROBLEM 

Robert works for the City Council. He has been asked to find 

the area of its central park, so he has arrived with a measuring 

wheel to measure some lengths. 

Robert has just realised that while the park is a quadrilateral, 

it is not a rectangle. 

Things to think about: 

a Does Robert need to measure angles in order to find the 

area of the park? If not, what lengths does he need to 

measure? Are the four side lengths of the quadrilateral 

sufficient? 

b Will Robert be able to find the angles at the corners of the park using length measurements 

alone? 

In this Chapter we will see how trigonometry can be used to solve problems involving non-right angled 

triangles. 

LN THE AREA OF A TRIANGLE 
We have seen in previous years that the area of any triangle can be calculated using: 

Area = % base X height 

DEMO 

     ______ h 
base base base 

However, if we do not know the perpendicular height of a triangle, we 

can use trigonometry to calculate the area. 
8cm 

To do this we need to know two sides of the triangle and the included 

angle between them. For example, in the triangle alongside the angle 49° 

is included between the sides of length 8 cm and 10 cm. 10em 

CONVENTION FOR LABELLING TRIANGLES 

For triangle ABC, the angles at vertices A, B, and C are labelled A 

A, B, and C respectively. The sides opposite these angles are 

labelled a, b, and ¢ respectively. b
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CALCULATING THE AREA OF A TRIANGLE 

Any triangle that is not right angled must be either acute or obtuse. We will consider both cases: 

Acute case: A Obtuse case: A 

  

In both triangles the altitude h is constructed from A to D on [BC] (extended if necessary). 

Acute case: sinC = % Obtuse case: sin(180° — C) = % 

h=bsinC . h=1bsin(180° - O) 

But sin(180° — C) =sinC 

h=bsinC 

So, since area = %ah, we now have  Area = %ab sinC. 

Using different altitudes we can show that the area is also %bcsinA or %acsin B. 

Given the lengths of two sides of a triangle, and the size of the 

included angle between them, the area of the triangle is e 

half of the product of two sides and the sine of the 

included angle. 
included angle side 

Find the area of triangle ABC. Area = %ac sin B 

A =3 x 15 x 11 x sin28° 
- ~ 2 1lem ~ 38.7 cm 

B 15cm s 

EXERCISE 9A 

1 Find the area of: 

a b 31km < 
9cm 

25km sm 
10cm 

  

  

  

8m
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2 Find the area of: 

a 9.7cm b C 

8m 15 

6cm 10.2cm m 

6.4cm 

13m 

3 Triangle ABC has area 150 cm?. A 

Find the value of z. 17cm 

B 68 
xcm C 

4 Calculate the area of: 

a an isosceles triangle with equal sides of length 21 cm and an included angle of 49° 

b an equilateral triangle with sides of length 57 cm. 

5 A parallelogram has two adjacent sides with lengths 4 cm and 6 cm respectively. If the included 

angle measures 52°, find the area of the parallelogram. 

6 A rhombus has sides of length 12 cm and an angle of 72°. Find its area. 

7 Q a Find the area of triangle PQR to 3 decimal places. 

b Hence find the length of the altitude from Q to [RP]. 
14m 

[ 

R 7m P 

8 Find the area of a regular hexagon with sides of length 12 cm. 

9 A rhombus has area 50 cm? and an internal angle of size 63°. Find the length of its sides. 

10 A regular pentagonal garden plot has centre of symmetry O and an area A 

of 338 m2. Find the distance OA. i 

Example 2 ) Self Tutor 

  

A triangle has two sides with lengths 10 cm and 11 cm, and an area of 50 cm?. Determine the 

possible measures of the included angle. Give your answers accurate to 1 decimal place. 
  

If the included angle is 6, then % x 10 x 11 x sinf = 50 

sinf = % 

Now sin™'(22) ~ 65.4° 

0~654° or 180°—65.4°  oem 
0~ 65.4° or 114.6° LOCE 

1lcm 1lcm 

The two different possible angles are 65.4° and 114.6°.  
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1 

12 

13 

14 

15 

Find the possible values of the included angle of a triangle with: 

a sides of length 5 cm and 8 cm, and area 15 cm? 

b sides of length 45 km and 53 km, and area 800 km?. 

The Australian 50 cent coin has the shape of 

a regular dodecagon, which is a polygon with 

12 sides. 

Eight of these 50 cent coins will fit exactly on 

an Australian $5 note as shown. What fraction 

of the $5 note is not covered? 

  

Find the shaded area: 

a b 

12cm A 

18 cm 

< . d 

8cm 

ADB is an arc of the circle with centre C and radius D 

7.3 cm. AEB is an arc of the circle with centre F and 

radius 8.7 cm. A 

Find the shaded area. A B 

The acute angled triangle ABC has vertices on a circle B 

with radius 7. 
. . by 

Show that the area of the triangle is % 
T 

A 

N
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DO e cosme mui 
The cosine rule relates the three sides of a triangle and one of 

the angles. 

In any AABC: a? = b% + ¢? — 2bccos A ) 

or b?2=a%?+c®— 2accosB 4 

or ¢ =a%+b*>—2abcosC 

B = A 

Proof: First, consider an acute angled triangle ABC. C 

Draw the altitude from C to [AB]. 

Let AD =z andlet CD = h. 

Applying Pythagoras in ABCD, 

a®=h?+(c—=x)? 

a? = h% + ¢ — 2cx + o2 

  

  

Applying Pythagoras in AADC gives h? + 22 = b? 
h2 = p? — 2 

a2 =b% 4 c? —2cx 

In AADC, cosA= % 

. x=bcosA 

a® =b% 4 2 — 2bccos A 

Now consider an obtuse angled triangle ABC with the obtuse angle at A. 

It still has two acute angles at B and C for which the proof above is valid. 

Draw the altitude from C to [AB] extended. C 

Let AD =2z andlet CD = h. i 
   

Applying Pythagoras in ABCD, 

a® = h?+ (c+z)? £ (180°— 4) 
a® =h?+ + 2cx + 22 ij   

Applying Pythagoras in AADC gives 

B2 —p? g2 The other variations of the 

cosine rule are developed 

  

a? =0+ + 2z by rearranging the vertices 

of AABC. 

In AADC, cos(180° — A4) = % 

—cosA=2Z cos 5 

.z =—bcosA 

a2 =b% + c? — 2bccos A
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Note that if A = 90° then cosA =0, and a® = b> 4+ ¢® — 2bccos A reduces to a® = b> + 2, 
which is the Pythagorean Rule. 

There are two situations in which the cosine rule can be used. 

e If we are given two sides and an included angle, the cosine rule can be used to find the length of 

the third side. 

€T «) Self Tutor 

Find, correct to 2 decimal places, B 

the length of [BC]. 

1lcm 

13cm 

  

By the cosine rule: 

BC? =112 +13% — 2 x 11 x 13 X cos 42° 

o, BC= /(112 4132 — 2 x 11 x 13 x cos42°) 

. BC~8.80 

[BC] is about 8.80 cm in length.     
e If we are given all three sides of a triangle, the cosine rule can be used to find any of the angles. 

To do this, we rearrange the original cosine rule formulae: 

b2 2R 2 2 p2 242 o2 
cosA =t —a cosB= Lt b7 cosCc = LT~ 

2bc 2ac 2ab 

We then use the inverse cosine function cos™! to evaluate the angle. 

In triangle ABC, AB =7 cm, BC =5 cm, and CA = 8 cm. 

a Find the measure of BCA. b Find the area of triangle ABC. 

  

     

         By the cosine rule: 

8 2 2 72 

— cos 0 = T C (2x5x8) 

e D C—cos (BT 
o 2x5x%x8 

5cm 
_oeee—l(1 C = cos (5) 

B - C=60° So, BCA measures 60°. 

b The area of AABC = & x 8 x 5 x sin 60° 

~ 17.3 cm?   
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EXERCISE 9B 

1 Find the length of the remaining side in each triangle: 

? 1oem o 48km ¢ 

6.2m 
2lcm 

6.3 km 

14.8 m 

2 Find the measure of the angle marked 6: 

a b < 
9cm 

5m 13m 
4m 6cm 7m 

1lcm 1 7™ Om 

3 Find the measure of all angles of: 4 a Find the measure of obtuse PQR. 

b Hence find the area of APQR. 
C 

P 

12cm 11em 10cm 

5 

A B R 

cm 

13cm Q 7cm 

      
    

5 a Find the smallest angle of a triangle with sides 

11 cm, 13 cm, and 17 cm. The smallest angle 
is always opposite 

b Find the largest angle of a triangle with sides 4 cm, the shortest side. 

7 cm, and 9 cm. 

6 a Find cosf but not 6. 

b Hence find the value of z. 2cm 5cm 

1 - 
T cm 

7 A triangular sail is to be cut from a section of cloth. Two of the sides 

must have lengths 4 m and 6 m as illustrated. The total area for the 

sail must be 11.6 m?, the maximum allowed for the boat to race in its 

class. 

a Find the angle 6 between the two sides of given length. 

b Find the length of the third side of the sail.  
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8 E C Consider the figure shown. 

8.4m a Find the lengths of [DB] and [BC]. 

b Calculate the measures of ABE and DBC. 

I ¢ Find the area of ABCD. 

81m B 

9 a Show that 2> — 6z — 13 =0. 

b Hence find the exact value of x. 
6cm 7cm 

rem 

A 

10 Find the value of x: 

a b < 

zem 11 cm 5cm T cm Sem 
3cm 

T cm 

5cm 

6cm 

8 cm 
2z cm 

11 Find the possible values for . 

rcm 

12 7em B In quadrilateral ABCD, the diagonal [AC] has length 12 cm. 

Find the length of the other diagonal [BD]. 

8cm 9om 

D 1lcem C 

13 Find the angle 6: 

  

14 ABC is an equilateral triangle with sides 10 cm long. P is a point within the triangle which is 5 cm 

from A and 6 cm from B. How far is P from C?
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15 In the diagram alongside, cosf = 7%. 

a Find z. 

b Hence find the exact area of the triangle. (Bz+1)em 
(z+2)cm 

(z+3)cm 

16 The parallel sides of a trapezium have lengths 5 cm and 8 cm. The other two sides have lengths 

6 cm and 4 cm. Find the angles of the trapezium, to the nearest degree. 

[ THE SING RuLS 
The sine rule is a set of equations which connects the lengths of the sides of any triangle with the sines 

of the angles of the triangle. The triangle does not have to be right angled for the sine rule to be used. 

INVESTIGATION 1 

You will need: Paper, scissors, ruler, protractor 

What to do: 

1 Cut out a large triangle. Label the sides a, b, and c, 

and the opposite angles A, B, and C. 

2 Use your ruler to measure the length of each side. 

3 Use your protractor to measure the size of each angle. 

  

4 Copy and complete this table: 

  

  

5 Comment on your results. 

            

In any triangle ABC with sides a, b, and ¢ units in length, A 

and opposite angles A, B, and C respectively, b 

c 

sin A sin B sin C' a b c 
= = or =S = . C 

a b @ sin A sin B sinC - 

B 

Proof: The area of any triangle ABC is given by % besin A = % acsin B = % absin C. 

L i ) in A B @ 
Dividing each expression by %abc gives = - Smb Sy 

a c 
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FINDING SIDE LENGTHS 

If we are given two angles and one side of a triangle we can use the sine rule to find another side length. 

T R 
Find the length of [AC] correct A 

to 2 decimal places. 

  

        

      

12 cm If necessary, you can use the 

399 angle sum of a triangle = 180° 

58° C to find the third angle. 

B 

  

b 12 
A Using the sine rule, — = — 

3 sin 58° sin 39° 
cm : O 12cm - 12 X sin 58 O 

sin 39° ‘ 

3¢ - ba16.17 58° L =~ 16. 

B . [AC] is about 16.17 cm long. 

    

    
  

EXERCISE 9C.1 

1 Find the value of x: 

a vem b 11cm < 

23 cm 115° 

37° 

48° T cm 

48°     
ot
 

d e f 9m 
58Tz m 108° 31° 

rm 4 cm 50 rm 

100° 45° 
6m 

2 Consider triangle ABC. 

a Given A=63°, B=49° and b= 18 cm, find a. 

b Given A =282°, C =25° and c¢=34cm, findb. 

¢ Given B=21°, C =48° and a=6.4cm, find c. 

3 Find all unknown sides and angles of: 

a A 

295 

7cm o X <43 19 cm 

58° 48° 
C B Z
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4 Find = and y in the given figure. 5 Find the exact value of z, giving your answer 

in the form a 4+ bv/2 where a, b € Q. 

T cm 

(2z — 11) cm 

  

FINDING ANGLES 

Finding angles using the sine rule is complicated because there may be two possible answers. For 

example, if sinf = % then € could be 30° or 150°. We call this situation an ambiguous case. 

You can click on the icon to obtain an interactive demonstration of the ambiguous case, DEMO 

or else you can work through the following Investigation. 

  
INVESTIGATION 2 

You will need a blank sheet of paper, a ruler, a protractor, and a compass for the tasks that follow. 

In each task you will be required to construct triangles from given information. 

What to do: 

1 Draw AB = 10 cm. Construct an angle of 30° at point A. Using B as the centre, draw an arc 

of a circle with radius 6 cm. Let C denote the point where the arc intersects the ray from A. 

How many different possible points C are there, and therefore how many different triangles 

ABC may be constructed? 

2 Repeat the procedure from 1 three times, starting with AB = 10 ¢cm and constructing an angle 

of 30° at point A. When you draw the arc with centre B, use the radius: 

a 5cm b 3cm ¢ 12cm 

3 Using your results from 1 and 2, discuss the possible number of triangles you can obtain given 

two sides and a non-included angle. 

You should have discovered that when you are given two sides and a non-included angle, you could get 

two triangles, one triangle, or it may be impossible to draw any triangles at all. 

Now consider the calculations involved in each of the cases in the Investigation. 

    

  

Case I: Given: ¢=10cm, a =6 cm, A= 30° Cy 

sinC_ sinA 

c - a 

: C 6em GinC — csin A 2 

a 

3 O 

sin € = 2025307 8333 A 
6 A 10cm B 

C = 56.44° or 180° — 56.44° = 123.56°
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Case 2: Given: ¢=10cm, a=5cm, A= 30° C 

sinC _ sinA 
- a 5cm 

§inC — csin A 

a 

A 10cm B 
3 o sinC = 10><s51n30 1 

There is only one possible solution for C' in the range from 0° to 180°, and that is C' = 90°. Only 

one triangle is therefore possible. Complete the solution of the triangle yourself. 

    

  

  

Case 3: Given: ¢=10cm, a=3cm, A= 30° 

sinC _ sinA 

C - a 

GnC — csin A 

a 
° 

3 o GnC — 10 x s31n30 ~ 1.6667 A 10cm B 

There is no angle that has a sine value > 1, so no triangles can be drawn to match the information 

    

  

given. 

Case 4: Given: c¢=10cm, a=12cm, A =30° T . 

sinC _ sinA ) 

c - a 

€inC — csin A 

a 

3 O 

sin € = 225050~ 0.4167 

C ~24.62° or 

180° — 24.62° = 155.38° 

  

A 10cm B 

However, in this case only one of these two angles is valid. Since A = 30°, C cannot possibly 

equal 155.38° because 30° + 155.38° > 180°. 

Therefore, there is only one possible solution, C ~ 24.62°. 

Conclusion: Each situation using the sine rule with two sides and a non-included angle must be 

examined very carefully. 

In particular, if the given angle is acute and opposite the shorter of the two given sides, 

then two different triangles are possible.
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Ao 

Find the measure of angle C' in triangle ABC if AC = 7 cm, AB = 11 cm, and angle B 

measures 25°. 

  

    

    

B i in B . 
sin¢ _ SH; {sine rule} 

c 

sinC _ sin25° 

17 
11cm - sinC — 11 X sin 25° 

o — 

.1 (11 in 25° , 
C =sin"* (%) or its supplement 

Py {as C' may be obtuse} 

C 7cm C ~41.6° or 180° —41.6° 

C ~41.6° or 138.4° 

C measures 41.6° if angle C is acute, or 138.4° if angle C' is obtuse. 

In this case there is insufficient information to determine the actual shape of the triangle. There 

are two possible triangles. 

  

  

LY ) Self Tutor 

Find the measure of angle L in triangle KLM given that angle K measures 56°, LM = 16.8 m, 

and KM = 13.5 m. 

    

inL i 2 . K sinl sin 56 {sme rule} 

13.5 16.8 

13.5 X sin 56° ©osinl =222 
135m oS 168 

. —1/(13. i = . 
L =sin"! (M) or its supplement 

16.8 

L 168 m M - L~418° or 180° —41.8° 
L ~41.8° or 138.2° 

We reject L =~ 138.2°, since 138.2° + 56° > 180° which is impossible in a triangle. 

L ~ 41.8°, a unique solution in this case.     
EXERCISE 9C.2 

1 Find the value of x: 

a b < 

60 cm ° o8 
30 cm 7 mm N 

17 km 9 mm 14 km 

2 Triangle ABC has angle B = 40° and side lengths b =8 cm and ¢ = 11 cm. Find the two 

possible measures of angle C.
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3 Consider triangle ABC. 

a Given a=8cm, b=11 cm, and ABC = 45°, find the measure of BAC. 

b Given a=32cm, b=23cm, and BAC = 42°, find the measure of ABC. 

¢ Given ¢=30m, b=36m, and ABC = 37°, find the measure of ACB. 

d Given a=8.4cm, b=10.3 cm, and ABC = 63°, find the measure of BAC. 

e Given b=22.1cm, ¢=16.5 cm, and ACB = 38°, find the measure of ABC. 

f Given a =3.1km, ¢=4.3 km, and BAC = 18°, find the measure of ACB. 

L Unprepared for class, Mr Whiffen asks his students to find the value 

of x in the diagram shown. 5m 7m 

a Show that Mr Whiffen’s question cannot be solved. ., 

b Explain what this means about the triangle Mr Whiffen created. : 48 

5 In triangle ABC, ABC = 30°, AC=9cm, and AB =7 cm. 

a Find the measure of: i ACB i BAC 

b Hence find the area of the triangle. 

6 Is it possible to have a triangle with the measurements shown? 

Explain your answer. 

9.8cm 

9cm 

7 In triangle PQR, PfiQ =50°, PR=11m, and PQ =9 m. 

a Show that there are two possible measures of PQR. 

b Sketch triangle PQR for each case. 

¢ For each case, find: 

i the measure of QPR ii the area of the triangle  iii the perimeter of the triangle. 

I3 IIPROBLEM SOLVING WITH TRIGONOMETRY 
If we are given a problem involving a triangle, we must first decide which rule is best to use. 

If the triangle is right angled then the trigonometric ratios or Pythagoras’ theorem can be used. For some 

problems we can add an extra line or two to the diagram to create a right angled triangle. 

However, if we do not have a right angled triangle then we usually have to choose between the sine and 

cosine rules. In these cases the following checklist may be helpful: 

Use the cosine rule when given: 

e three sides e two sides and an included angle. 

Use the sine rule when given: 

e one side and two angles e two sides and a non-included angle. 

In situations where either rule could be used to find an angle, the cosine rule should be used to avoid 

the ambiguous case.
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Ao 
  

—
]
I
 

    

  

      
  

The angles of elevation to the top of a mountain are 

measured from two beacons A and B at sea. 

The measurements are shown on the diagram. 

If the beacons are 1473 m apart, how high is the 

mountain? 

A B 

Let BT be  m and NT be ~ m. 
T ~ 

11.5° ATB = 41.2° — 29.7° {exterior angle of ABNT} 

= 1158 

- We find z in AABT using the sine rule: 

x 1473 
sin29.7°  sin11.5° 

[ 

A 1473m B N L T= LS sin 29.7° 
sin 11.5° 

~ 3660.62 

5 H ° h h 
Now, in ABNT, sin41.2° = — = 

] 3660.62 

h ~ sin41.2° x 3660.62 

~ 2410 

The mountain is about 2410 m high. 

EXERCISE 9D 

1 Rodrigo wishes to determine the height of a flagpole. He 

takes a sighting to the top of the flagpole from point P. He 

then moves 20 metres further away from the flagpole to 

point Q, and takes a second sighting. The information is 

shown in the diagram alongside. How high is the flagpole? 

  

2 Q To get from P to R, a park ranger has to walk along a path 

175m @ 63m  to Qand then to R. 
What is the distance in a straight line from P to R? 

P R 

3 An orienteer runs for 4% km, then turns through an angle of 32° and runs for another 6 km. How 

far is she from her starting point?
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A golfer played his tee shot a distance of 220 m to point A. 

He then played a 165 m six iron to the green. If the 

distance from tee to green is 340 m, determine the angle 

the golfer was off line with his tee shot. 

  

A helicopter A observes two ships B and C. B is 23.8 km from the helicopter and C is 31.9 km 

from it. The angle of view BAC from the helicopter to B and C, is 83.6°. How far are the ships 

apart? 

Hikers Ritva and Esko leave point P at the same time. Ritva 

walks 4 km on the bearing 040°, then a further 6 km on the 

bearing 155° to get to their campsite. 

Esko hikes to the camp site directly from P. 

a How far does Esko hike? 

b In which direction does Esko hike? 

¢ Ritva hikes at 5 kmh~! and Esko hikes at 3 kmh~!. 

i Who will arrive at the camp site first? 

ii How long will this person need to wait before the 

other person arrives? 

  

d  On what bearing should the hikers walk from the camp . 
. . campsite 

site to return directly to P? 

A football goal is 5 metres wide. When a player is 

26 metres from one goal post and 23 metres from the 

other, he shoots for goal. What is the angle of view of the 

goal that the player sees? 

goal posts 
~ 

  

A tower 42 metres high stands on top of a hill. From a point some distance from the base of the 

hill, the angle of elevation to the top of the tower is 13.2°, and the angle of elevation to the bottom 

of the tower is 8.3°. Find the height of the hill. 

07 """""""" 

      
From the foot of a building I have to look 22° upwards 

to sight the top of a tree. From the top of the building, 

150 metres above ground level, I have to look down at an 

angle of 50° below the horizontal to sight the tree top. 

a How high is the tree? 

    

     

b How far from the building is this tree?
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10 Two yachts are sailing close to a dangerous reef. The captain of the Porpoise notices a lighthouse 

2.4 km away on the bearing 223°. The captain of the Queen Maria measures the lighthouse as 

2.1 km away. He also observes the Porpoise to the right of the lighthouse, with an angle of 53° 

between them. 

a Display this information on a diagram. 

b Find the distance between the yachts. 

¢ Find the bearing of the Queen Maria from the Porpoise. 

Example 9 o) Self Tutor 

Find the measure of RPV. 

In ARVW, RV = /52432 =+/34cm. {Pythagoras} 

In APUV, PV =/62+32=+/45cm. {Pythagoras} 

In APQR, PR = /62+52=+/61cm. {Pythagoras}   
By rearrangement of the cosine rule, 

(V61)2 + (V45)? — (v/34)* 
2v/61/45 

61445 — 34 

T 2VB1VaS 
72 

2v/61/45 

36 9 = cos ! ~ 46.6° 
o8 (\/fi\/fs) 

RPV measures about 46.6°. 

V61cm 
cosf = 

  
11 Find the measure of P@R: 

a 8cm b P 

T & 

P4cm - I 7cm Im 
R Q 5m 

12 Two observation posts A and B are 12 km apart. A third observation post C is located 15 km from A 

such that CBA is 67°. Find the measure of CAB. 

13 Thabo and Palesa start at point A. They each walk in a straight line at an angle of 120° to one 

another. Thabo walks at 6 kmh~! and Palesa walks at 8 kmh~!. How far apart are they after 

45 minutes?
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14 Stan and Olga are considering buying a sheep farm. A surveyor 

has supplied them with the given accurate sketch. Find the area 

of the property, giving your answer in: 

a km? b hectares. 

  

12km 

15 A The cross-section design of the kerbing for a 

driverless-bus roadway is shown opposite. The 

metal strip is inlaid into the concrete and is 

used to control the direction and speed of the 

bus. Find the width of the metal strip.    

    

    D 
metal strip 

B C 

16 Robert from the City Council has made some measurements 

of the park in the Opening Problem. They are summarised 

in the diagram. 

Find the area of the park and the angle at each corner. 

  

17 A surveyor has produced this plan of a property. 

50m Find its area. 

50m 

60m 

100m 

18 A Chinese restaurant and a fish and chip shop are 7 km apart. The Chinese restaurant offers free 

delivery within 5 km, and the fish and chip shop offers free delivery within 3 km. Find the area of 

the region which receives free delivery from both locations. 

19 One angle of a triangular garden measures 60°. The garden has perimeter 36 m and area 30v/3 m2. 

Find the measure of the remaining two angles of the garden. 

20 Sam and Markus are standing on level ground 

100 metres apart. A large tree is due north of 7 

Markus and on the bearing 065° from Sam. The gL 

top of the tree appears at an angle of elevation of T BT 

25° to Sam and 15° to Markus. Find the height of 

the tree. 
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21 A mountain is a perfect cone with base radius 2 km and 

slant height 3 km. 

From the southernmost point A on the base, a path leads 

up around the side of the mountain to B, the point on 

the northern slope which is halfway up the slope from the 

base C. A and C are diametrically opposite. 

The path leading from A to B is the shortest possible 

distance from A to B around the mountainside. Find: 

a the length of the path from A to B 

b the length of the part of the path from B to the point 

where the path is horizontal. 

22 Two circles have radii in the ratio 3 : 1. The larger circle 

passes through the centre of the smaller circle as shown. 

The shaded area is m cm?. 

a Show that § =4sin™!(3). 

b Find, to 3 decimal places, the radius of the smaller 

circle. 

  

  THEORY OF KNOWLEDGE 

Trigonometry appears to be one of the most useful disciplines 

of mathematics. Its study has been driven by the need to solve 

real-world problems throughout history. 

The study of trigonometry began when Greek, Babylonian, and 

Arabic astronomers needed to calculate the positions of stars and 

planets. These early mathematicians considered the trigonometry 

of spherical triangles, which are triangles on the surface of a sphere 

formed by three great arcs. 

Trigonometric functions were developed by Hipparchus around 140 BC, and then by Ptolemy and 

Menelaus around 100 AD. 

Around 500 AD, Hindu mathematicians published a table called A 

the Aryabhata. Tt was a table of lengths of half chords, which are 

the lengths AM = rsinf in the diagram. This is trigonometry 

of triangles in a plane, as we study in schools today. 

1 How does society and culture affect mathematical knowledge? 

2 Should congruence and similarity, or the work of Pythagoras, be considered part of modern 

trigonometry?
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3 A man walks south from the North Pole and turns 90° left when he reaches the equator. 

He walks for a while and then turns 90° left to walk back to the North Pole. 

a Has the man walked in a triangle? 

b Is the angle sum of a triangle always equal to 180°? 

Is a spherical triangle more or less complicated than a triangle in a plane? 

5 How does the research of the ancient astronomers relate to modern problems of satellites, 

telecommunications, and GPS navigation? 

Erathosthenes of Cyrene (276 BC - 194 BC) deduced 

that the Earth is round using two observations made at 

noon on the summer solstice: 

~@® -~ 71\         

   

e In Syene (now Aswan, Egypt), sunlight illuminated ~Alexandria — 
the bottom of a well. 

e In Alexandria, 5000 stadia (=~ 880 km) away, a 

perfectly vertical rod cast a shadow.     Using the lengths of the rod and its shadow, 

Erathosthenes calculated the angular separation of Syene 

and Alexandria. He hence calculated the circumference ':cemre of Earth 

of the Earth within 10% of its actual value. 

6 Why did a “flat Earth” theory persist for so long, despite ancient astronomers knowing 

the Earth was round? What lessons can be learned from this in protecting and promoting 

knowledge? 

ACTIVITY   

In this Activity we derive a formula for the area of a spherical 

triangle ABC with angles «, (3, and 7. 

To achieve this we need some definitions: 

e A great circle is any circle drawn on a sphere whose centre 

is the centre of the sphere. 

e A spherical lune is an area on a sphere bounded by two half 

great circles which meet at diametrically opposite points. 

  

   The word “lune” 

comes from luna, the 

Latin word for moon. 
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What to do: 

1 Two great circles on a sphere with radius r meet at X and 

X’. They form a lune with angle @ as shown. Explain why 

the surface area Sx_ o of the lune is given by Sx g = 2r%6. 

  

2 Consider a spherical triangle ABC with angles «, 3, and . Suppose the arcs AB, AC, and BC 

are extended to form great circles. 

a Explain why the great circles will form a congruent 

spherical triangle A’B’C’ on the other side of the sphere. 

b By considering the areas of lunes, explain why 

47‘!‘7"2 = QSA, s QSB, B i 2SC,’y —4A 

where A is the area of the spherical triangle ABC. 

¢ Hence show that the area of the spherical triangle is 

givenby A= (a+B+vy—mr 

  

3 Explain why the area formula verifies that the angle sum of a spherical triangle is greater than 

180°. 

4 Ts it possible for two spherical triangles on a given sphere to be similar but not congruent? 

Explain your answer. 

REVIEW SET 9A 

1 Find the area of: 

a b < 76m 

  

Tkm 

9.3m 
9cm 

6cm 
8km 

2 A rhombus has sides of length 5 cm and an angle of 65°. Find its area. 

3 Find the length of the remaining side in each triangle: 

a b 6m 

9cm 6.8m 

7cm
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4 

5 

10 

12 

Find the unknown in: 

        

a b < 

8 EEm 10 
N 7 m 4cm 9cm 

i T cm 

Find the area of quadrilateral ABCD: 6 Find the area of this triangle. 

A 11cm B 

7cm ’ 12cm 

9cm 
pk 

17cm 

C 

Kady was asked to draw the illustrated triangle exactly. 

a Use the cosine rule to find z. 8cm 7cm 

b What should Kady’s response be? 

Trcm 

Triangle LMO has LMO = 120°, LM = 3 cm, M 
LO =21 cm, and MO = x cm. 

T cm 

a Show that o 4 3z — 432 = 0. 3°‘ 
b Find z correct to 3 significant figures. o 

i 3 ) L 2lcm 
¢ Find the perimeter of triangle LMO. 

Two angles of a triangle have size 35° and 82°, and the area of the triangle is 40 cm?. 

Find the length of each side of the triangle. 

Find the measure of EDG: 11 Find z and y in this figure. 

ycm 

T cm 

10cm 
<D 

A boat was supposed to be sailing directly from 

A to B. However, it travelled in a straight line 

to C before the captain realised he was off 

course. He turned the boat through an angle 

of 60°, then travelled another 10 km to B. The 

trip would have been 4 km shorter if the boat 

had gone straight from A to B. How far did the 

boat travel?  
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In triangle ABC, ACB = 42°, AB=5cm, and AC =7 cm. 

a Find the two possible measures of ABC. 

b Find the area of triangle ABC in each case. 

Dune buggies X and Y are 500 m apart, and the bearing of Y from X is 215°. X travels 200 m 

due east and Y travels 100 m due north. How far apart are the dune buggies now? 

  REVIEW SET 9B 

Find the value of x: 

a 1lcm b 15km 

13cm 17km 

19cm zkm 

A triangle has two sides with lengths 11.3 cm and 19.2 cm, and an area of 80 cm?. 

Find the possible measures of the included angle. 

Find the measure of the angle marked 6: 

a b 1lcm 

6cm 3cm S 

15cm 

5cm 

Find any unknown sides and angles in: 

b Q < X a © 

A 83° 

9.8 cm 14cm 16 cm 

1lcm 
462" 10cm 

B P 19cm 

= 

Find z in each triangle: 

a b 
7cm 

8cm 

6cm 

T cm o 

d 
4.3m 100° 

5.2cm 

rm a° 

9cm
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Paul “puts” a shot put from the front of a throwing circle 

with diameter 2.135 m. It only just lands inside the 40° 

throwing boundaries. 

The official measurement goes from the shot to the nearest 

point of the throwing circle, and reads 17.64 m. 

How far did Paul actually put the shot? 

A vertical tree is growing on the side of a hill with 

gradient 10° to the horizontal. From a point 50 m 

downhill from the tree, the angle of elevation to the top 

of the tree is 18°. Find the height of the tree. 

    

Find the perimeter and area of this triangle. 
68° 

150 m 

71° 

Peter, Sue, and Alix are sea-kayaking. Peter is 430 m from Sue on the bearing 113°. Alix is 

on the bearing 210° and is 310 m from Sue. Find the distance and bearing of Peter from Alix. 

In quadrilateral ABCD, ABC = 105°. Find the 9m C 

measure of the other three angles. B 

Tm 10m 

A 
12m D 

Find the measure of angle ) in triangle PQR given that QiSR =47°, QR = 11 m, and 

PR = 9.6 m. 

Anke and Lucas are considering buying a block of B 

land. The land agent supplies them with the given S 

accurate sketch. Find the area of the property, giving 

your answer in: 125m 90 m 

a m? b hectares. 

D 

A 120m
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13 Soil contractor Frank was given the following 

dimensions over the telephone: 

The triangular garden plot ABC has CAB 

measuring 44°, [AC] is 8 m long, and [BC] is 

6 m long. Frank needs to supply soil for the plot 

to a depth of 10 cm. 

a Explain why Frank needs extra information 

from his client. 

  

b What is the maximum volume of soil that 

could be needed if his client is unable to 

supply the necessary information? 

14 a Consider the regular hexagon shown. 12 mm 

Find: A B 

i the length AB 

ii the area of the hexagon. 

b Find the volume of this metal nut. 

  

15 Over 2000 years ago, the Greek mathematician Heron B 

or Hero discovered a formula for finding the area of 

a triangle with sides a, b, and ¢. Heron’s formula is a 

A= /s(s—a)(s—b)(s—c) where s=a+§+c is . 

the semi-perimeter of the triangle. 

a Show that 
A2=b2C2 1+b2+02—a2 1_b2+52—a2 b 

4 2bc 2bc ’ 

b Hence prove Heron’s formula. 

  

 



  

Points in space 

Contents: A Points in space 

B Measurement 
C Trigonometry 
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OPENING PROBLEM 

The map of a park is shown alongside. Ay (m) L 

| 

  
  

To help us describe the location of objects in the 

park, we can place a 2-dimensional coordinate grid 

over the map, so that the origin is at the park’s |__?__|“ i - 

entrance, and each grid unit represents 10 metres. 40 

Ayla is currently at the location marked with an x. + 

A bird is sitting in a tree, 10 metres above the ground. 30 l 

50 =   

    
  

It is directly above Ayla. 

20   

Things to think about: 

a How can we extend our coordinate system to 10 fi' 

describe the location of the bird? 

b The bird spies a worm in the garden at x. 

i How far is the bird from the worm? 10 20 30 40 

ii If the bird flies in a straight line to the worm, at what angle to the ground will it fly? 

CNE POINTS IN SPACE 
In 3—d1men510nal coordinate geometry, we spec1fy an origin O, and three mutually 3P POINT 

perpendicular axes called the X -axis, the Y-axis, and the Z-axis. 

            x (m) 

Any point in space can then be specified using an ordered triple in the form (z, y, 2). 

We generally suppose that the Y and Z-axes are in the plane 

of the page, and the X-axis is coming out of the page as 

shown. 

The point (3, 4, 2) is found by starting at the origin 

0O(0, 0, 0), moving 3 units along the X-axis, 4 units in 

the Y'-direction, and then 2 units in the Z-direction. 

  

We see that (3, 4, 2) is located on the corner of a rectangular prism opposite O. 

Now consider the rectangular prism illustrated, in which A is 

  

opposite B. 

AC? = a® + b* {Pythagoras} 

and AB? = AC? + ¢? {Pythagoras} 

AB?=a? + b7 4 2   
. AB=vVa+02+c {AB>0} 

Suppose A is (x1, Y1, 21) and B is (22, y2, 22). 

e The distance AB = (232 = .Z‘1)2 S (yg = y1)2 SE (ZQ = 21)2. 

T1+T2 Y1ty 21+22) 

2 7 2 2 ’ 
      e The midpoint of [AB] is (
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Consider A(4, —3,1) and B(—2, 4, —1). Find: 

a the distance AB b the midpoint of [AB]. 
  

a AB — /(2= 2P+ (-3 + (-1- 1 
= V(6 + 7 + (-2 
=v36+49+4 

= /89 units 

44+ -2 -3+44 1+—1) 
b The midpoint is ( s s 

2 2 2 
      

which is (1, 4, 0).     
EXERCISE 10A 

1 On separate axes, plot the points: PRINTABLE 3.0 

a (50,0) b (0, -1,0) ¢ (0,0,2) d (4,3,0) 

e (2,0,-1) f (0,4, -3) g (3,11 h (2,4,2) 

i (3,-2,5) i (-3,3,3) k (4,3, -2) I (-1, -4, -2) 

2 For each pair of points, find: 

i the distance AB ii the midpoint of [AB]. 

a A(0,0,0) and B(6, —4, 2) b A(4,1,0) and B(0, 1, —2) 

¢ A(l, —1,2) and B(5, —3,0) d A(-2,0,5) and B(—6, 7, 3) 

e A(-1,5,2) and B(4, 1, —1) f A(2,6, —3) and B(-5, 3, 2) 

3 Determine whether triangle ABC is scalene, isosceles, or equilateral: 

a Ais (2,1,-3), Bis (-5,5,3), and Cis (-2, 3,6) 

b Ais (3,-1,5), Bis (-1, —4,0), and Cis (2,7, —3) 

4 Suppose A is (3,1, —2), Bis (-6, 7,13), and Cis (5, 9, —4). Show that triangle ABC is 

right angled. 

5 Consider the points P(1, 4, —1), Q(6, =8, 7), and R(—5, —2, —9). Let M be the midpoint of 

[PQ], and N be the midpoint of [QR]. 

a Find the coordinates of M and N. 

b Show that [MN] is half the length of [PR]. 

6 Suppose Ais (3,5, —2), and M(—2, 8, ) is the midpoint of [AB]. Find the coordinates of B. 

7 The line segments [PQ], [QR], and [PR] have midpoints (1, 2, £), (3, 3, §), and (-1, 6, 3) 

respectively. Find the coordinates of P, Q, and R. 

8 The distance from P(2, 4, —3) to Q(k, —1, —2) is 7 units. Find the possible values of k.
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9 Find the relationship between z, y, and z if the point P(z, y, 2): 

a is always 3 units from O(0, 0, 0) b is always 1 unit from A(2, 5, 4). 

Comment on your answer in each case. 

10 Tllustrate and describe these sets: 

a {(@y.2)|z=3} b {(z.y.2)|y=2 2=-1} 
¢ {(z,y,2) | 2® +y2 =4, 2=0} d {(z,y,2)|2*+y2+22 =9} 

e {(z,y.2)|0<z<4, 0<y<1, z2=2} 
f{(z,9,2)|0<2<3, 0<y<5, 0<2<2} 

We can use the measurement formulae studied in Chapter 6 to find the surface area and volume of solids 

in 3-dimensional space. 

|__Example2 | 
A square-based pyramid has base coordinates zZ 

0(0, 0, 0), A(4,0,0), B(4,4,0), and C(0, 4, 0). 

The apex of the pyramid is D(2, 2, 5). 

a Verify that the apex lies directly above the 

centre of the base. 

  

      

   

D(2.2.5) 

b Find the volume of the pyramid. €(0,4,0) 

¢ Suppose M is the midpoint of [BC]. 

i Find the coordinates of M. 

il Find the exact length of [MD]. A(4,0,0) 

iii  Hence find the surface area of the pyramid. 

  

a To find the centre of the base, we locate the midpoints of the diagonals. 

The midpoint of [OB] is (%, %, %) which is (2, 2, 0). 
  

      
The midpoint of [AC] is <%, %, %) which is (2, 2, 0). 

the centre of the base is (2, 2, 0). 

the apex (2, 2, 5) lies directly above the centre of the base. 

  

b Volume = % (area of base x height) 

=1x4x4x5 

= 80 units® 

¢ i Mis (% = %) which is (2, 4, 0). 

i MD=+/(2—2)2+(2—4)2+ (5—0)2 

- TR 
29 units    
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iii - Area of triangle BCD = § x 4 x /29 D 

= 21/29 units? 

surface area of pyramid 

= area of base + area of 4 triangular faces 

= (4%x4 + 4 x 2v/29) units? 

~ 59.1 units® 

  

EXERCISE 10B 

1 Find the volume of each rectangular prism: 

  

2 Consider the triangular-based prism alongside. 

a State the coordinates of D and E. 

b Find the volume of the prism. 

¢ Find the length of [AB]. 

d Hence find the surface area of the prism. 

  

A square-based pyramid has base coordinates O(0, 0, 0), 

A(6, 0, 0), B(6, 6,0), and C(0, 6, 0). The apex of the 

pyramid is D(3, 3, 9). 

a Verify that the apex lies directly above the centre of 

the base. 

b Find the volume of the pyramid. 

€(0,6,0) ¢ Suppose M is the midpoint of [AB]. 

i Find the coordinates of M. 

il Find the length of [MD]. 

ili Hence find the surface area of the pyramid.     B(6,6,0) 
4 Find the volume and surface area of a rectangular-based pyramid with base coordinates O(0, 0, 0), 

A(10, 0, 0), B(10, 18, 0), and C(0, 18, 0), and apex (5,9, 12).
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The base of a cone lies in the X-Y plane, and is centred 

at the origin. 

The point (4, 5, 0) lies on the edge of the base, and the 

apex of the cone is (0, 0, 6). 

a Find the base radius of the cone. 

b Find the exact volume of the cone. 

¢ Find the slant height of the cone. 

d (4,5,0) Hence find the surface area of the cone. 

  

The point (—4, —6, 10) lies on the surface of a sphere with centre (2, 3, —1). 

a Find the radius of the sphere. b Hence find the volume of the sphere. 

A sphere has diameter [PQ], where P is (—1, 1, 2), and Qis (-5, 7, —8). 

a Locate the centre of the sphere. b Find the radius of the sphere. 

¢ Hence find the volume and surface area of the sphere. 

The base of a cylinder lies in the X-Y plane, and is centred at (1, —3, 0). The point (—2, —2, 0) 

lies on the edge of the base, and the cylinder has volume 407 units®. 

a Find the height of the cylinder. 

b The point (3, k, 2) lies on the curved surface of the cylinder. Find the possible values of k. 

¢ Find the surface area of the cylinder. 

A square-based pyramid has coordinates A(4, 0, 2), B(—1, 3, 2), C(1, —5, 2), and D. The apex 

lies directly above the centre of the base, and the pyramid has surface area 210 units?. 

a Find the coordinates of D. 

b Find the height of the pyramid, correct to 1 decimal place. 

¢ Hence find the volume of the pyramid. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

The map for a park is shown alongside, where each grid Ay(m B, 

unit represents 10 m. 150 

A large tent is to be constructed on the park for a festival. o | 

It will be a rectangular-based pyramid with base ABCD ¢ 

indicated on the map. The apex of the tent is 15 m above 

the centre of the base. 

a Suppose ground level has Z-coordinate 0. Find the 1pe 

3-dimensional coordinates of: 

i each corner of the base 

i the apex of the tent. o 

b Find the volume of air inside the tent. % 

¢ Find the amount of material needed for the tent. Do 

not include the floor. D 
T (m 

~ 50 100 
v                                
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11 The Ping An Finance Centre in Shenzhen, China, Z (m)4 (36,36,599) 

is the fourth tallest building in the world. (6,6,550) 

Find the volume of this building. A 

  

(66, 6,550)
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EE TRIGONOMETRY 
The trigonometry techniques we have studied can also be applied to figures in 3-dimensional space. 

€T T LR R (MY 

Find the angle between the line segment [EC] and 

the base plane ABCO. 

  

  

The required angle is ACE. 

Now AE = 3 units 

and AC=+/(0-5)2+(4—0)2+(0—0)2 

— /O P 
= V41 units 

  
1 Z4D(0,0,6) G Find the angle between the following line segments 

and the base plane ABCO: 

a [BE] b [AG] 

Find: 

a the midpoint M of [AB] 

b ADO 
¢ BMD. 
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3 M is the midpoint of [QR]. 

a Find the coordinates of M. 

b Find the measure of QIQIT. 

¢ Find the angle between the following line 

segments and the base plane: 

i [QS] i [TM] 

  

a State the coordinates of M. 

b Find the angle between the following line 

segments and the base plane of the pyramid: 

i [DM] i [DA] 

  

5 a State the coordinates of M. 

b Find the angle between the following line 

segments and the base plane: 7 

i [AE] i [MB] 

¢ Find the angle ABM.     B(0,6,0) Y 

  

Given P(1,4,5), Q(—2,0,1), and R(0, —2, 6), find the measure of PQR. 

  

PQ=+/(—2—1)2+(0—4)2 + (1 —5)2 = \/(=3)2 + (—4)2 + (—4)2 = V41 units 

PR (0—1)2+ (=2 —4)2+ (6 —5)2 = \/(—1)2 + (—6)2 + 12 = /38 units 

QR (0——2)2+(—2—0)2+ (6 —1)2 22 4 (—2)2 + 52 = v/33 units 

  
  
    

          

  

      

By the cosine rule, P 

cosf = WAD? + (V33)? — (v38)? 
2 x V41 x /33 

| cosh A1T33-38 V41, V38 
2 x V41 x /33 

_ 36 f=cosT! | ———=——+ | 60.7° 
€08 (ZX\/HX@) Q /33 R     So, PQR is about 60.7°.
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6 Consider the points A(—1, 0, 2), B(4, 1, 1), and C(-2, 2, 0). 

a Find the length of: 

i [AB] i [AC] i [BC]. 

b Find the measure of ABC. 

7 Find the measure of PQR given: 

a P(0,2, -2), Q(3, -1, —4), R(4,0, —1) b P(-3,2,1), Q(5,0,1), R(—3, -1, 2). 

8 Consider the points A(—1, —5, 2), B(0, —2, 3), and C(4, 0, —2). 

a Find the measure of BAC. b Hence find the area of triangle ABC. 

9 Suppose Ais (1,2,3), Bis (2,5, k), Cis (5,1,0), and BAC = 60°. Find k. 

10 a Find the coordinates of M, the centre of the face 

ABCD. 

b Calculate the angle: 

i OEM i AMG i OMF. 

  

11 Answer the Opening Problem on page 234. 

  

12 The radar from an airport’s control centre is shown 

alongside. The grid units are kilometres. 

An aeroplane with altitude 500 m appears on the 

radar at (—3, 4). It is approaching a runway 1 km 

east of the control centre. 

  

  

  

  

  

a Find the 3-dimensional coordinates of the plane. 
  

  b How far is the plane from the control centre? 
  

¢ Find the true bearing of the runway from the 

plane. 
  

                            d Find the angle of the plane’s descent. 

13 Explorers Gabriel, Jack, and Malina are located 

at (2, 3, 1), (-1, =3, 1.2), and (0, 4, 0.7) 

respectively. The units are kilometres and Z =0 

represents sea level. 

a How far apart are Jack and Malina? 

b Write the explorers in order of altitude, from 

highest to lowest. 

¢ Find the angle of: 

i elevation from Gabriel to Jack 

il depression from Gabriel to Malina.  
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THEORY OF KNOWLEDGE 

Euclid was one of the great mathematical thinkers of 

ancient times. He founded a school in Alexandria during 

the reign of Ptolemy I, which lasted from 323 BC until 

284 BC. 

Euclid’s most famous mathematical writing is a set 

of 13 books called Elements. It is the first attempt 

to create a complete, systematic study of geometry as 

pure mathematics, and has been a major source of 

information for the study of geometric techniques, logic, 

and reasoning. 

ent Philofopher 
EVCLIDE 

Elements is sometimes regarded as the most influential 

textbook ever written, consisting of definitions, 

postulates, theorems, constructions, and proofs. It 

was first printed in 1482 in Venice, making it one of the 

first mathematical works ever printed. 

The foundation of Euclid’s work is his set of postulates, 

which are the assumptions or axioms used to prove further 

results. Euclid’s postulates are: 

  

1. Any two points can be joined by a straight line. 

2. Any straight line segment can be extended indefinitely in a straight line. 

3. Given any straight line segment, a circle can be drawn having the segment as radius and one 

endpoint as centre. 

4. All right angles are congruent. 

5. Parallel postulate: If two lines intersect a third in such a way that the sum of the inner angles 

on one side is less than two right angles, then the two lines inevitably must intersect each other 

on that side if extended far enough. 

1 Can an axiom be proven? Is an axiom necessarily true? 

2 Consider the first postulate. 

a What is a straight line? How do you know that a line is straight? 

b Is straightness more associated with shortest distance or with VIDEO 

shortest time? Does light travel in a straight line? 

¢ [s straightness a matter of perception? Does it depend on the 

reference frame of the observer? 

3 For hundreds of years, many people believed the world to be flat. It was then discovered 

the world was round, so that if you travelled for long enough in a particular direction, 

you would return to the same place, but at a different time. 

a How do we define direction? 

b s a three-dimensional vector sufficient to describe a direction in space-time? 

¢ Can any straight line segment be extended indefinitely in a straight line?



244  POINTS IN SPACE (Chapter 10) 

4 Comment on the definition: 

A straight line is an infinite set of points in a particular direction. 

5 We are used to representing 3-dimensional objects such as a cube on 2-dimensional paper. 

This process can be extended to give visual representation to “cubes” in higher dimensions: 

e  0-dimensional point Z 

lD 2-dimensional square 3-dimensional cube 

e——o 1-dimensional line 
—_— 

  

  

  

      
  

    
        \ 

4-dimensional cube 5-dimensional cube 6-dimensional cube 

  

If the extra dimensions do not represent physical space, is there purpose to giving them 

physical representation? 

6 Can the universe be completely described by a finite-dimensional space? 

  REVIEW SET 10A 

1 On separate axes, plot the points: 

a (3,1,0) b (—4,0,2) c (2,-3,-1) 

2 For each pair of points, find: 

i the distance PQ ii the midpoint of [PQ]. 

a P(1,-2,0), Q(-3, —6, 2) b P(-3,1,6), Q-2 —-7,1) 

3 Suppose Ais (—2,5,1), Bis (3,5, —3), and Cis (0, —1, 2). Determine whether triangle 

ABC is scalene, isosceles, or equilateral. 

A square-based pyramid has base coordinates 

0(0, 0, 0), A(8,0,0), B(8,8,0), and 

C(0, 8, 0). The apex of the pyramid is 

D(4, 4, 6). M is the midpoint of [AB]. 

a Find the volume of the pyramid. 

b Find the coordinates of M. 

¢ Find the length MD. 

d Hence find the surface area of the 

pyramid. 

e Find the measure of MDB. 
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5 The base of a hemisphere lies in the X-Y plane, and is centred at the origin. The point 

(2, =5, 0) lies on the edge of the base. 

a Find the radius of the hemisphere. 

b Find the volume and surface area of the hemisphere. 

In this rectangular prism, M is the midpoint of 

[UQl. 
a Find the coordinates of M. 

b Find angle UMS. 

¢ Find the angle between the following line 

segments and the base plane: 

i [PV] i [OM] 

  

7 Given A(-1,2,5), B(0,3,1), and C(2, —4, 0), find the measure of BAC. 

8 Consider the points A(8, —7, 2), B(—1, k, 8), and C(1, —3,2). CA=CB and k> 0. 

  

a Find k. 

b For the circle centred at C and passing through A and B, find the area of the minor sector 

CAB. 

9 An archaeological dig site has been divided up using Ay(m 
  

grid lines at 1 metre intervals, to make it easier to 

describe locations on the site. 

Fossils have been found at P, 2.5 m underground, and ,:P 

at Q, 2.9 m underground. 

  

  

  

  

  a Suppose ground level has Z-coordinate 0. Find 5 

the 3-dimensional coordinates of each fossil. Q 
  

  

b Find the distance between the fossils. 
    ¢ Find the angle of depression from P to Q.   

x (m 
                            

REVIEW SET 10B 

1 For each pair of points, find: 

i the distance AB ii the midpoint of [AB]. 

a A(=3,0,5), B(—1,6,4) 

b A(-7,4,6), B(—2,1, -1) 

2 Suppose Pis (—5,0,1), Qis (-2, —-2,2), and Ris (-1, 5, —1). 

a Show that triangle PQR is right angled. 

b Find the measure of P(A)R. 

3 The distance from (4, —2, 1) to (1, 3, k) is 8 units. Find the possible values of k.
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4 Consider the triangular-based prism shown. 

a Find the volume of the prism. 

b Find the length of [AB]. 

¢ Hence find the surface area of the prism. 

      
A(0,0,4) 

B(0,6,0) 

5 A sphere has diameter [PQ], where P is (4, —2, 3) and Qis (-6, 2, —5). 

a Find the coordinates of the centre of the sphere. 

b Find the radius of the sphere. 

¢ Hence find the volume and surface area of the sphere. 

6 Consider the points P(—2, 1, 3), Q(0, —1, 4), and R(-3, 2, 0). 

a Find the measure of PfiQ. b Hence find the area of triangle PQR. 

7 In the rectangular-based pyramid alongside, M is the 

midpoint of [BD]. 

a Find the coordinates of M. 

b Find ADC. 
¢ Find the angle between the following line 

segments and the base plane: 

i [DA] i [MC] 

8 On the terrain map shown, the grid units are kilometres. ‘ Ay (km 

The hiker is at a viewing platform H, 200 m above the ( - 

M 

   

      

D(4, 6, 10) 

(0,12, 0) 

  

  

  

base camp O. 
  

a State the 3-dimensional coordinates of the hiker. 
b 

o can 

b How far is the hiker from the base camp? -~ 

¢ From the viewing platform, the hiker can see the 

summit of a mountain at M. The mountain top is / 

  

  

  

  

~
_
 
_
—
T
8
 

  

                            500 m above base camp level. /- 

i Find the 3-dimensional coordinates of the 4' M 

mountain top. 

ii Find the distance between the hiker and the mountain top. 

iii Find the angle of elevation from the hiker to the mountain top. 

9 A flagpole is located on the Z-axis. It is supported Z(m) 

by wires fixed to the ground at P(3, 1, 0) and 

Q(—1, 2, 0). The wires meet at R, 3 m up the flagpole. 

a Find the coordinates of R. 

b Find the angle each wire makes with the flagpole. 

¢ Find the angle at which the wires meet. 
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OPENING PROBLEM 

In the late 17th century, English mathematicians compiled and analysed mortality tables which showed 

the number of people who died at different ages. From these tables they could estimate the probability 

that a person would be alive at a future date. This led to the establishment of the first life insurance 

company in 1699. 

Life insurance companies use statistics LIFE TABLE 

on life expectancy and death rates [ Nale | Female | 
to calculate the premiums to charge 

  

people who insure with them. Number Expected Number Exp ec t.ed 
o .. | remaining 

The life table shown is from Australia. surviving life surviving life 

It shows the pumber of people out 100000 73.03 100000 7016 

o.f 100000 births who survive to 98809 68.90 99307 7515 
d1PferenF gges,.and the expected years 08698 63.97 09125 70.99 

of remaining life at each age. 08555 59.06 08956 65.97 

For example, we can see that out 98052 54.35 98 758 60.40 

of 100000 births, 98052 males are 97325 49.74 98516 55.54 

expected to survive to the age of 20, 96 688 45.05 98278 50.67 

and from that age the survivors are 96 080 40.32 98002 45.80 

expected to live a further 54.35 years. 95 366 35.60 97615 40.97 

94323 30.95 96 997 36.22 
92709 26.45 95945 31.59 
89891 22.20 94285 27.10 
85198 18.27 91774 22.76 
78123 14.69 87923 18.64 
67798 11.52 81924 14.81 
53942 8.82 72656 11.36 
37532 6.56 58966 8.38 
20998 4.79 40842 5.97 
8416 3.49 21404 4.12 

2098 2.68 7004 3.00 
482 2.23 1953 2.36 

  

    
Things to think about: 

a Can you use the life table to estimate how many years you can expect to live? 

b Can you estimate the chance that a new-born boy or girl will reach the age of 15? 

¢ Can the table be used to estimate the chance that: 

i a 15 year old boy will reach age 75 

ii a 15 year old girl will not reach age 75? 

d In general, do males or females live longer? 

e An insurance company sells policies to people to insure them against death over a 30-year 

period. If the person dies during this period, the beneficiaries receive the agreed payout figure. 

Why are such policies cheaper to take out for a 20 year old than for a 50 year old? 

f How many of your classmates would you expect to be alive and able to attend a 30 year class 

reunion? 

g How do you think life tables would compare between countries?
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In the real world, we cannot predict with certainty what will happen in the future. Understanding the 

chance or likelihood of something happening is extremely useful for us to make decisions. 

In mathematics, the chance of an event occurring is assigned a number between 0 and 1 inclusive. We 

call this number a probability. 

An impossible event has 0% chance of happening, and is assigned the probability 0. 

A certain event has 100% chance of happening, and is assigned the probability 1. 

All other events can be assigned a probability between 0 and 1. 

This number line shows how we could interpret different probabilities: 

  

  

not likely likely 
to happen to happen 

0 0.5 1 

— ' 
impossible — ? T ? ™~ certain 

very unlikely equal chance of very likely 
to happen happening as not happening to happen 

We can determine probabilities based on: 

o the results of an experiment e what we theoretically expect to happen. 

Probability theory is applied in physical and biological sciences, economics, politics, sport, quality control, 

production planning, and many other areas. 

75 [T EXPERIMGNTAL PROBABILITY 
In experiments involving chance we use the following terms to talk about what we are doing and the 

results we obtain: 

e The number of trials is the total number of times the experiment is repeated. 

e The outcomes are the different results possible for one trial of the experiment. 

e The frequency of a particular outcome is the number of times that this outcome is observed. 

e The relative frequency of an outcome is the frequency of that outcome expressed as a fraction or 

percentage of the total number of trials. 

For example, when a small plastic cone was tossed into the air 

279 times it fell on its side 183 times and on its base 96 times. 

We say: 

e the number of trials is 279 

e the outcomes are side and base side base 

e the frequencies of side and base are 183 and 96 respectively 

o the relative frequencies of side and base are % ~ 0.656 and % ~ 0.344 respectively. 

In the absence of any further data, the relative frequency of each event is our best estimate of the 

probability of that event occurring. 

experimental probability = relative frequency
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In this case:  P(side) ~ the experimental probability the cone will land on its side when tossed 

~ 0.656 

P(base) =~ the experimental probability the cone will land on its base when tossed 

~ 0.344 

  INVESTIGATION 1 

You will need: 

At least one normal six-sided die with numbers 1 to 6 on its faces. Several dice WORKSHEET 

would be useful to speed up the experiment. 

What to do: 

1 List the possible outcomes for the uppermost face when the die is rolled. 

2 Discuss what you would expect the relative frequency of rolling a 2 to be when a die is rolled 

many times. 

3 Roll a die 20 times, and count the number of times a 2 is rolled. Hence, calculate the relative 

frequency of rolling a 2. 

4 Pool your results with another student, so in total you have data for 40 rolls. Calculate the 

relative frequency of rolling a 2 for 40 rolls. 

5 Use the simulation to roll a die 60, 100, 200, 300, 500, and 1000 times. SIMULATION 
In each case, calculate the relative frequency of rolling a 2. 

  

  

  

6 Plot a graph of relative frequency against the number Arelative frequency 

of rolls. What do you notice? 0.3 

7 What do you think will happen to the relative 

frequency of rolling a 2 as the number of rolls 0.2 
i ? increases? 01 

number of rolls             
00 200 400 600 800 1000 

The larger the number of trials, the more confident we are that the estimated probability is accurate. 

INVESTIGATION 2   

If a drawing pin tossed in the air finishes l we say it has finished on its back. If it 

finishes ) we say it has finished on its side. 

If two drawing pins are tossed 

simultaneously, the possible results ‘ t l ) ) ) 

are: 
two backs back and side two sides
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What to do: 

Obtain two drawing pins of the same shape and size. Toss the pair 80 times and record the 

outcomes in a table. 

Obtain relative frequencies (experimental probabilities) for each of the three outcomes. 

Pool your results with four other people using drawing pins with the same shape. Hence obtain 

experimental probabilities from 400 tosses. 

Which gives the more reliable probability estimates, your results or the whole group’s? Explain 

your answer. 

In some situations, such as in the Investigation above, experimentation is the only way of obtaining 

probabilities. 

EXERCISE 11A 

  

      

When a batch of 145 paper clips was dropped onto 6 cm 

by 6 cm squared paper, it was observed that 113 fell % 

completely inside squares and 32 landed on a grid line. @ on 

Find, to 2 decimal places, the experimental probability of 6em 

a clip falling: inside 

a inside a square b on a line. - 
6cm 

Jose surveyed the length of TV commercials (in seconds). Find. Length | Frequen Y g > 
to 3 decimal places, the experimental probability that the next TV   
commercial will last: 

a 20 to 39 seconds b at least one minute 

¢ between 20 and 59 seconds (inclusive). 

  

  

Betul records the number of phone calls she receives over 1o} frequency 

a period of consecutive days. 10 

a For how many days did the survey last? 8 

b Estimate the probability that tomorrow Betul will 6 

receive: 4 

i no phone calls 2 
il 5 or more phone calls 0 1 234050678 

i less than 3 phone calls. number of calls per day 

Pat does a lot of travelling in her car, and she keeps records on Days between 

how often she fills her car with petrol. The table alongside shows 

the frequencies of the number of days between refills. Estimate 

the probability that: 

a there is a four day gap between refills 48 
81 

b there is at least a four day gap between refills. 17 

6 

1 
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Example 1 LR R (T 

The table below shows the number of short-term visitors coming to Australia in the period 

April - June 2018, and the main reason for their visit. 

Short-Term Visitors to Australia 

Main reason for journey | April 2018 | May 2018 | June 2018 

Convention/conference 

Business 

Visiting friends/relatives 

Holiday 

Employment 

Education 

Other 

8300 14800 8800 

27200 33900 31900 

77500 52700 59900 

159300 119300 156 500 

4200 4300 5500 

9800 7900 12500 

35200 28000 33200 

321500 260900 308300 
  

Estimate the probability that a person who visits in June is on holiday. 

Estimate the probability that a person who came to Australia in the period April - June 2018 

arrived in May. 

Lars arrived in Australia in April, May, or June 2018 to visit his brother. 

probability that he arrived in April. 

  a P(on holiday in June) ~ 

~ 0.508 

Estimate the 

  

156 500 <—— number on holiday in June 

308 300 =<— total number for June 

b 321500 + 260900 + 308 300 = 890 700 short-term visitors arrived during the three months. 

260900 
P(arrives in May) ~ oo   ~ 0.293 

¢ 77500 + 52700 4+ 59900 = 190100 people came to Australia to visit friends or relatives 

during this period. 

-, P(arrived in April) ~   

~ 0.408 

77500 <—— number visiting friends or relatives in April 

190 100 <— total number visiting friends or relatives over April, May, and June 

  

5 The table shows data from a survey 

conducted at five schools to study the 

rate of smoking among 15 year old 

students. 

a Estimate the probability that a 

randomly chosen female 15 year 

old student at school € is a smoker. 

b Estimate the probability that a 

randomly chosen 15 year old 

student at school E is not a smoker. 

  

School | Number of 15 year olds | Number of smokers 

51 10 

36 42 9 6 

52 49 13 13 

28 33 9 10 

7 T N TV 
¢ Ifa 15 year old is chosen at random from the five schools, estimate the probability that he or 

she is a smoker. 
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6 This table describes the 2014/15 | 2015/16 | 2016/17 | 2017/18 complaints toustvod by 5 ason 

  

telecommunications Access 2545 1612 

ombudsman  concerning Billing 1822 3136 3582 

internet services over a Contracts 249 719 336 

four year period. 
Credit control S 118 136 

Customer Service 12 1181 1940 

Disconnection n/a 248 

Faults 86 79 120 384 

Privacy 93 86 57 60 

Provision 172 122 209 3 11 

Find the probability that a complaint received: 

  

a in 2016/17 was about customer service 

b at any time during the 4 year period was related to billing 

¢ in 2017/18 did not relate to either billing or faults. 

7 This table provides data on the daily maximum 

temperatures in Barcelona during summer. 

  

   

    

      
      

b Estimate the probability that on any summer day in Barcelona, the temperature will be 30°C 

or higher. 

Summer Temperatures 
in Barcelona 

a Estimate the probability that on an 

August day in Barcelona, the maximum 

temperature will be: 

i 35°C or higher 

i less than 30°C. 

¢ Itis a 40°C summer day in Barcelona. Estimate the probability that the month is July. 

I TWo-way Tasss 
Two-way tables are tables which compare two categorical variables. 

For example, the teachers at a school were asked which mode of transport they used to travel to school. 

Their responses are summarised in the table below. The variables are gender and mode of transport. 

    

  

13 female teachers catch the bus to school. 

In the following Example we will see how these tables can be used to estimate probabilities. To help us, 

we extend the table to include totals for each row and column.
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T O R (T 

People exiting a new ride at a theme park were asked 

  

  

whethef they liked or disliked the .rlde. The results are Liked the ride 

shown in the two-way table alongside. = o 
Disliked the ride 

Use this table to estimate the probability that a randomly 

selected person who went on the ride: 

a liked the ride b is a child and disliked the ride ¢ is an adult or disliked the ride. 

a 83 out of the 130 people surveyed liked the ride. 

  

We extend the table to include totals for each row 

and column. 

    

    
      

    

P(liked the ride) ~ £ ~ 0.638 In probability, “A or B” 
“AorB th”. 

b 17 of the 130 people surveyed are children who disliked the means "A or B or bo 
ride. 

  

P(child and disliked the ride) ~ 45 ~ 0.131 

¢ 28430417 =75 of the 130 people are adults or people who 

disliked the ride. 

P(adults or disliked the ride) ~ {2 ~ 0.577     
EXERCISE 11B 

1 The types of ticket used to attend a basketball 

game were recorded as people entered the 

stadium. The results are shown alongside. 

a What was the total attendance for the match? 

b One person is randomly selected to sit on the home team’s bench. Find the probability that the 

person selected is: 

i achild ii not a season ticket holder iii an adult season ticket holder. 

    

      

    

Not a season ticket holder 
  

2 Students at a school were asked whether they played a sport. 

e In the junior school, 131 students played a sport and 28 did not. 

o In the middle school, 164 students played a sport and 81 did not. 

e In the senior school, 141 students played a sport and 176 did not. 

a Copy and complete this table. Middle 

  

b Find the probability that a randomly selected student: 

i plays sport ii plays sport and is in the junior school 

il does not play sport and is in middle school or higher.
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3 A small hotel in London has kept a record of all Single | Double | Famil 

room bookings made for the year. The results - 

are summarised in the two-way table. Peak season 225 m 

a Estimate the probability that the next Off-peak season 292 

  

randomly selected booking will be: 

i in the peak season ii a single room in the off-peak season 

iii a single or a double room iv  during the peak season or a family room. 

b A randomly selected booking is in the off-peak season. Estimate the probability that it is a 

family room. 

¢ A randomly selected booking is not a single room. Estimate the probability that it is in the 

peak season. 

H|[0 SAMPLE SPACE AND EVENTS 
The sample space U is the set of all possible outcomes of an experiment. 

An event is a set of outcomes in the sample space that have a particular property. 

You should notice that we are applying the set theory we studied in Chapter 2: 

o the sample space is the universal set U 

e the outcomes are the elements of the sample space 

e cvents are subsets of the sample space. 

We can therefore list the outcomes in the sample space and in events using set notation, and illustrate 

them with a Venn diagram. 

COMPLEMENTARY EVENTS 

Two events are complementary if exactly one of the events must occur. 

If A is an event, then A’ is the complementary event of A, or “not A”. 

O AR (1118 

A normal six-sided die is rolled once. Let A be the event that a prime number is 

rolled. 

a Use set notation to list the outcomes in: 

i the sample space U ii A ili A 

  

  

b Draw a Venn diagram to illustrate the sample space. 

  

  a i U={1,234,56} b 
i A=1{23 75} 4 A 
i A= {1, 4, 6} 
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2-DIMENSIONAL GRIDS AND TREE DIAGRAMS 

When an experiment involves more than one operation we can still list the sample space. However, it is 

often more efficient to illustrate the sample space on a 2-dimensional grid or using a tree diagram. 

Example 4 ) Self Tutor 

Illustrate the possible outcomes when two coins are tossed using: 

a a 2-dimensional grid b a tree diagram. 
  

a coin 2 b 
A coinl coin2 possible outcomes 

HH 

HT 

TH 

TT 

T 

  

  

Notice in the Example that each outcome in the sample space {HH, HT, TH, TT} is represented by: 

e a point on the grid e a “branch” on the tree diagram. 

EXERCISE 11C 

1 List using set notation, the sample space for: 

a twirling a square spinner labelled A, B, C, D 

b spinning a wheel with sectors labelled with the numbers 1 to 8 

¢ the sexes of a 2-child family. 

2 One ticket is drawn from a box containing tickets labelled with the numbers 1 to 16 inclusive. 

a Write down the sample space U. 

b List the outcomes in the following events: 

i A = the ticket’s number is a multiple of 4 

il B = the ticket’s number is a perfect square. 

¢ Draw a Venn diagram to illustrate the sample space U and the events A and B. 

3 Tllustrate on a 2-dimensional grid the sample space for: 

a rolling a die and tossing a coin simultaneously 

b rolling two dice 

  

¢ rolling a die and spinning a spinner with sides A, B, C, D 

d twirling two square spinners, one labelled A, B, C, D and the other 1, 2, 3, 4. 

4 Tllustrate on a tree diagram the sample space for: 

a tossing a 5-cent and a 10-cent coin simultaneously 

b tossing a coin and twirling an equilateral triangular spinner labelled A, B, C 

¢ twirling two equilateral triangular spinners labelled 1, 2, 3, and X, Y, Z 

d drawing two tickets from a hat containing a large number of pink, blue, and white tickets.
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Use a tree diagram to illustrate the possible outcomes when this 

spinner is spun three times. 

    

     

  

     

Highlight the outcomes corresponding to the event “obtaining 

blue twice”. 

Let B represent blue and W represent white. 

1st spin 2nd spin 3rd spin  outcome Tree diagrams can be 

used when more than two 

B BBB operations are involved. 

e 
pam 

w < B—"Tw WBW 

v—p 

  

  
  

5 From the whole numbers 1 to 7, Adam and Bill each select a number. Illustrate the sample space 

on a 2-dimensional grid. Circle the outcomes in the event “Adam and Bill’s numbers are the same”. 

6 Suppose three coins are tossed simultaneously. Draw a tree diagram to illustrate the sample space. 

Highlight the outcomes corresponding to the event “getting at least 1 head”. 

The sample space when spinning the octagonal spinner shown is 

{1,2,3,4,5,6,7, 8}. 

BABILITY   

Since the spinner is symmetrical, we expect that each of the eight outcomes 

will be equally likely to occur. We say that the theoretical probability of 

any particular outcome occurring is 1 in 8, or %. 

If a sample space has n outcomes which are equally likely to occur when the experiment is performed 
g L . 

once, then each outcome has probability — of occurring. 
n 

Consider the event of spinning a prime number with the spinner above. Of the 8 possible outcomes, the 

four outcomes 2, 3, 5, and 7 all correspond to this event. So, the probability of rolling a prime number 

is 4 in 8, or %. 

When the outcomes of an experiment are equally likely, the probability that an event A occurs is: 

P(A) = number of outcomes correspondingto A n(A) 

" number of outcomes in the sample space  n(U)
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Ao 

A ticket is randomly selected from a basket containing 3 green, 4 yellow, and 5 blue tickets. 

Determine the probability of getting: 

  

a a green ticket b a green or yellow ticket 

¢ an orange ticket d a green, yellow, or blue ticket. 

  

There are 344+ 5 =12 tickets which could be selected with equal chance. 

a  P(G) b PGorY) ¢ PO d PG, Y orB) 
_ 3 _ 344 _ 0 _ 34445 

12 12 12 12 

= -% =0 - 
  

LY ) Self Tutor 

An ordinary six-sided die is rolled once. Determine the chance of: 

a gettinga 6 b not getting a 6 ¢ gettinga 1 or 2 d not getting a 1 or 2. 

The sample space is {1, 2, 3, 4, 5, 6}. 

a P(6) b P(nota 6) < P(1 or 2) d P(not a 1 or 2) 

=1 =P(1,23,4,0r5) =2 =P(3, 4,5, or 6) 
_s _1 4 

6 =3 6 
=2 
=3     

In Example 7,  notice that P(6) + P(nota 6) =1 

and that P(1 or 2) +P(nota 1 or2) =1. 

This is no surprise as “6” and “not a 6” are complementary events. It is certain that exactly one of the 

events will occur, and impossible for both of them to occur at the same time. 

Likewise, “1 or 2” and “not a 1 or 2” are complementary events. 

In general, P(A) + P(A) =1 

EXERCISE 11D 

1 A marble is randomly selected from a box containing 5 green, 3 red, and 7 blue marbles. Determine 

the probability that the marble is: 

a red b green ¢ blue 

d not red e neither green nor blue f green or red. 

2 A barrel contains tickets numbered from 1 to 200. If a ticket is selected at random, find the 

probability that the ticket number: 

a is even b is a multiple of 12 ¢ contains a 2.
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3 A giant spinner has 36 sectors labelled 1 to 36. Determine the probability that when it is spun, the 

arrow will land on a sector labelled with: 

a a multiple of 4 b a number between 6 and 9 inclusive 

¢ anumber greater than 20 d a multiple of 13 

e an odd number that is a multiple of 3 f 

g a multiple of both 4 and 6 h a multiple of 4 or 6, or both. 

a number containing a 1 

4 Find the probability that a randomly chosen person has his or her next birthday: 

a on a Tuesday b on a weekend ¢ in July 
@y d in January or February e in a month containing the letter “a’ 

5 a List the 8 possible 3-child families according to the gender of the children. For example, GGB 

means “the first is a girl, the second is a girl, the third is a boy”. 

b Assuming that each of these is equally likely to occur, determine the probability that a randomly 

selected 3-child family consists of: 

i all boys i all girls iii boy then girl then girl 

iv two girls and a boy v a girl for the eldest vi at least one boy. 

6 a List the 24 different orders in which four people A, B, C, and D may sit in a row. 

b Determine the probability that when the four people sit at random in a row: 

i A sits on one of the end seats ii B sits on one of the two middle seats 

iii A and B are seated together 

iv A, B, and C are seated together, not necessarily in that order. 

Example 8 «) Self Tutor 

  

Use a 2-dimensional grid to illustrate the sample space for tossing a coin and rolling a die 

simultaneously. Hence determine the probability of: 

a tossing a head b tossing a tail and rolling a 5 ¢ tossing a tail or rolling a 5. 
  

    

    
   

     
In probability, we take 

“a tail or a 5” to mean 

“a tail or a 5, or both”. 

  

  

There are 12 outcomes in the sample space. 

a P(head) =5 =1 b P(tailanda 5) = & ¢ 

¢ P(tail or a 5) = ;5 {the points in the shaded region}     
7 A 5-cent and a 20-cent coin are tossed simultaneously. 

a Draw the grid of the sample space. 

b Hence determine the probability of tossing: 

i two heads i two tails iii exactly one tail iv at most one tail.
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8 A coin and a pentagonal spinner with sectors 1, 2, 3, 4, 

and 5 are tossed and spun respectively. 

a Draw a grid to illustrate the sample space of possible 

  

outcomes. 

b Use your grid to determine the chance 

of getting: 

' a he.ad and a 5 “A head or a 4” means 
il atail and a prime number “a head or a 4, or both”. 

iii an even number 

iv aheadorad4. 

9 The 36 different possible results from rolling two dice are die 2 

illustrated on the 2-dimensional grid. 6‘ 

Use the grid to find the probability of rolling: 5 

a two 3s b abanda6 4 

¢ abora 6 (or both) d at least one 6 3 

e exactly one 6 f no sixes. 2 

1   
T2 3 45 ¢ del 

10 Two children A and B toss a coin to determine which of them will select a ticket from a bag. The 

bag contains two red tickets and one green ticket. 

a Which of these grids shows the sample space correctly? Discuss your answer. 

  

A child B child 
A 

A A 

B B 

red green ticket red red green ticket 

b Use the appropriate grid to find the probability that child B will select a green ticket. 

  

Example 9 

  

Display the possible results when two dice are rolled and the scores are added together. 

Hence find the probability that the sum of the dice is 7. 
  

die 2 Of the 36 possible combinations of scores from 

39 10 11 1 the two dice, six have the sum 7. 

the probability = 3= 

o
=
 

  

  

11 a Display the possible results when two dice are rolled and the scores are added together. 

b Hence find the probability that the sum of the dice is: 

i 11 it 6 ili 8or9 

iv less than 6 v greater than 8 vi no more than 8.
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12 a Display the possible results when two dice are rolled and the difference between the numbers 

is found. 

b Hence find the probability that the resulting value is: 

i 0 i 2 iii lor2 

iv. more than 3 v less than 3. 

13 The spinners alongside are spun, and the scores are 

multiplied together. 

a Display the possible results. 

b Hence find the probability that the result is: 

i 6 il less than 5 i odd. 

3 €1 TR 

In this Venn diagram, the universal set U is the children in a 

class. Each dot represents a student. The event B is that a 

student has blue eyes. Find the probability that a randomly 

selected child: 

a has blue eyes b does not have blue eyes. U 

  

  

      

n(U) =23, n(B)=28 

n(B) _ s 
n(U) 23 

8 15 / 
® () b P(not blue eyes) = nB) _ 1 

B B a P(blue eyes) = 

  

n(U) 23 

or P(not blue) =1 — P(blue eyes) =1 — & = 12 

  

  
14 In this Venn diagram, the universal set U is the sheep in a pen. 

Each dot represents a sheep. The event B is that a sheep has 

black wool. 

Find the probability that a randomly selected sheep: 

  

a has black wool b does not have black wool. 

15 1In a survey at an alpine resort, people were asked whether they B s 

liked skiing (S) or snowboarding (B). The results are shown in 

the Venn diagram. Find the probability that a randomly chosen @ 

person at the resort likes:   a both activities b neither activity 

¢ exactly one activity. 

16 This Venn diagram shows the number of students in a particular 

class who study Geography (G) and History (H). Find the G H 

probability that a randomly selected student in the class studies: 

a both of these subjects   b at least one of these subjects 

¢ only Geography.
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17 A group of 50 employees were surveyed regarding their 

interest in music, sport, and computers. The number 

of employees interested in each area is shown in the 

Venn diagram. 

If an employee is selected at random, determine the 

probability that they are: 

a interested in music 

b interested in music, sport, and computers 
computers ¢ not interested in computers. 

  

Example 11 ) Self Tutor 

  

In a class of 30 students, 19 study Physics, 17 study Chemistry, and 15 study both of these subjects. 

a Display this information on a Venn diagram. 

b Hence determine the probability that a randomly selected student from this class studies: 

i both subjects i at least one of the subjects 

ili Physics but not Chemistry iv exactly one of the subjects 

v neither subject. 

a Let P represent the event “the student studies Physics” 

and C' represent the event “the student studies Chemistry”. 

n(PNC)=15 
n(PNC')=19—15=4 @ 

and n(P’NC)=17-15=2 

L on(P'NC)=30-15-4—-2=9 U ) 

b i P(studies both) il P(studies at least one subject) iii P(P but not C) 
_ 15 _ 441542 -y 
~ 30 — 730 30 

2 
15 

  

_1 _ _ 
-2 — 10 

iv P(studies exactly one) v P(studies neither) 
_ 442 _ 9 
= 730 =3 Sl

 

3 
10 =

   
18 50 married men were asked whether they gave their wife 

flowers or chocolates for her last birthday. 31 gave chocolates, 

12 gave flowers, and 5 gave both chocolates and flowers. 

a Display this information on a Venn diagram. 

b If one of the married men was chosen at random, 

determine the probability that he gave his wife: 

i chocolates or flowers 

ii  chocolates but not flowers 

iii neither chocolates nor flowers. 
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19 

21 

23 

In a class of 40 students, 19 play tennis, 20 play netball, and 8 play neither of these sports. A 

student is randomly chosen from the class. Determine the probability that the student: 

a plays tennis b does not play netball 

¢ plays at least one of the sports d plays exactly one of the sports 

e plays netball but not tennis. 

The medical records for a class of 30 children showed that 24 had previously had measles, 12 had 

previously had measles and mumps, and 26 had previously had at least one of measles or mumps. 

If one child from the class is selected at random, determine the probability that he or she has had: 

a mumps b mumps but not measles ¢ neither mumps nor measles. 

In this Venn diagram, U is the set of all 60 members of a 

club. 

The members indicate their liking for Chinese (C), 

Ttalian (I), and Thai (") food. 

a Find the value of k. 

b Find the probability that a randomly chosen member 

likes: 

  

i only Italian ii Italian and Thai 

iii  none of these foods iv  at least one of these foods 

v all of these foods vi Chinese and Italian, but not Thai 

vii Thai or Italian viil exactly one of these foods. 

  

As a group bonding project, 50 delegates at a 

European conference were asked what languages 

they had conversations in at lunch time. The data 

collected is summarised alongside. 

Languages Delegates 

English only 

French only 

Spanish only 
a Construct a Venn diagram to display the . 

English and French only 

  

information. ) ; 

b Find the probability that a randomly selected English and Span.lsh only 
delegate had a conversation in: French and Spanish only 

i English ii French English, French, and Spanish 

iii Spanish, but not in English 

iv. French, but not in Spanish v French, and also one in English. 

The Venn diagram opposite indicates the types of programs 

a group of 40 individuals watched on television last night. M 

M represents movies, S represents sports, and 

D represents dramas. 

a Given that 10 people watched a movie last night, % 

calculate a and b. @ a 

b Find the probability that one of these individuals, 

selected at random, watched: 

i sport ii  drama and sport (9) 

iii a movie but not sport 

iv drama but not a movie 

v drama or a movie.
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DISCUSSION 

Three children have been tossing a coin in the air and recording the outcomes. They have done this 

10 times and have recorded 10 tails. Before the next toss they make these statements: 

Jackson:  “It’s got to be a head next time!” 

Sally: “No, it always has an equal chance of being a head or a tail. The coin cannot remember 

what the outcomes have been.” 

Amy: “Actually, I think it will probably be a tail again, because I think the coin must be biased. 

It might be weighted so it is more likely to give a tail.” 

Discuss the statements of each child. Who do you think is correct? 

I3 [MAKING PREDICTIONS USING PROBABILITY 
In Section A we saw that if we perform an experiment a number of times, then the experimental 

probability of an event occurring is 

experimental probability = relative frequency of event 

number of times event occurs 

number of trials 

So, we start with an experiment and use it to generate a probability. In the study of expectation, we go 

the other way. 

Rearranging the equation, we obtain: 

number of times event occurs = experimental probability x number of trials. 

However in this case, we use a theoretical probability to predict the results. 

If there are n trials of an experiment, and an event has probability p of occurring in each of the trials, 

then the number of times we expect the event to occur is np. 

In most cases, the expected value np will not be an integer. It will therefore be impossible to actually 

get the “expected” value. Is this a problem? 

Example 12 ) Self Tutor 

In his basketball career, Michael Jordan made 83.53% of shots from the free throw line. If he had 

played one more game and had 18 attempts from the free throw line, how many shots would you 

expect him to have made? 

  

n = 18 throws 

p = P(successfully makes free throw) = 0.8353 

We would expect him to have made np = 18 x 0.8353 ~ 15 shots. 
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EXERCISE 11E 

1 A goalkeeper has probability % of saving a penalty attempt. How many goals would he expect to 

save from 90 attempts? 

2 The coach of a lacrosse team has calculated that Brayden scores on about 23% of his attempts at 

goal. If Brayden has 68 attempts to score this season, how many times would you expect him to 

score? 

3 a If 2 coins are tossed, what is the chance that they 

both fall heads? 

b If the 2 coins are tossed 200 times, on how many 

occasions would you expect them to both fall heads? 

4 During the snow season there is a % probability of snow 

falling on any particular day. If Udo skis for five weeks, 

on how many days could he expect to see snow falling? 

  

5 If two dice are rolled simultaneously 180 times, on how many occasions would you expect to get a 

double? 

6 In a pre-election poll, residents indicated their voting intentions. The number B 

of voters that favoured each candidate A, B, and C are shown alongside. 165 

a Estimate the probability that a randomly chosen voter in the electorate 

will vote for: 

i A ii B i C. 

b If 7500 people vote in the election, how many do you expect to vote for: 

i A ii B i C? 

I3 I THE ADDITION LAW OF PROBABILITY 
We now more carefully consider compound events where there is more than one event in our sample 

space. This may be because the experiment has more than one process, or because we are interested in 

more than one property of the outcome. 

Suppose there are two events A and B in a sample space U. Following set notation: 

e The event that both A and B occur is written A N B, and read as “A intersection B”. 

e The event that A or B or both occur is written A U B, and read as “A union B”. 

INVESTIGATION 3 

In this Investigation we look for a formula connecting the probabilities for P(A N B) and P(A U B). 

What to do: 

1 Suppose U = {z |z is a positive integer less than 100}. 

Let A= {multiplesof 7in U} and B = {multiples of 5 in U}. 

a How many elements are there in: 

i A ii B iii ANB iv AUB? 

b Show that n(AUB) =n(A) +n(B) —n(ANB).
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2 By comparing regions of the Venn diagram, verify that for 

all sets A and B in a universal set U: A @ B 

n(AUB) =n(A) +n(B) —n(ANB) 

  U 

3 By dividing both sides of the above equation by n(U), establish the connection between 

P(AUB) and P(A) + P(B) — P(ANB). 

From the Investigation you should have discovered the addition law of probability: 

For two events A and B, P(AUB) =P(A) +P(B) —P(AN B) 

which means: P(either A or B or both) = P(A) + P(B) — P(both A and B).   

Example 13 O AR (T8 

If P(A) =06, P(AUB) = 0.7, and P(ANB) = 0.3, find P(B). 
  

P(AU B) = P(A) + P(B) — P(AN B) 
. 0.7=0.6+P(B)—0.3 

  

  

- P(B) =04 

If A and B are disjoint mutually exclusive events 

then P(AN B) =0 and so the addition law becomes 

P(AU B) = P(A) + P(B). 
U A B 

Example 14 ) Self Tutor 

  

30 students were given a History test. 7 students scored an A and 11 students scored a B. 

A student is randomly selected. Let A be the event that the student scored an A, and B be the 

event that the student scored a B. 

a Are A and B mutually exclusive? 

b Find: 

i P(4) ii P(B) ili. P(ANB) iv P(AUB) 

  

a It is impossible for a student to score both an A and a B for the test. 

A and B are mutually exclusive. 

b i PA)=45 i PB)=4 

i P(ANB)=0 iv P(AUB)=P(A)+P(B) 
{A and B are mutually exclusive} _ 3_7O + ;1;—5 

e
l
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EXERCISE 11F 

1 If P(A)=02, P(B)=04, and P(ANB)=0.05, find P(AUB). 

If P(A) =04, P(AUB) =09, and P(ANB) =0.1, find P(B). 

If P(X)=06, P(Y)=05 and P(XUY) =09, find P(XNY). 

s
 
W
D
 

Suppose P(A) =0.25, P(B) =0.45, and P(AUB) =0.7. 

a Find P(ANB). b What can you say about A and B? 

5 A and B are mutually exclusive events. 

If P(B)=0.45 and P(AUB)=0.8, find P(A). 

6 Tickets numbered 1 to 15 are placed in a hat, and one ticket is chosen at random. Let A be the 

event that the number drawn is greater than 11, and B be the event that the number drawn is less 

than 8. 

a Are A and B mutually exclusive? 

b Find: 1 P(4) ii P(B) iii P(AUB). 

7 A class consists of 25 students. 

11 students are fifteen years old (F). 

12 students are sixteen years old (.5). 

8 students own a dog (D). 

7 students own a cat (C). 

4 students do not own any pets (V). 

A student is chosen at random. If possible, find: 

a P(F) b P(5) ¢ P(D) d P(C) e P(N) 

f P(FUS) g P(FUD) h P(CUN) i P(CUD) i P(DUN) 

  

8 Suppose A and B are mutually exclusive, and that A’ and B’ are mutually exclusive. Find P(A U B). 

[N INDEPENDENT EVENTS 
Two events are independent if the occurrence of each event does not affect the occurrence 

of the other. 

INVESTIGATION 4   

In this Investigation we seek a rule for calculating P(A N B) for two independent ~ WORKSHEET 

events A and B. 

What to do: 

1 Suppose a coin is tossed and a die is rolled at the same time. 

a Does the outcome of the coin toss affect the outcome of the die roll, or vice versa? 

b Draw a 2-dimensional grid to show the possible outcomes of the experiment.
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¢ Copy and complete this table of probabilities for different events A and B: 

[ 5 [ 
ii odd number 

iiii il | number greater than 1 

iv i number less than 3 

  

2 Consider randomly selecting a ball from each of the boxes ee 

alongside. 

N a Does the outcome of the draw from either box affect the 

occurrence of the other? 

b Draw a 2-dimensional grid to show the possible outcomes of the experiment. 

¢ Copy and complete this table of probabilities for different events A and B: 

  

A B P(4) | P(B) | P(ANB) 
  

i | green from box X | red from box Y 

ii | green from box X | white from box Y 

iii | blue from box X red from box Y 

iv [ blue from box X | white from box Y 
  

3 For independent events A and B, what is the connection between P(AN B), P(A), and P(B)? 

From the Investigation you should have concluded that: 

If A and B are independent events, then P(A N B) = P(A) x P(B). 

This rule can be extended for any number of independent events. 

For example: If A, B, and C are all independent events, then 

P(ANBNC)=P(A4) x P(B) x P(C). 

  

  

       
     

A coin is tossed and a die is rolled simultaneously. Determine the 

probability of getting a head and a 3, without using a grid. 
  

    P(a head N a 3) = P(H) x P(3) {events are independent}
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EXERCISE 11G 

1 Each of these spinners is spun once. Find the 

probability of spinning: 

a green with spinner 1 and white with 

spinner 2 

b black with both spinners. 

  

Spinner 1 Spinner 2 

2 A coin is tossed 3 times. Determine the probability of getting the following sequences of results: 

a head, head, head b tail, head, tail. 

3 A school has two photocopiers. On any given day, machine A has an 8% chance of malfunctioning 

and machine B has a 12% chance of malfunctioning. Determine the probability that on any given 

day, both machines will: 

a malfunction b work effectively. 

4 Two marksmen fire at a target simultaneously. Jiri hits the target 70% of the time and Benita hits it 

80% of the time. Determine the probability that: 

a they both hit the target b they both miss the target 

¢ Jiri hits but Benita misses d Benita hits but Jiri misses. 

5 An archer hits the bullseye on average 2 out of every 5 shots. If 3 arrows are fired at the target, 

determine the probability that the bullseye is hit: 

a every time b the first two times, but not on the third shot 

€ on no occasion. 

Example 16 

Carl is not having much luck lately. His car will only start 80% of the time and his motorbike will 

only start 60% of the time, independently of one another. 

  

  

a Draw a tree diagram to illustrate this situation. 

b Use the tree diagram to determine the chance that on the next attempt: 

i both will start ii Carl can only use his car. 
  

a Let C be the event that Carl’s car starts, and M be the event that his motorbike starts. 

  

car motorbike  outcome probability 

06 . M CandM  0.8x0.6 = 048 The probability of each 
C < outcome is obtained by 

0.8 04 M Cand M’ 0.8x0.4 =032 multiplying the 
probabilities along its 

0.2 o %: M C'andM  0.2x0.6=0.12 branch. 

0.4 M’ C'and M’ 0.2x0.4 = 0.08 

total 1.00 

b i P(both start) i P(car starts and motorbike does not) 

=P(CNM) =P(CNM) 

=0.8x%x0.6 =0.8%x0.4 

=0.48 =0.32    



270  PROBABILITY (Chapter 11) 

6 For a particular household, there is a 90% chance that at the end of the week the rubbish bin is full, 

and a 50% chance that the recycling bin is full, independently of one another. 

a Draw a tree diagram to illustrate this situation. 

b Find the probability that at the end of the week: 

i both bins are full il the recycling bin is full but the rubbish bin is not. 

I O R (T 

Liam rolls a six-sided die twice. Determine the probability that exactly 1 four is rolled. 

  

Let A be the event that a four is rolled on the first roll, and B be the event that a four is rolled on 

the second roll. 

    

  

   

      

1st roll 2nd roll P(1 four) 

[ —P(ANB')+P(A'NB) 
1 A<B/ v =% x2+2x1 {branches marked v} 

6 _ 5 . b < 1 =36 T3 
e A <6: B v _ 10 A If more than one 

36 outcome corresponds 
% B = % ) to an event, add the 

& 
V 

probabilities of these 

outcomes.          
  

7 Two baskets each contain 5 red apples and 2 green apples. Celia chooses an apple at random from 

each basket. 

a Draw a tree diagram to illustrate the possible outcomes. 

b Find the probability that Celia chooses: 

i two red apples i one red and one green apple. 

8 One ball is drawn from each of the bags shown. 

a Draw a tree diagram to illustrate this situation. 

b Find the probability that: 

i 3 blue balls are drawn 

il green balls are drawn from bags Y and Z 

iii at least one blue ball is drawn. bag X bag ¥ bag 2 

9 The diagram shows a simple electrical network. — 

Each symbol —"+— represents a switch. A B 

All four switches operate independently, and the o 

probability of each one of them being closed is p. 

a In terms of p, find the probability that the current flows from A to B. 

b Find the least value of p for which the probability of current flow is at least 0.5. 

10 Kane plays 3 matches in a darts challenge, alternating between Penny and Quentin as his opponents. 

Kane must win 2 matches in a row to win the challenge. He is allowed to choose which opponent 

he plays first. He knows that Penny is the better darts player. 

Which strategy should Kane use to maximise his chances of winning the challenge? Justify your 

answer.
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CHEE DEPENDENT EVENTS 
Suppose a hat contains 5 red and 3 blue tickets. One ticket is randomly chosen, its colour is noted, and 

it is then put aside and so not put back in the hat. A second ticket is then randomly selected. What is 

the chance that it is red? 

  

4 «— 4 reds remaining 
If the first ticket was red, P(second isred) =2 7 to choose from 

5 «—— O reds remaining 
If the first ticket was blue, P(second isred) = 27" 7 to choose from 

The probability of the second ticket being red depends on what colour the first ticket was. We therefore 

have dependent events. 

Two or more events are dependent if the occurrence of one of the events 

does affect the occurrence of the other events. 

Events are dependent if they are not independent. 

If A and B are dependent events then 

P(AN B) = P(A) x P(B given that A has occurred). 

In general, when an experiment involves sampling: 

e without replacement we have dependent events 

e with replacement we have independent events. 

Not all scenarios we study involve sampling. However, they may still involve dependent events. 

For example, the event Pahal walks to school today is dependent on the event it will rain today. 

Example 18 

A box contains 4 red and 2 yellow tickets. Two tickets are randomly selected from the box one 

by one without replacement. Find the probability that: 

  

    
      
      

a both are red b the first is red and the second is yellow. 

P(both red) 

= P(first selected is red N second is red) 

= P(first selected is red) x P(second is red given that the first is red) 

L— 4 reds out of a total of 6 tickets 

3 

x5 

  

If a red is drawn first, 3 reds remain out of a total of 5. 

b P(first is red N second is yellow) 

= P(first is red) x P(second is yellow given that the first is red) 

4 reds out of a total of 6 tickets 

=4 x 2«——Ifared is drawn first, 2 yellows remain out of a total of 5. 

4 
15   
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EXERCISE 11H 

1 A box contains 7 red and 3 green balls. Two balls are drawn one after another from the box without 

replacement. Determine the probability that: 

a both are red b the first is green and the second is red. 

2 A bag contains 4 blue and 6 white tokens. Two tokens are drawn from the bag one after another, 

without replacement. Find the probability that: 

a both are blue b the first is blue and the second is white. 

ORI 

A hat contains 20 tickets numbered 1, 2, 3, ...., 20. If 

three tickets are drawn from the hat without replacement, 

determine the probability that they are all prime numbers. 

  

          

In each fraction, the numerator is the 

number of outcomes in the event. 

The denominator is the total number 

of possible outcomes. 

{2, 3,5, 7,11, 13, 17, 19} are primes. 

  

   
8 of the 20 numbers are primes. 

P(3 primes) 

= P(1st drawn is prime N 2nd is prime N 3rd is prime) 

  

8 primes out of 20 numbers 

X 1—79 <——— 7 primes out of 19 numbers after a successful first draw 

X % <— 6 primes out of 18 numbers after two successful draws 

~ 0.0491     
  

3 A box contains 12 identically shaped chocolates of which . 
Drawing three chocolates 

8 are strawberry creams. Three chocolates are selected simulianeousty implies 

simultaneously from the box. Determine the probability there is no replacement. 
that: 

a they are all strawberry creams 

b none of them are strawberry creams. 

  

4 A lottery has 100 tickets which are placed in a barrel. Three tickets are drawn at random from the 

barrel, without replacement, to decide 3 prizes. If John has 3 tickets in the lottery, determine his 

probability of winning: 

a first prize b first and second prize ¢ all 3 prizes d none of the prizes. 

5 A hat contains 7 names of players in a tennis squad including the captain and the vice captain. If 

a team of three is chosen at random by drawing the names from the hat, determine the probability 

that it does not contain: 

a the captain b the captain or the vice captain. 

6 Two students are chosen at random from a group of two girls and five boys, all of different ages. 

Find the probability that the two students chosen will be: 

a two boys b the eldest two students.
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3 €1 TR 1] 

Two boxes each contain 6 petunia plants. Box A contains 

2 plants with purple flowers and 4 plants with white 

flowers. Box B contains 5 plants with purple flowers and 

1 plant with white flowers. A box is selected by tossing 

a coin, and one plant is removed at random from it. 

Find the probability that the plant: 

a was taken from box A and has white flowers 

  

b has purple flowers. 

  

  
Box A Box B a P(from box A N white flowers) 

W 14 O v | ivd 
S 

box flower g 

: .p v b P(purple flowers) 

1 .4 s =P(ANP)+P(BNP) 

: ix2+1x2  {branches marked v'} 
e _ % 5 6 P v =5 

1 w 

7 a Copy apd complete this tree diagram about Navy %: officer 
people in the armed forces. other rank 

b Find the probability that a member of the armed 0-22 

forces: 04T, Army < officer 

i is an officer 0.85 = other rank 

ii is not an officer in the navy 021 . officer 

il is not an army or air force officer. Air Force < other rank 

8 Of the students in a class playing musical instruments, 60% are female. 20% of the females and 

30% of the males play the violin. 

Find the probability that a randomly selected student: 

a is male and does not play the violin b plays the violin. 

9 The probability of rain tomorrow is % If it rains, Mudlark will start favourite in the horse race, 

with probability % of winning. If it is fine, Mudlark only has a 1 in 20 chance of winning. 

a Display the sample space of possible results for the horse race on a tree diagram. 

b Hence determine the probability that Mudlark will win tomorrow. 

10 Machine A makes 40% of the bottles produced at a factory. Machine B makes the rest. Machine A 

spoils 5% of its product, while machine B spoils only 2%. Using an appropriate tree diagram, 

determine the probability that the next bottle inspected at this factory is spoiled.
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11 The English Premier League consists of 20 teams. Tottenham is currently in 8th place on the table. 

It has 20% chance of winning and 50% chance of losing against any team placed above it. If a team 

is placed below it, Tottenham has a 50% chance of winning and a 30% chance of losing. Find the 

probability that Tottenham will draw its next game. 

12 Three bags contain different numbers of blue and 

red marbles. 

A bag is selected using a die which has three A 

faces, two B faces, and one C face. One marble is 

then randomly selected from the bag. 

A B C Determine the probability that the marble is: 

a blue b red. 

ECIITEN ) Self Tutor 
A bag contains 10 balls. 6 balls are black and 4 balls are white. Three balls are drawn from the 

bag without replacement. Determine the probability that 1 black ball is drawn. 

  

  

Let B represent drawing a black ball and W represent drawing a white ball. 

first ball second ball third ball 

8 B 

5 B < 
2 3 w P(1 black ball) 

. B s g — P(BWW) + P(WBW) + P(WW B) 

> PV—__,, =HEO+HEE+EEE 
i {branches marked v} 
3 B 

10 9 2 Wy =3 

b 6 
3 3 B v 
2 w 

2 w     
  

13 In a class of 25 students, 11 students participate in extra-curricular activities. Suppose 3 students 

are randomly selected to be on the student representative council. Find the probability that at least 

two students selected for the council also participate in extra-curricular activities. 

14 A standard deck of playing cards contains 52 cards. Four cards are drawn from a well-shuffled deck 

without replacement. Find the probability that: 

  

a two red cards are drawn b at least one black card is drawn. 

NeL\AIA @ 

Poélya’s urn is a statistical model devised by the Hungarian mathematician POLYA'S URN 

George Polya (1887 - 1985). 

Click on the icon to obtain this Activity.
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[ I CONDITIONAL PROBABILITY 
This Venn diagram shows the numbers of students in a class 

who study Italian (I) and French (F). I F 

  

Suppose a student is randomly selected from the class and 

it is found that the student studies French. 

We can determine the probability that this student also 

studies Ttalian. We call this a conditional probability 

because it is the probability of I occurring on the condition 

that F' has occurred. 

  v W 

g «— number of students who study Italian and French 

P(I given that F has occurred) = 35~ number of students who study French 

For events A and B, we use the notation “A | B” to represent the event “A given that B has occurred”. 

n(AnN B) 

n(B) 

If the outcomes in each of the events are equally likely, notice that: 

n(ANB 

n(ANB) _ Aflfir) __ P(ANB) 
n(B) n(B) P(B) 

P(A | B) = 

  

This gives us the conditional probability formula: 

P(A|B):$ 

EXERCISE 111 

1 Find P(A|B) if: 

a P(ANB)=0.1 and P(B)=04 b P(A)=0.3, P(B)=04, and P(AUB) =0.5 

¢ A and B are mutually exclusive. 

2 The probability that it is cloudy on a particular day is 0.4. The probability that it is cloudy and 

rainy on a particular day is 0.2. Find the probability that it will be rainy on a day when it is cloudy. 

3 In a group of 50 students, 40 study Mathematics, 32 study Physics, and each student studies at least 

one of these subjects. 

a Use a Venn diagram to find how many students study both subjects. 

b If a student from this group is randomly selected, find the probability that he or she: 

i studies Mathematics but not Physics 

ii studies Physics given that he or she studies Mathematics. 

4 Out of 40 boys, 23 have dark hair, 18 have brown eyes, and 26 have dark hair, brown eyes, or both. 

a Draw a Venn diagram to display this information. 

b One of the boys is selected at random. Determine the probability that he has: 

i dark hair and brown eyes ii brown eyes given that he has dark hair.
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5 50 hikers participated in an orienteering event during summer. 23 were sunburnt, 22 were bitten by 

ants, and 5 were both sunburnt and bitten by ants. 

a Draw a Venn diagram to display this information. 

b Determine the probability that a randomly selected hiker: 

i avoided being bitten i was bitten or sunburnt (or both) 

iii was bitten given that he or she was sunburnt 

iv was sunburnt given that he or she was not bitten. 

  

Example 22 ) Self Tutor 

In a town, 25% of the residents own a cat, 55% own a dog, and 30% do not own either animal. 

a Draw a Venn diagram to describe the situation. 

b Find the probability that a randomly selected resident: 

i owns a cat given that they own a dog 

ii does not own a dog given that they own a cat. 

  

  

  

    

a Let C represent residents who own a cat 

and D represent residents who own a dog. ¢ D 

Let the proportion of residents in C'ND be x. 

the proportion in C'ND’ is 0.25— 2 and the 

proportionin ¢’ N D is 0.55 — z. o (0.3) 

The proportion in ¢’ N D’ is 0.3. 

o (025 —z)+ x4+ (0.55 — ) =0.7 c D 

08—z=0.7 

L zr=01 

U (0.3) 

s P(CND - P(D'NnC b |P(C\D)=fi i P(D’\C):% 

0.1 0.15 

~ 055 ~ 025 
~ 0.182 =0.6     

6 400 families were surveyed. It was found that 90% had a TV set and 80% had a computer. Every 

family had at least one of these items. One of the families is randomly selected, and it is found that 

they have a computer. Find the probability that they also have a TV set. 

7 1In a certain town three newspapers are published. 20% of the 

population read A, 16% read B, 14% read C, 8% read A and B, 5% 

read A and C, 4% read B and C, and 2% read all 3 newspapers. A 

person is selected at random. Use a Venn diagram to help determine 

the probability that the person reads: 

a none of the papers b at least one of the papers ¢ slf‘k%usmmfig g 

¢ exactly one of the papers d A or B (or both) 

  
e A, given that the person reads at least one paper 

f C, given that the person reads either A or B or both.



PROBABILITY (Chapter 11) 277 
  

  

  

The top shelf in a cupboard contains 3 cans of pumpkin soup and 2 cans of chicken soup. The 

bottom shelf contains 4 cans of pumpkin soup and 1 can of chicken soup. Lukas is twice as likely 

to take a can from the bottom shelf as he is from the top shelf. 

Suppose Lukas takes one can of soup without looking at the label. Find the probability that it: 

a is chicken b was taken from the top shelf given that it is chicken. 
  

  
Let T represent the top shelf, B represent the bottom shelf, P represent the pumpkin soup, and 

C represent the chicken soup. 

  

shelf soup a P(C) b P(T'| O) 

E P =P(T'NC)+P(BNO) _PkTnOo) 

1 4 < branch (@)  branch 2) FC) = ranc ranc 

E 2 cQ@ L2+ branch O 
_1g2.21 _3%5 

4 =3X§5t35XxX3 . 5 
2 5 P A 5 rom a 
3 B < =15 _1 

2 r~co - 
  

10 

1 

Urn A contains 2 red and 3 blue marbles, and urn B contains 4 red and 1 blue marble. Peter selects 

an urn by tossing a coin, and takes a marble from that urn. 

a Determine the probability that the marble is red. 

b Given that the marble is red, what is the probability that it came from urn B? 

When Greta’s mother goes shopping, the probability that she 

takes Greta with her is % When Greta goes shopping with her 

mother she gets an ice cream 70% of the time. When Greta 

does not go shopping with her mother she gets an ice cream 

30% of the time. 
Determine the probability that: 

  

a when Greta’s mother goes shopping, she buys Greta an 

ice cream 

b Greta went shopping with her mother, given that her mother buys her an ice cream. 

On a given day, machine X has a 10% chance of malfunctioning and machine Y has a 7% chance 

of the same. 

a Last Thursday exactly one of the machines malfunctioned. Find the probability that it was 

machine X. 

b At least one of the machines malfunctioned today. Find the probability that machine Y 

malfunctioned. 

Bags A and B each contain red and green balls. In bag B, the ratio of red balls to green balls is 

1:4. 

When a bag is randomly selected and a ball is randomly chosen from it, the probability that the ball 

is red is 1. 

Find the proportion of red balls in bag A.
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ACTIVITY 2 

The Monty Hall problem is a mathematical paradox first posed by Steve Selvin to the American 

Statistician in 1975. It became famous after its publication in Parade magazine in 1990. The 

problem is named after the original host of the American television game show Lets Make a Deal, 

on which the problem is loosely based. 

The problem as posed in Parade reads: 

Suppose you're on a game show, and you're given the choice of three doors: Behind one 

door is a car; behind the others, goats. You pick a door, say No. 1, and the host, who 

knows what's behind the doors, opens another door, say No. 3, which has a goat. He then 

says to you, “Do you want to switch your choice to door No. 2?” Is it to your advantage 

to switch your choice? 

What to do: 

1 Draw a tree diagram to represent the problem. 

Let C represent the event that a contestant’s 

choice is correct, and C’ represent the event that 

the choice is incorrect. 

2 Find the probability that: 

a the contestant’s first choice has the car 

  

  

              

  

  

b the contestant’s second choice has the car 

given they decide to change their guess. 

3 Suppose this game is being played in front of a live studio audience. One of the audience 

members arrives late, so when they enter the room, they see two closed doors and the third 

(incorrect) door open. They do not know the contestant’s original choice. 

a If this audience member is asked to choose a door, what is the probability they will choose 

the one with the car? 

b Explain why the contestant has an advantage over this audience member. 

ACTIVITY 3 

Invented by Walter Penney in 1969, Penney’s Game is a 2-player coin tossing game. PENNEY'S GAME 

  

Click on the icon to obtain this Activity. 

I INFORMAL DEFINITION OF INDEPENDENCE 
In Section G we saw that two events are independent if the occurrence of each event does not affect the 

probability that the other occurs. We can write this definition more formally using conditional probability 

notation: 

A and B are independent events if the occurrence of each one 

of them does not affect the probability that the other occurs. 

This means that P(A | B) =P(A | B') =P(4) 

and that P(B | A) =P(B | A") =P(B).
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Using P(ANB) =P(A| B)P(B) we see that 

< means 
“if and only if”. 

A and B are independent events < P(ANB) = P(A4)P(B) 

which is the result we saw earlier. 

  

  

Suppose P(A) = 2, P(B|A) =41, and P(B|A) = 1. 

a Find P(B). 
b Are A and B independent events? Justify your answer. 

  

  

P(BNA) =P(B| A)P(A) P(BNA') =P(B|A)P(A) 

- 423 ~1x3 
=2 =3 

15 20 

  

the Venn diagram is: 

    U 

a PB)==%+5=1 

  

b P(B) #P(B | A), so A and B are not independent events.     
EXERCISE 11) 

1 Suppose P(R) = 0.4, P(S) =0.5, and P(RUS) = 0.7. Are R and S independent events? 
Justify your answer. 

2 Suppose P(A) =2, P(B) =1, and P(AUB) = 1. 

a Find: 

i P(ANB) ii P(B|A) iii P(A|B) 

b Are A and B independent events? Justify your answer. 

3 Suppose P(X) = 0.5, P(Y) = 0.7, and that X and Y are independent events. Determine the 

probability of the occurrence of: 

a both X and Y b X orY or both ¢ neither X nor Y 

d X butnotY e X given that Y occurs. 

4 A and B are independent events. Prove that A’ and B’ are also independent events. 

5 Suppose A and B are independent, mutually exclusive events, and that P(A4) = 

o
 Find P(B).
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6 Suppose P(ANB) =0.1 and P(ANDB’) = 0.4. Given that A and B are independent, find 

P(AUDB). 

7 Suppose P(C) ==, P(D|C) =1, and P(D|C’) = 1. 20° 

a Find P(D). b Are C and D independent events? Justify your answer. 

8 What can be deduced if ANB and AU B are independent events? 

CAMENT BAYES THEOREM 
HISTORICAL NOTE 

Bayes’ theorem is named after Reverend Thomas Bayes (1701 - 1761) 

who was an English statistician, philosopher, and Presbyterian minister. 

Bayes first described a special case of the theorem in “An Essay towards 

solving a Problem in the Doctrine of Chances” which was posthumously 

published in 1764. 

  

Despite being attributed to Thomas Bayes, most of the work on 

the theorem and its interpretation was actually done by French 

mathematician Pierre-Simon Laplace. 

  

Today, Bayes’ theorem lies at the heart of a field of statistics called 

Bayesian statistics. Reverend Thomas Bayes 

In Section I, we saw the conditional probability formula: P(A | B) = % (1) 

Notice that we can also write: P(B|A) = PAnB) 
P(4) 

. P(ANB)=P(B|A)P(4) .. (2) 

o . . P(B | A)P(A) 
Now substituting (2) into (1) gives: PA|B) = ————~= 

P(B) 

This result is known as Bayes’ theorem. 

PARTITIONS OF THE SAMPLE SPACE 

For any event A and its complement A’: 

e Aand A’ are mutually exclusive,so ANA =& 

e AUA' =U, the sample space. 

We say that A and A’ partition the sample space, and we can represent 

this on a Venn diagram as shown. 
A A’
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For any other event B in the sample space U, 

P(B) =P(BN A)+P(Bn A’ ‘” 
=P(B|A)P(A)+P(B|A")P(A) 

So, Bayes’ theorem can alternatively be written as: 

P(B | A)P(A) 
PAIB) = B TA @A) LB | A)PA) 
  

Example 25 LR R 

A can contains 4 blue and 2 green marbles. One marble is randomly drawn from the can without 

replacement, and its colour is noted. A second marble is then drawn. Find the probability that: 

a the second marble is blue 

        
   

     
      

b the first marble was green, given that the second marble is blue. 

  

Let A be the event that the first marble is green 4 

and B be the event that the second marble is blue. P < 

3 I~ 

3 

i T 

a P(second marble is blue) b P(first was green | second is blue) 

=P(B) =P(A|B) 
=P(B | A)P(4) + P(B| A")P(4") = PBIAPA  Baves’ theorem) 

4 2 3 4 P(B) 
5 X g *F §F X F 4,2 

=2 — = 2 5 {using a} 
3 

— 2 
=5   

  

EXERCISE 11K 

1 Coffee machines A and B produce coffee in identically shaped plastic cups. Machine A produces 

65% of the coffee sold each day, and machine B produces the remainder. Machine A underfills a 

cup 4% of the time, while machine B underfills a cup 5% of the time. 

a A cup of coffee is chosen at random. Find the probability that it is underfilled. 

b A cup of coffee is randomly chosen and is found to be underfilled. Find the probability that it 

came from machine A. 

2 54% of the students at a university are female. 8% of the male students are colour-blind, and 2% of 

the female students are colour-blind. 

a A randomly chosen student is colour-blind. Find the probability that the student is male. 

b A randomly chosen student is not colour-blind. Find the probability that the student is female.
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A marble is randomly chosen from a can containing 3 red and 5 blue marbles. It is replaced by two 

marbles of the other colour. Another marble is then randomly chosen from the can. Given that the 

marbles chosen have the same colour, what is the probability that they are both blue? 

35% of the animals in a deer herd carry the TPC gene. 58% 
of these deer also carry the SD gene, while 23% of the deer 

without the TPC gene carry the SD gene. A deer is randomly 

chosen and is found to carry the SD gene. Find the probability 

that it does not carry the TPC gene. 

  

A blood test has been designed to detect a particular form of cancer. The probability that the 

test correctly identifies someone with the cancer is 0.97, and the probability that the test correctly 

identifies someone without the cancer is 0.93. Approximately 0.1% of the general population are 

known to contract this cancer. 

When a patient has a blood test, the test results are positive for the cancer. Find the probability that 

the patient actually has the cancer. 

A man drives his car to work 80% of the time. The remainder of the time he rides his bicycle. 

When he rides his bicycle to work he is late 25% of the time. When he drives his car to work he is 

late 15% of the time. On a particular day, the man arrives early. Find the probability that he rode 

his bicycle to work that day. 

The probabilities that Hiran’s mother and father will be alive after ten years are 0.99 and 0.98 

respectively. If only one of them is alive after ten years, find the probability that it will be his 

mother. 

A manufacturer produces drink bottles using two machines. Machine A produces 60% of the bottles, 

and 3% of those it makes are defective. Machine B produces 40% of the bottles, and 5% of those 

it makes are defective. Find the probability that a defective bottle comes from: 

a machine A b machine B. 

T A sample space U is partitioned into three by the mutually 

exclusive events Ay, Ao, and As. 

’ The sample space also contains another event B. 

(al a |y 
a Show that P(B) = P(B | A1) P(A1) +P(B | A2) P(A2) +P(B | As) P(As). 

b Hence show that Bayes’ theorem for the case of three partitions is 

P(B | 4;) P(A;) P(A | B) = B , i€ {1,2 3} where P(B)= i:P(B|Aj)P(Aj). 

A newspaper printer has three presses A, B, and C which print 30%, 40%, and 30% of daily 

production respectively. Due to the age of the machines, the presses will produce streaks on their 

output 3%, 5%, and 7% of the time, respectively. 

a Find the probability that a randomly chosen newspaper does not have streaks. 

b If a randomly chosen newspaper does not have streaks, find the probability that it was printed 

by press A. 

¢ If a randomly chosen newspaper has streaks, find the probability that it was printed by either 

press A or C.
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1 12% of the over-60 population of Agento have lung cancer. Of those with lung cancer, 50% were 

heavy smokers, 40% were moderate smokers, and 10% were non-smokers. Of those without lung 

cancer, 5% were heavy smokers, 15% were moderate smokers, and 80% were non-smokers. 

A member of the over-60 population of Agento is chosen at random. 

a Find the probability that the person was a heavy smoker. 

b Given the person was a moderate smoker, find the probability that the person has lung cancer. 

¢ Given the person was a non-smoker, find the probability that the person has lung cancer. 

12 205 teachers and 52 headmasters attended an educational 

conference. Attendees were given t-shirts at the start of the 

conference. 

Of the attending teachers, 39 received a small t-shirt, 

120 received a medium t-shirt, and 46 received a large t-shirt. 

Of the attending headmasters, 16 received a small t-shirt, 

25 received a medium t-shirt, and 11 received a large t-shirt. 

  

a A teacher lost their conference t-shirt. Find the probability 

that it is a large t-shirt. 

b A large t-shirt was left behind at a plenary talk. Find the probability that it belongs to a teacher. 

¢ Use Bayes’ theorem to explain why your answers to a and b are different. 

  THEORY OF KNOWLEDGE 

Modern probability theory began in 1653 when gambler Chevalier de Mere contacted mathematician 

Blaise Pascal with a problem on how to divide the stakes when a gambling game is interrupted 

during play. Pascal involved Pierre de Fermat, a lawyer and amateur mathematician, and together 

they solved the problem. In the process they laid the foundations upon which the laws of probability 

were formed. 

Applications of probability are now found from quantum physics to medicine and industry. 

The first research paper on queueing theory was published in 1909 by the 

Danish engineer Agner Krarup Erlang who worked for the Copenhagen 

Telephone Exchange. In the last hundred years this theory has become 

an integral part of the huge global telecommunications industry, but it 

is equally applicable to modelling car traffic or queues at your local 

supermarket. 

Statistics and probability are used extensively to predict the behaviour of 

the global stock market. For example, American mathematician Edward 

Oakley Thorp developed and applied hedge fund techniques for the 

Agner Krarup Erlang  financial markets in the 1960s. 

  

On the level of an individual investor, money is put into the stock market if there is a good probability 

that the value of the shares will increase. This investment has risk, however, as witnessed by historic 

stock market crashes like that of Wall Street in 1929 which triggered the Great Depression, the Black 

Monday crash of 1987, and the Global Financial Crisis of 2008 - 2009. 

However, the question “What is probability?” is as much a philosophical question as it is 

mathematical.
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In statistics, there are two main interpretations of probability: 

e The frequentist interpretation considers probability as a measure of how fiequently an event 

occurs if an experiment is repeated many times. 

e The Bayesian interpretation considers probability to be a measure of the strength of one’s prior 

beliefs of an event occurring. Such beliefs are often subjective. 

1 Discuss the frequentist and Bayesian interpretations. Which interpretation makes the most 

sense to you? 

How does a knowledge of probability theory affect decisions we make? 

3 What roles should ethics play in the use of mathematics? You may wish to consider: 

e What responsibility does a casino have to operate as a functioning business? What 

responsibility does it have to the welfare of habitual gamblers? How do these 

responsibilities affect the way casinos operate? 

e By clever mathematical modelling of the global stock markets, you may be able to 

gain a market advantage. In your gain, does somebody else lose? What rules are in 

place to protect against financial corruption? 

e Do rich countries adopt foreign policies and control trade in order that poor countries 

remain poor? How much power is associated with financial wealth? 

  REVIEW SET 11A 

1 Kate recorded the number of emails she sent each day 

for 30 days. Find, to 2 decimal places, the experimental 

probability that tomorrow she will send: 

Number of emails 

a 5 emails b less than 3 emails. 

  

2 A coin is tossed and a square spinner labelled A, B, C, D is twirled. 

a Draw a 2-dimensional grid to illustrate the sample space. 

b Determine the probability of obtaining: 

i ahead and consonant ii atail and C 

iii a tail or a vowel (or both). 

3 Explain what is meant by: 

a independent events b mutually exclusive events. 

& The students A, B, and C have 10%, 20%, and 30% chance of independently solving a certain 

maths problem. If they all try independently of one another, what is the probability that at least 

one of them will solve the problem? 

5 A and B are mutually exclusive events where P(A) =z and P(B’) =0.43. 

a Write P(AU B) in terms of z. b Find z given that P(AU B) =0.73.
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10 

12 

13 

On any one day, there is a 25% chance of rain and 36% chance that it will be windy. 

a Draw a tree diagram showing the probabilities of wind or rain on a particular day. 

b Hence determine the probability that on a particular day there will be: 

i rain and wind ii rain or wind (or both). 

¢ What assumption have you made in your answers? 

Given P(Y)=0.35 and P(X UY) =0.8, and that X and Y are mutually exclusive events, 

find: 

a P(XNY) b P(X) ¢ P(X orY but not both). 

a Graph the sample space of all possible outcomes when a pair of dice is rolled. 

b Hence determine the probability of getting: 

i asumof 7orll ii asum of at least 8. 

In a group of 40 students, 22 study Economics, 25 study Law, and 3 study neither of these 

subjects. 

a Draw a Venn diagram to display this information. 

b Determine the probability that a randomly chosen student studies: 

i both Economics and Law ii at least one of these subjects 

iiil Economics given that they study Law. 

The probability that a tomato seed will germinate is 0.87 . If a market gardener plants 5000 seeds, 

how many are expected to germinate? 

A bag contains 3 red, 4 yellow, and 5 blue marbles. Two marbles are randomly selected from 

the bag with replacement. Find the probability that: 

a both are blue b they are the same colour 

¢ at least one is red d exactly one is yellow. 

Of the people who apply for executive positions, those with a university degree have 0.33 chance 

of eventually being successful, while those without have only 0.17 chance. If 78% of all 

applicants for a particular executive position have a university degree, find the probability that 

the successful applicant does not have one. 

A survey of 200 people included 90 females. It found that 60 people smoked, 40 of whom were 

male. 

a Use the given information to complete the 
two-way table. 

| Smoker | | | ] 
| Nomsmoker | | | | 

i a female non-smoker | pw | ] [ ] 
ii a male given the person was a non-smoker. 

    
    
    

  

b A person is selected at random. Find the 

probability that this person is: 

  

    

¢ If two people from the survey are selected at random, calculate the probability that: 

i both of them are non-smoking females 

ii one is a smoker and the other is a non-smoker.
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14 The government of Australia is divided up into the Senate and the House of Representatives. 

As of 2018: 

e Of the 76 Senators, 31 are part of the Coalition, 26 are part of the Opposition, and 19 are 

crossbenchers. 

e Of the 150 members of parliament (MPs) in the House of Representatives, 73 are part of 

the Coalition, 69 are part of the Opposition, and 8 are crossbenchers. 

Given that a randomly selected politician is part of the Opposition, find the probability that the 

politician is an MP. 

15 For two events A and B, it is known that P(A) = %, P(B) = 1%, and P(B | A) = 1. 

a Calculate P(AN B). b Show that A and B are not independent. 

¢ Calculate P(A | B). 

16 A picture is divided into 6 squares of equal size. One 

of each of the squares is printed on each of the 6 faces 

of a cube. The cube is then copied until there are 

6 identical cubes. 

If the 6 cubes are “rolled”, find the probability that 

the upmost faces can be assembled into the original 

image. 

  

REVIEW SET 11B 

1 T and M are events such that n(U) =30, n(T) =10, n(M) =17, and n((TUM)") =5. 

a Draw a Venn diagram to display this information. 

b Hence find: 

i P(TNM) ii P(TNM)|M) 

  

2 A school photocopier has a 95% chance of working on any particular day. Find the probability 

that it will be working on at least one of the next two days. 

3 Suppose A and B are independent events, P(A) = 0.4, and P(B) =0.7. 

a Calculate P(AN B). Hence explain why A and B cannot be mutually exclusive. 

b Calculate P(AU B). 

4 The probability that a particular salesman will leave his sunglasses behind in any store is % 

Suppose the salesman visits two stores in succession and leaves his sunglasses behind in one of 

them. What is the probability that the salesman left his sunglasses in the first store? 

5 A survey of 50 men and 50 women was conducted to see how many people prefer coffee or 

tea. It was found that 15 men and 24 women prefer tea. 

Let C represent the people who prefer coffee and M represent the men. 

a Represent C' and M on a Venn diagram. 

b Calculate P(M | C).
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10 

13 

14 

Niklas and Rolf play tennis with the winner being the first to win two sets. Niklas has a 40% 

chance of beating Rolf in any set. 

a Draw a tree diagram showing the possible outcomes. 

b Hence determine the probability that Niklas will win the match. 

A and B are independent events where P(A) = 0.8 and P(B) = 0.65. Determine: 

a P(AUB) b P(A|B) ¢ P(A|B) d P(B|A). 

If I buy 4 tickets in a 500 ticket lottery and the prizes are drawn without replacement, determine 

the probability that I will win: 

a the first 3 prizes b at least one of the first 3 prizes. 

The students in a school are all invited to participate in a survey. 48% of the students at the 

school are males, of whom 16% will participate in the survey. 35% of the females will also 

participate in the survey. A student is randomly chosen from the school. Find the probability 

that the student: 

a will participate in the survey 

b is female given that he or she will participate in the survey. 

For the two events A and B, P(A) =2 and P(B') = 2. 

a Determine P(B). 

b Calculate P(AU B) if A and B are: 

i mutually exclusive ii independent. 

Suppose P(X'|Y)=2, P(Y)=2, and X'NY’'=@. Find P(X). 

In a particular video game there are 7 distinct pieces called zetrominos, each of which represents 

IEe § L o 
I O T 

The pieces are given to the player in a random sequence. 

  
S 1 

a Find the probability of getting at least one “I” in a sequence of 7 pieces. 

b Find the expected number of “O”s in a sequence of 100 pieces. 

Jon goes cycling on three random mornings of each week. When he goes cycling he has eggs 

for breakfast 70% of the time. When he does not go cycling he has eggs for breakfast 25% of 

the time. Determine the probability that Jon: 

a has eggs for breakfast 

b goes cycling given that he has eggs for breakfast. 

With each pregnancy, a particular woman will give birth to either a single baby or twins. There 

is a 15% chance of having twins during each pregnancy. Suppose that after 2 pregnancies she 

has given birth to 3 children. Find the probability that she had twins first.
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15 The table alongside shows the number of balloons in a 

giant party pack. 

a State the: 

i total number of balloons in the pack 

ii number of medium balloons in the pack. 

(G [ 2] 5 | o | 
| Medium | 15 | 8 [ 10 | 
Csnat {21 | 11 ] o] 

b One balloon is chosen at random from the pack. Find the probability that: 

i the balloon is not yellow ii the balloon is either medium or small. 

¢ Two balloons are selected at random from the pack. Find the probability that: 

i both balloons are red ii neither of the balloons are large 

ili exactly one of the balloons is blue iv at least one of the balloons is blue. 

d Three balloons are selected at random from the pack. Find the probability that: 

i all three balloons are small and yellow 

ii exactly two balloons are medium and red. 

16 Answer the questions in the Opening Problem on page 248.



  

Sampling and data 

Contents: 

  
> 

O
M
m
o
U
N
w
 

Errors in sampling and data 
collection 
Sampling methods 

Writing surveys 

Types of data 

Simple discrete data 

Grouped discrete data 

Continuous data



290  SAMPLING AND DATA (Chapter 12) 

OPENING PROBLEM 

A supermarket sells 1 kg bags of grapes. 

Things to think about: 

a Would you expect every bag of grapes to weigh exactly 1 kg? 

b In what range of weights would you expect most of the bags of grapes to lie? 

¢ Adriana weighed 50 bags of grapes which were delivered to the supermarket in one day. 

i Do you think this sample will be representative of all the bags of grapes sold by the 

supermarket? Explain your answer. 

ii What type of graph should Adriana use to display her results? 

iii What would you expect Adriana’s graph to look like? 

In statistics we collect information about a group of individuals, then analyse this information to draw 

conclusions about those individuals. 

You should already be familiar with these words which are commonly used in statistics: 

Data: information about the characteristics of a group of individuals 

Categorical variable: describes a particular characteristic which can be divided into categories 

Quantitative variable: describes a characteristic which has a numerical value that can be counted 

or measured 

Population: an entire collection of individuals about which we want to draw conclusions 

Census: the collection of information from the whole population 

Parameter: a numerical quantity measuring some aspect of a population 

Sample: a group of individuals selected from a population 

Survey: the collection of information from a sample 

Statistic: a quantity calculated from data gathered from a sample, usually used to 

estimate a population parameter 

STATISTICAL INVESTIGATIONS 

A statistical investigation should include the following steps. 

Step I:  State the problem 

We need to decide what we are investigating and then describe it exactly. We also need 

to decide on variables we can measure to help us understand our topic of interest. 

Step 2:  Choose a sample 

In general it is impossible to obtain data from every single individual in a population. We 

therefore need to choose a sample which is representative of the whole population. 

Step 3:  Collect the data 

Having chosen the sample, we now need to decide exactly what we are going to ask the 

individuals, or how we are going to measure the variables. This is important to ensure the 

data we collect is actually going to be appropriate or useful for our specific investigation. 

Step 4:  Organise and display the data 

How we display data will depend on its form. Our aim is to identify features of the data 

more easily.
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Step 5:  Calculate descriptive statistics 

Descriptive statistics help us to understand the centre and spread of the data. 

Step 6: Interpret statistics 

We need to describe what the data and its statistics tell us about the problem being 

investigated. 

DESCRIBING A PROBLEM 

Before we start collecting data, we need to consider what the goals of our investigation are. This will 

help us decide what variables we will need to measure in order to achieve these goals. 

For example, if the aim of our investigation was to study the health of 

primary school children, we could consider variables such as height, 

weight, daily nutritional intake, amount of exercise, amount of sleep, 

lung capacity, eye test results, and medical conditions. 

Factors that should be considered when selecting variables include: 

e relevance to the investigation 

For example, if we wanted to focus on childhood obesity, the 

most relevant variables would be weight, amount of exercise, and 

daily nutritional intake. 

  

e limitations in measuring a variable 

Some variables can be very difficult or impractical to measure, so they might not be suitable for our 

investigation. 

For example: 

> Counting every hair on a person’s head within a reasonable amount of time is unrealistic. 

» We may not have the equipment to properly measure lung capacity. 

» A wooden ruler would not be suitable for measuring the distance around an athletics track. 

1 How big is an elephant? 

Before we can answer this question, we need to decide 

what we mean by “big”, and what variable(s) we will 

use to measure it. 

a Which of these variables would be suitable for 

measuring how big an elephant is? 

    

e height e length 

e volume e mass 

e length of trunk e girth 

e area of ears e size of feet 

e circumference of tail 

b s it reasonable to use more than one variable to describe how “big” an elephant is? 

Can you think of other suitable variables for this investigation? 

d What other things do we need to consider to specify exactly what we are investigating? 

For example, how might gender, age, subspecies, environment, and capacity status be 

important?
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2 How much sleep does a person get each night? 

Is this question sufficient to describe a statistical investigation? Discuss the question, work out 

what you want it to mean, then rewrite the question so it better describes the goals of your 

investigation. 

3 Should test results be used to measure academic performance? 

Test and examination results are often used to assess the academic performance of students. 

Do you think this is necessarily fair? 

{1/ [ERRORS IN SAMPLING AND DATA COLLECTION 
A census is the most accurate way to investigate a population of interest. However, in most situations it 

is impractical or impossible to obtain data from the entire population. Instead, we can conduct a survey 

of a well-chosen sample of the population. 

When we collect data to estimate a characteristic of a population, our estimate will almost certainly be 

different from the actual characteristic of the population. This difference is referred to as error. 

There are four main categories of error: sampling error, coverage error, non-response error, and 

measurement error. 

Sampling error occurs when a characteristic of a sample differs from that of the whole population. This 

error is random, and will occur even for samples which are well-chosen to avoid bias. 

Coverage errors occur when a sample does not truly reflect the population we are trying to find 

information about. 

To avoid coverage errors, samples should be sufficiently large and unbiased. 

For example, suppose you are interested in the health of bees on 

a particular island. 

e If you only collect data from 10 bees, you will not get a 

reliable idea of the health of all bees on the island. 

e If you only collect data from one particular bee hive, the 

sample may not be representative of all of the bees on the 

island. For example, the hive you pick may be stressed and 

preparing to swarm, whereas its neighbouring hives may be 

healthy. The sample would therefore be a biased sample, 

and would be unreliable for forming conclusions about the 

whole population. 

  

Non-response errors occur when a large number of people selected for a survey choose not to respond 

to it. For example: 

e Anonline survey is less likely to be completed by elderly people who are unfamiliar with technology. 

This means that elderly people will be under-represented in the survey. 

e In surveys on customer satisfaction, people are more likely to respond if they are dissatisfied. 

Measurement error refers to inaccuracies in measurement at the data collection stage. For example: 

e When we record a person’s height to the nearest centimetre, the recorded height is slightly different 

from the person’s exact height. 

e If the questions in a survey are not well worded, they may be misunderstood and produce answers 

which are not relevant to the question. Survey construction is discussed more thoroughly in 

Section C.
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EXERCISE 12A 

A new drug called Cobrasyl has been developed for the treatment of high blood pressure in humans. 

A derivative of cobra venom, it is able to reduce blood pressure to an acceptable level. Before 

its release, a research team treated 7 high blood pressure patients with the drug, and in 5 cases it 

reduced their blood pressure to an acceptable level. 

Do you think this sample can be used to draw reliable conclusions about the drug’s effectiveness 

for all patients? Explain your answer. 

50 people in a Toronto shopping mall were surveyed. It was found that 20 of them had been to an 

ice hockey game in the past year. From this survey, it was concluded that “40% of people living in 

Canada have been to an ice hockey game in the past year”. 

Give two reasons why this conclusion is unreliable. 

A polling agency is employed to investigate the voting intention of residents in a particular electorate. 

From the data collected, they want to predict the election result for that electorate in the next election. 

Explain why each of the following situations may produce a biased sample: 

a A random selection of people in the local large shopping complex is surveyed between 1 pm 

and 3 pm on a weekday. 

b The members of the local golf club are surveyed. 

¢ A random sample of people at the local train station between 7 am and 9 am are surveyed. 

d A door to door visit is undertaken, surveying every voter in a particular street. 

Jennifer wants to estimate the average weight of the 

2000 sheep on her farm. She selects a sample of 10 sheep, 

and weighs them. 

Explain why this approach may produce a: 

a coverage error b measurement error. 

  

Jack owns 800 apple trees. To determine how many apples the trees are producing, he instructs his 

four sons to each count the apples from 200 trees. 

a Explain why there will be no sampling error in this process. 

b Two of the sons only count the apples on the tree itself, whilst the other two sons also count 

the apples on the ground beneath the tree. What type of error is this? 

A survey company is interested in whether people feel overworked at their jobs. They mail out a 

survey to 5000 workers, and ask the workers to mail back the survey. 

a Explain why this survey may produce a significant non-response error. 

b What would be the advantages and disadvantages of conducting the survey online instead of 

by mail? 

A national sporting organisation has over 300000 members. Every member is invited to complete 

an online survey regarding the management structure of the organisation. Only 16% of the members 

responded. 

a Do you think the non-response error in this situation is likely to produce a biased sample? 

Explain your answer. 

b Does such a high non-response error necessarily invalidate findings from the survey? Discuss 

your answer.
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e Why do you think companies offer incentives for people to 

complete their surveys? c&fl?fifli%flfigfl? 

e Which of the following incentives for completing a survey WI N 
would be more effective? 

» A chance to win a prize as shown alongside. A $50 GIFT CARD 

> A guaranteed discount or promotional code for the 

participant to use on their next purchase. 

e Is it ethical to offer monetary compensation for completing a survey? 

[N SAMPLING METHODS 
In general, the best way to avoid bias when selecting a sample is to make sure the sample is randomly 

selected. This means that each member of the population has the same chance of being selected in the 

sample. 

We will look at five sampling methods: 

e simple random sampling e systematic sampling e convenience sampling 

o stratified sampling e quota sampling 

SIMPLE RANDOM SAMPLING 

Suppose 3 students are to be sampled from a class of 30 students. The 

names of all students in the class are placed in a barrel, and 3 names are 

drawn from the barrel. 

Notice that: 

e Each student has the same chance (%) of being selected. 

e Each set of 3 students is just as likely to be selected as any other. 

For example, the selection {Bruce, Jane, Sean} is just as likely to 

occur as {Jane, Peter, Vanessa}. 

  

This type of sampling is called simple random sampling. 

For a simple random sample of size n from a population: 

e Each member of the population has the same chance of being selected in the sample. 

e Each set of n members of the population has the same chance of being selected as any 

other set of » members. 

Instead of drawing names from a barrel, it is usually more practical to number the members of the 

population, and use a random number generator to select the sample. 

You can use your calculator to generate 

random numbers. In this case, the 8th, 12th, ! 

and 25th students would be selected for the GRAPHICS 
CALCULATOR 

sample. INSTRUCTIONS 
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SYSTEMATIC SAMPLING 

In systematic sampling, the sample is created by selecting members of the population at regular intervals. 

For example, an accountancy firm may wish to sample 
1 s 1: . 23rd—» 

the files of 15th of their clients. They choose a starting / 

file from 1 to 10 (for example, 3), and then select every 13th— 

10th file after that. So, they would select the 3rd file, 3rd— 

then the 13th, 23rd, 33rd, and so on. 

Systematic sampling is useful when not all members of the population are available for sampling at the 

same time. An example of this is the sampling of cars which pass through a particular intersection during 

the day. 

  

    
Management of a large city store wishes to find out whether potential customers like the look of a 

new product. They decide to sample 5% of the customers using a systematic sample. Show how 

this sample would be selected. 
  

5%:5 1 — L NORMAL FLOAT AUTO REAL DEGREE MP n 
100 20 

. randInt(1,20,1) 

So, every 20th customer will be sampled. 

A starting customer is selected from 1 to 20. In this case it is 

customer 7. 

So, the store would select the 7th customer, then the 27th, 47th, 67th, 

and so on. 

  

  

CONVENIENCE SAMPLING 

In many situations, people are chosen simply because they are easier to select or more likely to respond. 

For example, consider a researcher conducting a survey regarding environmental issues. The researcher 

decides to stand in a pedestrian mall and ask people walking past. It is easiest for the researcher to ask 

people who are: 

e walking closest to them 

e walking slowly 

e not already in a conversation or using their phone. 

These types of samples are known as convenience samples because they are convenient for the 

experimenter. 

Do you think convenience samples will often be biased? 

Discuss any possible bias if the researcher in the mall was studying: 

e mobile internet usage e social media 

e personal relationships e mental health issues.
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STRATIFIED SAMPLING AND QUOTA SAMPLING 

Stratified sampling and quota sampling are useful when the population can be divided into subgroups, 

and you want to make sure each subgroup is represented fairly in the sample. 

For example, a school may want to know the opinions Strata Samples 

of its students on which charities it should support in Year'3s 

the school fun run. To make sure each year level is 

represented fairly, the number of students sampled from 

each year level should be proportional to the fraction of 

the total number of students that year level represents. Year 11s 

Year 12s 

Year 9s 

Year 10s 

  

Example 2 ) Self Tutor 

In our school there are 137 students in Year 8, 152 in Year 9, 174 in Year 10, 168 in Year 11, and 

121 in Year 12. A sample of 50 students is needed. How many should be randomly selected from 

each year? 

  

Total number of students in the school = 137 4 152 + 174 + 168 + 121 = 752 

For the sample, we want: 

number of Year 8 students = 237 x 50 ~ 9 

         
           
     

   

    

752 

number of Year 9 students = 122 x 50 ~ 10 Eagft;teu::g;:es;e;f:t 

number of Year 10 students = %—gg x 50 ~ 12 7szsrh0uld also re]Sresent Y 

number of Year 11 students = 182 x 50 ~ 11 75 of the sample. 

number of Year 12 students = 221 x 50 ~ 8 

We should select 9 students from Year 8, 10 from Year 9, T 

12 from Year 10, 11 from Year 11, and 8 from Year 12.     
Ideally, we would want the individuals from each strata to be randomly selected to minimise bias. If this 

can be done, the sample is a stratified sample. Otherwise, if the individuals are specifically selected by 

the experimenter (such as in a convenience sample) then the sample is a quota sample. 

EXERCISE 12B 

1 Use your calculator to select a random sample of: 
You may need to generate 

a 6 different numbers between 5 and 25 inclusive additional random numbers 

10 different numbers between 1 and 25 inclusive if a number appears more 
than once. 

b 

¢ 6 different numbers between 1 and 45 inclusive 

d 5 different numbers between 100 and 499 inclusive. 

  

2 A chocolate factory produces 80000 blocks of chocolate per day. Today, the factory operator wants 

to sample 2% of the blocks for quality testing. He uses a systematic sample, starting from the 17th 

block. 

a List the first five blocks to be sampled. b Find the total size of the sample.
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Click on the icon to obtain a printable calendar for 2019 showing the weeks of the  caLenpar 

year. Each day is numbered. 

Using a random number generator, choose a sample from the calendar of: 

a five different dates b a complete week starting with a Monday ¢ a month 

d three different months e three consecutive months f four different Wednesdays. 

Explain your method of selection in each case. 

  

ey [ W [ vew [ mw ] Vm 
1 Tu (1) Wk1|1 Fr (32) 1 Fr (60) 1 Mo (91) 1 We (121) 
2 We (2) 2 Sa (33) 2 Sa (61) 2 Tu (92) Wk14|2 Th (122) 
3 Th (3) 3 Su (34) 3 Su (62) 3 We (93) 3 Fr (123) 
4 Fr (4) 4 Mo (35) 4 Mo (63) 4 Th (94) 4 Sa (124) 
5 Sa (5) 5 Tu (36) Wk6(|5 Tu (64) Wk10|5 Fr (95) 5 Su (125) 
6 Su (6) 6 We (37) 6 We (65) 6 Sa (96) 6 Mo (126) 
7 Mo (7) 7 Th (38) 7 Th (66) 7 Su (97) 7 Tu (127) Wk 19 
8 Tu (8) Wk2|8 Fr (39) 8 Fr (67) 8 Mo (98) 8 We (128) 
9 We (9) 9 Sa (40) 9 Sa (68) 9 Tu (99) Wk15|9 Th (129) 

An annual dog show averages 3540 visitors. The catering manager is conducting a survey to 

investigate the proportion of visitors who will spend more than €20 on food and drinks at the show. 

He decides to survey the first 40 people through the gate. 

a Identify the sampling method used. 

b Discuss any problems with the sampling method. 

¢ Suggest a better sampling method that includes a suitable sample size and which better represents 

the population. 

A library manager is interested in the number of people using the library each day. She decides to 

perform a count every 28th day for one year, starting next Monday. 

a What type of sampling method is this? 

b How many days will be in her sample? 

¢ Explain why the sample may be biased. 

A sporting club wants to ask its members some questions 

about the clubhouse. The club has 80 tennis members, 60 lawn 

bowls members, and 20 croquet members. 

a How many members does the club have in total? 

b The club decides to use a sample of 40. How many 

members of each sport should be sampled? 

  

A large retail store has 10 departmental managers, 24 supervisors, 65 senior sales staff, 98 junior 

sales staff, and 28 shelf packers. The company director wishes to interview a sample of 30 staff 

to obtain their view of operating procedures. How many of each group should be selected for the 

sample? 

Mona wants to gauge the opinions of her peers on the design of the school’s yearbook. She uses 

her own home room class as her sample. 

a Explain why Mona’s sample is a convenience sample. 

b In what ways will Mona’s sample be biased? 

¢ Suggest a more appropriate sampling method that Mona should use.
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9 Lucian is a school counsellor. He wants to raise awareness of student cyber-bullying with the 

students’ parents. Lucian therefore wants to find out whether students at the school have discussed 

the issue with their parents. 

a Why might it be impractical for Lucian to use a simple random sample or systematic sample? 

b Lucian wants to make sure that each gender is appropriately represented in his sample. Should 

he use a stratified sample or quota sample? 

10 The 200 students in Years 11 and 12 at a high school were asked whether or not they had ever 

smoked a cigarette. The replies received were: 

nnnny nnnyn ynnnn o yynyy ynyny ynnyn nyynn yynyn ynynn nyynn 

ynnyn yynyy nnyyy yyyyy nnnyy nnnnn o nnyny yynny nnnyy ynyyn 
nynnn  ynyyn nnyny ynyyy ynnnn o yyyyn yynnn nynyn yyyny ynnyy 
nynnn yynny nyynn yynyn ynynn nyyyn ynnyy nyyny nnyny ynnnn 

Why is this considered to be a census? 

b Find the actual proportion of all students who said they had smoked. 

¢ Discuss the validity and usefulness of the following sampling methods which could have been 

used to estimate the proportion in b: 

i sampling the first five replies ii sampling the first ten replies 

iii sampling every second reply 

iv sampling the fourth member of every group of five 

v randomly selecting 30 numbers from 1 to 200 and choosing 

the response corresponding to that number 

vi sampling 20% of Year 11 students and 20% of Year 12 

students. 

d  Are any of the methods in ¢ examples of simple random sampling, 

systematic sampling, stratified sampling, or quota sampling? 

  

The so-called “Brexit” referendum of 2016 to determine whether the United Kingdom would remain 

part of the European Union is one of the most controversial democratic referendums in recent history. 

1 Was the referendum a census or a sample? 

2 What sampling errors may have been present? In what ways might the sample have been biased? 

3 33551983 votes were counted in the referendum, and it was decided by a simple majority of 

51.9% to 48.1% that the United Kingdom would leave. This is shown in the first pie chart. 

“Brexit” referendum votes Broader view of “Brexit” referendum 

    

    
    

   

Not on electoral 
register 

18099999 

Did not vote 

12948018 

Leave Remain 

51.9% 48.1% 

Remain 

16 141241 

Leave 

17410742
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In the second pie chart we take a broader view to include those who did not vote and those not 

on the electoral register. 

a Do you think that the United Kingdom leaving the European Union can be considered 

“the will of the people”? 

b Do you think it is a good idea to have a non-compulsory referendum which can be carried 

with only a simple majority? 

THEORY OF KNOWLEDGE 

Clinical trials are commonly used in medical research to test the effectiveness of new treatments for 

conditions or diseases. They require randomly sampling patients who have the condition or disease 

in question. 

A clinical trial usually involves dividing the sampled individuals into 2 groups: 

e A control group that serves as the baseline for comparison. This group is usually given either 

a placebo or the best currently available treatment. 

e A treatment group that receives the new treatment to be tested. 

Ideally, the two groups should be as similar as possible so that differences between the results for 

the two groups more accurately reflect the differences between treatments, rather than the differences 

between individuals. 

1 Are clinical trials necessarily practical for studying treatments of extremely rare diseases? 

2 How should groups be sampled? 

As clinical trials are experiments involving people, the consideration of ethics is particularly 

important. In 1975, the Declaration of Helsinki'! was written by the World Medical Association 
to provide guidelines on human experimentation. 

Key points of the Declaration include: 

e Patients must be made fully aware of all possible risks before they give their consent to 

participate. 

e Patients must never be given a treatment that is known to be inferior. 

e Patients are allowed to withdraw from the study at any time. 

3 Are these ethical guidelines applicable to any experiment or survey that involves people? 

4 Are there the same ethical concerns about experiments involving: 

a animals b non-living things? 

In June 2014, Facebook published a study on the effects of omitting certain words from posts in a 

user’s “News feed” on their moods and emotions'?l. This study was heavily criticised for its lack of 
ethical consideration. The only consent to use people’s data was obtained within Facebook’s general 

Terms and Conditions document, which must be agreed to upon making an account. 

5 Do you think this study was an acceptable use of users’ data? 

Do you think using the general Terms and Conditions document to justify “informed 

consent” is fair? 

7 Are ethics more important than research?
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AR WRIING SURVEYs 
Surveys are one of the most common and simple methods for collecting data from a sample. Surveys 

usually consist of a series of questions which can be asked in a written questionnaire or an oral interview. 

When writing survey questions we need to be very careful about how they are worded. Poorly worded 

questions can lead to misinterpretation and yield unintended or inaccurate answers. Such answers would 

be regarded as measurement errors. 

GENERAL GUIDELINES FOR QUESTION WRITING 

Keep questions simple and clear 

Simple wording will help respondents understand what the question is asking, and the context in 

which it is being asked. You should only ask for one response per question. 

Questions containing double negatives, such as “Do you disagree with not vaccinating children?”, 

should be avoided as they often confuse the respondent. 

Ask specific questions instead of general questions 

General questions are easier to misinterpret than specific questions. 

Asking a series of specific questions gives more information and a deeper understanding of the 

respondent’s opinion than asking one general question. 

For example, instead of asking “Do you support Party A?”, we can ask a series of questions: 

» “Do you support the environmental policies that Party A introduced?” 

» “Why did you choose Party A over Party B in the last election?” 

> “Will you vote for Party A in the next election?” 

Choose between structured versus unstructured questions 

Questions without any restrictions on the answer required are called unstructured questions. 

Unstructured questions are useful for exploratory surveys where the purpose of the investigation 

is to gauge opinions. 

Questions with a set of answers for the respondent to choose from are called structured questions. 

The choices presented in structured questions can prompt respondents to remember things that they 

would have otherwise forgotten. An “Other” category which allows the respondent to input their 

own answer may be useful. 

Keep the tone of questions neutral 

Questions containing opinions or emotive language are 

biased and can lead the respondent to answer in a certain 

way. 

For example, the question “Do you support the dangerous 

practice of cycling without a helmet?” invites the 

respondent to answer “no”, since the question contains 

the judgement that riding without a helmet is dangerous. 
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e Be aware of personal questions 

Questions that ask for sensitive information or opinions are called personal questions. 

For example: 

> “How much do you weigh?” > “What is your gender?” 

» “What is your religious affiliation?” » “What is your sexual orientation?” 

Such questions can make the respondent uncomfortable. They may not answer truthfully, or they 

may not answer at all. 

If you need to ask a personal question, justify why the information is needed. Respondents are more 

likely to divulge personal information if they understand why it is needed. 

EXERCISE 12C 

1 Consider the question “Is your shirt red, blue, yellow, or white?” 

a State one problem with posing this as a structured question. 

b Rewrite the question as an unstructured question. 

¢ The colour of a person’s shirt can be subjective because it 

usually depends on individual interpretation. Explain how 

this might be a problem. 

  

2 Consider the question “Do you have any allergies?” 

a List ways in which the question can be interpreted. Include any possible misinterpretations. 

b Rewrite the question so it is more specific. 

3 Consider the question “Do you have any pets?” 

a List ways in which the question can be interpreted. Include any possible misinterpretations. 

b Rewrite the question so it is more specific. 

L The government has released a new proposal to move funding from education to health. A journalist 

wants to understand the public’s feelings about this proposal. She asks 100 people the question “Do 

you support the Government’s proposed cuts to education?”. 

a Explain why this survey may produce a measurement error. 

b How could the question be worded so the public’s feelings about the proposal would be more 

accurately measured? 

5 Consider the question “Where do you live?” 

a Explain why this question is likely to have a high non-response error. 

b List ways in which the question could be improved. 

6 For each of the following survey questions: 

i Identify any problems with how the question is worded. 

ii  Rewrite the question to fix these problems. 

a Have you or have you not been immunised against the infectious meningococcal disease? 

b Do you believe that climate change is a major issue or do you think that it is a topic thrown 

around by politicians to gain support? 

¢ Considering the fact that “fair trade cocoa” ensures that cocoa farmers are paid a minimum 

wage and helps prevent child labour, do you agree that fair trade certified chocolate should be 

more expensive than uncertified chocolate?
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If a question provides choices for answers which use a rating scale, is it better to have an even or 

odd number of ratings? 

ACTIVITY 

Lily wants to survey students at her school about the school canteen. 

What to do: 

1 List various characteristics about the canteen that Lily might be interested in. 

2 Decide which characteristics would be most relevant if: 

a a new canteen was being constructed 

b there was a new manager in charge of the canteen. 

3 What sampling method(s) do you think would be most suitable for Lily? Explain your answer. 

4 Write a complete survey for Lily, including questions about each of the characteristics listed 

in 1. Consider carefully your choices of unstructured and structured questions. 

CEENE 0 PRECISE QUESTIONING 
Precise questioning (PQ) is a question writing framework aimed at obtaining clear answers and 

communicating more efficiently, particularly in business settings. It was developed at Stanford 

University during the mid-1990s. 

The seven main categories of questions in PQ are: 

(1) Go/No go (2) Clarification (3) Assumptions 

(4) Basic critical question (5) Causes (6) Effects 

(7) Action 

What to do: 

1 Research PQ and explain what each category of questions is meant to achieve. Give an example 

of each type of question in context. 

2 Which categories of questions might be applicable when writing a questionnaire? 

3 Do you think this framework could apply to statistical investigations? Discuss your answer. 

IR TvessoF pama 
In previous years you should have seen how variables can be described either as categorical or numerical. 

CATEGORICAL VARIABLES 

A categorical variable describes a particular quality or characteristic. 

The data is divided into categories, and the information collected is called 

categorical data.
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Some examples of categorical data are: 

e computer operating systen: 

The categories could be Windows, macOS, or Linux. 

e gender: 

The categories are male and female. 

QUANTITATIVE OR NUMERICAL VARIABLES 

A quantitative variable has a numerical value. The information collected is 

called numerical data. 

Quantitative variables can either be discrete or continuous. 

A discrete quantitative variable or just discrete variable takes exact number 

values. It is usually a result of counting. 

Some examples of discrete variables are: 

e the number of apricots on a tree: 

The variable could take the values 0, 1, 2, 3, .... up to 1000 or more. 

o the number of players in a game of tennis: 

The variable could take the values 2 or 4. 

A continuous quantitative variable or just continuous variable can take any 

numerical value within a certain range. It is usually a result of measuring. 

Some examples of continuous variables are: 

e the times taken to run a 100 m race: 

The variable would likely be between 9.5 and 25 seconds. 

e the distance of each hit in baseball: 

The variable could take values from 0 m to 100 m. 

  

  

      

       

   

Classify each variable as categorical, discrete, or continuous: 

a the number of heads when 3 coins are tossed 

b the brand of toothpaste used by the students in a class 

the heights of a group of 15 year old children. 

  

We count the number of heads. The result could be 0, 1, 2, or 3. It is a discrete variable. 

  

      
      

b The variable describes the brands of toothpaste. It is a categorical variable. 

¢ We measure the height of each child. The data can take any value between certain limits, 

though when measured we round off the data to an accuracy determined by the measuring 

device. It is a continuous variable.
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EXERCISE 12D 

1 Classify each variable as categorical, discrete, or continuous. 

If the variable is categorical, list some possible categories. 

If the variable is quantitative, suggest possible values or a range of values the variable may take. 

The number of brothers a person has. 

The colours of lollies in a packet. 

The time children spend brushing their teeth each day. 

The heights of the trees in a garden. 

The brand of car a person drives. 

The number of petrol pumps at a service station. 

The most popular holiday destinations. 

T 
W 

- 
® 

O 
A 

T 
o 

The scores out of 10 in a diving competition. 

The amount of water a person drinks each day. 

The number of hours spent per week at work. 

The average temperatures of various cities. 

-_—
 

R
 

-
 

The items students ate for breakfast before coming to school. 

m  The number of televisions in each house. 

2 Consider the following statistics for a tennis player: 

Name: Vance McFarland 

Age: 28 

Height: 191 cm 

Country: Treland 

Tournament wins: 14 

Average serving speed: 185 kmh™! 

Ranking: 6 

Career prize money: £3 720000 

  

Classify each variable as categorical, discrete, or continuous. 

EANIT SIMPLE DISCRETE DATA 
ORGANISING DISCRETE DATA 

One of the simplest ways to organise data is using a tally and frequency table or just frequency table. 

For example, consider the data set: 

13124 2 

13412 3 

A tally is used to count the number of 1s, 2s, 3s, and so on. As we read the data from left to right, we 

place a vertical stroke in the tally column. We use H{f to represent 5 occurrences. 

The frequency column summarises the number of occurrences of each particular data value. 

The relative frequency of a data value is the frequency divided by the total number of recorded values. 

It indicates the proportion of results which take that value.
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Tally | Frequency (f) | Relative frequency A tally column is 

not essential for a 
  

frequency table, 

but is useful in the 

counting process.     
g 
&) 

v 

DISPLAYING DISCRETE DATA 

Discrete data is displayed using a column graph. For this type of graph: 

e The possible data values are placed on the horizontal axis. 

e The frequency of data values is read from the vertical axis. 

e The column widths are equal and the column height represents the frequency of the data value. 

e There are gaps between columns to indicate the data is discrete. 

A column graph for the data set on the A frequency 

previous page is shown alongside. 10   
  

  

  

  

        

S
 

N
 

s
 

DY
 

        | | > value 
1 2 3 4 5 
  

The mode of a data set is the most frequently occurring value. On a column graph, the mode will have 

the highest column. In this case the mode is 2. 

DESCRIBING THE DISTRIBUTION OF A DATA SET 

A column graph allows us to quickly observe the distribution or shape of the data set. We can describe 

the distribution as: 

e Symmetric o Negatively skewed o Positively skewed 

negative side positive side 
    
    

  

     

; symmetric is stretched is stretched about the -— -~ 
mode 

mode
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Outliers are data values that are either much larger or much frequency 
smaller than the general body of data. 

Outliers appear separated from the body of data on a column 

graph. 

If an outlier is a genuine piece of data, it should be retained 

for analysis. However, if it is found to be the result of an error 

in the data collection process, it should be removed from the 

data. 

  

score 

e ) Self Tutor 

  

30 children attended a library holiday programme. Their year levels at school were: 

8§ 76 7 7 7T 9 7 7 11 8 10 8 8 9 
10 77 8 8 8 87 6 6 6 6 9 6 9 

Record this information in a frequency table. Include a column for relative frequency. 

Construct a column graph to display the data. 

What is the modal year level of the children? 

Describe the shape of the distribution. Are there any outliers? 

What percentage of the children were in Year 8 or below? 

- 
0 

Q& 
A 

C 
o 

What percentage of the children were above Year 9? 

a | Year Relative b Attendance at holiday programme 
Tally | Frequency 10 

level frequency frequency 

6 | M| 0.2 

  

  

  

  

  

          

8 

0.3 
6 ~ 0.267 

~0.133 4 
~0.067 . 
~0.033 ‘ 

0         

6 7 8 9 10 11 
year level 

  

¢ The modal year level is Year 7. 

d The distribution of children’s year levels is positively skewed. 

There are no outliers. Due to rounding, the 

R EE S 100% =~ 76.7% of the children were in Year 8 or relative frequencies 
30 will not always appear 

below. to add to exactly 1. 

  

or the sum of the relative frequencies is 

0.2+0.340.267 = 0.767 

-, 76.7% were in Year 8 or below. 

241 100% = 10% of the children were above Year 9.   

or 0.067+0.033 =0.1 . 10% were above Year 9.    
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EXERCISE 12E 

1 In the last football season, the Flames scored the following 

numbers of goals in each game: 

20140121 10 

30116 21312 

h What is the variable being considered here? 

o Explain why the data is discrete. 

  

n Construct a frequency table to organise the data. Include 

a column for relative frequency. 

Draw a column graph to display the data. 

What is the modal score for the team? 

- 
0 

Describe the distribution of the data. Are there any outliers? 

g In what percentage of games did the Flames fail to score? 

2 Prince Edward High School prides itself on the behaviour of its students. However, from time to 

time they misbehave and as a result are placed on detention. The studious school master records the 

number of students on detention each week throughout the year: 

0215014231430 2 9 2 15 0 

6 4215 1021431204321 2 
3 

3 

Construct a column graph to display the data. 

What is the modal number of students on detention in a week? 

a 
T
 

o 

Describe the distribution of the data, including the presence of outliers. 

d In what percentage of weeks were more than 4 students on detention? 

3 Each time Joan visits the cinema, she records the number of previews for other films which are 

shown before the feature. She has obtained these results: 

2431323425 2 3436 5 4 
336 3 46 4314254325475 

a Construct a frequency table to organise the data. 

b Draw a column graph to display the data. 

¢ Find the mode of the data. 

d Describe the distribution of the data. Are there any outliers? 

e On what percentage of occasions were at least 3 previews shown? 

L A random sample of people were asked “How many times did you eat out last week?” A column 

graph was used to display the results. 

a How many people were surveyed? 15 

b Find the mode of the data. 

¢ How many people surveyed did not eat out at 10 

all last week? 

d What percentage of people surveyed ate out 5 

more than three times last week? 

  

e Describe the distribution of the data. 0 
0o 1 2 3 4 5 6 7 

number of times
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I T GROUPED DISCRETE DATA 
A local kindergarten is concerned about the number of vehicles passing by between 8:45 am and 9:00 am. 

Over 30 consecutive weekdays they recorded data: 

27, 30, 17, 13, 46, 23, 40, 28, 38, 24, 23, 22, 18, 29, 16, 

35, 24, 18, 24, 44, 32, 52, 31, 39, 32, 9, 41, 38, 24, 32 

In situations like this there are many different data values Tally 
with very low frequencies. This makes it difficult to study 

the distribution of the data. It is more meaningful to 

group the data into class intervals and then compare the 

frequencies of the classes. 

For the data given we use class intervals of width 10. The 

frequency table for the grouped data is shown alongside. 

The modal class, or class with the highest frequency, is 

from 20 to 29 cars. 
  

  

We construct column graphs for grouped Vehicles passing kindergarten 

discrete data in the same way as for simple data. between 8:45 am and 9:00 am 

10 A equency 

  

    

      — . 

0 10 20 30 40 50 60 
number of cars 

    

  

e [f we are given a set of raw data, how can we efficiently find the lowest and highest data values? 

e If the data values are grouped in classes on a frequency table or column graph, do we still know 

what the lowest and highest values are? 

EXERCISE 12F 

1 A selection of businesses were asked how many employees they had. The results are displayed on 

this column graph. 

Number of employees How many businesses were surveyed? 
10 

  

Find the modal class. 

Describe the distribution of the data. 

What percentage of businesses surveyed had less 

than 30 employees? 

e 

  

       quency 

  

  

2 
a 
O
 o
 

  

  O
 

N
 

e
 

O
 

o 

        e Can you determine the highest number of employees 

a business had? 

  

0 10 20 30 40 50 60 
number of employees
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2 Arthur catches the train to school from a suburban train station. Over the course of 30 days he 

coun 

® 
O 

A 
O 

ts the number of people waiting at the station when the train arrives. 

17 25 32 19 45 30 22 15 38 8 

21 29 37 25 42 35 19 31 26 7 

22 11 27 44 24 22 32 18 40 29 

Construct a tally and frequency table for this data using class intervals 0 -9, 10 - 19, ... 

40 - 49. 

On how many days were there less than 10 people at the station? 

On what percentage of days were there at least 30 people at the station? 

Draw a column graph to display the data. 

Find the modal class of the data. 

3 A city council is interested in the number of houses in each street of a suburb, because it intends to 

place collection bins for unwanted clothing. The data they find is: 

Q 
a 
O
 o
 

42 15 20 6 34 19 8 5 11 38 56 23 24 24 
35 47 22 36 39 18 14 44 25 6 34 35 28 12 

27 32 36 34 30 40 32 12 17 6 37 32 

Construct a frequency table for this data using class intervals 0 -9, 10 - 19, ..., 50 - 59. 

Hence draw a column graph to display the data. 

Write down the modal class. 

What percentage of the streets contain at least 20 houses? 

[N connNuous paTa 
When we measure data that is continuous, we cannot write down an exact value. Instead we write down 

an approximation which is only as accurate as the measuring device. 

Since no two data values will be exactly the same, it does not make sense to talk about the frequency 

of a particular value. Instead we group the data into class intervals of equal width. We can then talk 

about the 

A special 

frequency of each class interval. 

type of graph called a frequency histogram or just histogram is used to display continuous 

data. This is similar to a column graph, but the “columns” are joined together and the values at the edges 

of each column indicate the boundaries of that class interval. 

The modal class, or class of values that appears most often, is easy to identify from a frequency histogram. 

8 

    

    

    

    

    

                  

Column graph Frequency histogram 

frequency 8 frequenc 

no gaps 

6 | 

4 

2 

4 5 6 7 8 9 10 11 0 456789101112   
score score
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INVESTIGATION 

When dividing data values into intervals, the choice of how many intervals to use is important. It 

affects not only the width of each class interval, but how much detail of the distribution is seen on 

the histogram. 

What to do: 

1 Click on the icon to access a demonstration which draws histograms of data sets DERD 

with different sizes and distributions. 

a Select the symmetrical data set with n = 1000 data values. 

Use the slider to vary the number of intervals used in the histogram. 

  

i Comment on what happens to the shape of the histogram. 

ii Are there features of the data that can only be seen when there are many class intervals? 

iil  When there are many class intervals, is the frequency axis necessarily useful? 

b Repeat your investigation in a for other values of n. Try n = 100, 10000, and 100 000. 

Record your observations. 

¢ For each value n = 100, 1000, 10000, and 100000, try using ~ /n class intervals. 

Discuss whether you think this is an appropriate number. 

2 Experiment with the other distribution types. If the distribution is not symmetric, do you need 

more or fewer class intervals? 

  

    
A sample of 20 juvenile lobsters was randomly selected from a tank 49 56 72 6.7 3.1 

containing several hundred. The length of each lobster is recorded ~ 4.6 6.0 5.0 3.7 7.3 
in cm alongside. 6.0 54 42 6.6 4.7 

a Organise the data using a frequency table, and hence graph 58 44 36 42 54 

the data. 

b State the modal class and explain what this means. 

¢ Describe the distribution of the data. 
  

a The variable length of a lobster is continuous, even though lengths have been rounded to the 

nearest mm. The shortest length is 3.1 cm and the longest is 7.3 ¢cm, so we will use class 

intervals of width 1 cm. 

Lengths of lobsters Length (I cm) 4 frequency 
  

  

  

  

  

  

              

< 6 

4<1<5 g 
5< 4 

= 3 
6<I<T 9 

7T<I<8 1 

0 3 1 5 6 T 3 > length (cm) 

b The modal class 4 < [ < 5 occurs most frequently. More lobsters have lengths in this 

interval than in any other interval. 

¢ The distribution is positively skewed with no outliers. 
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EXERCISE 12G 

1 A frequency table for the heights of a volleyball squad is given Height (H cm) | Frequency 

alongside. 
170 < H < 175 

175 < H < 180 

H <185 

/ 

a Explain why height is a continuous variable. 

b Construct a frequency histogram for the data. Carefully 

mark and label the axes, and include a heading for the 

graph. 

H <195 

H < 200 

H < 205 

n What is the modal class? Explain what this means. 

d  Describe the distribution of the data. 

< 

< 

< 

< 

< 

< 

  

2 A school has conducted a survey of 60 students to investigate the time it takes for them to travel to 

school. The following data gives their travel times to the nearest minute. 

12 15 16 8 10 17 25 34 42 18 24 18 45 33 38 

45 40 3 20 12 10 10 27 16 37 45 15 16 26 32 

35 8 14 18 15 27 19 32 6 12 14 20 10 16 14 

28 31 21 25 8 32 46 14 15 20 18 8 10 25 22 

Is travel time a discrete or continuous variable? 

b Construct a frequency table for the data using class intervals 0 < ¢ < 10, 10 <t < 20, ... 

40 <t < 50. 

¢ Hence draw a histogram to display the data. 

d Describe the distribution of the data. 

e What is the modal travelling time? 

3 A group of 25 junior athletes participated in a javelin competition. They achieved the following 

distances in metres: 

17.6 25.7 21.3 309 13.0 31.6 223 283 74 
38.4 19.1 24.0 40.0 16.2 429 319 281 418 

13.6 274 33.7 92 233 398 251 

Choose suitable class intervals to group the data. 

Organise the data in a frequency table. 

Draw a frequency histogram to display the data. 

Find the modal class. 

® 
O
 

an 
O 

o 

What percentage of athletes threw the javelin 30 m or further? 

4 A horticulturalist takes a random sample of six month old e 

seedlings from a nursery and measures their heights. The results ght ( ) 

  

are shown in the table. 300 < o <325 12 

a Display the data on a frequency histogram. 325 < h <350 18 

b How many of the seedlings are 400 mm or higher? 350 < h < 375 42 

¢ What percentage of the seedlings are between 350 mm and 375 < h < 400 28 

400 mm high? 0 < h <425 14 

d 1In total there are 1462 seedlings in the nursery. Estimate 425 < h < 450 6 

the number of seedlings which measure: 

i less than 400 mm ii between 375 and 425 mm.
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5 The weights, in grams, of 50 laboratory rats are given below. 

261 133 173 295 265 142 140 271 185 251 

166 100 292 107 201 234 239 159 153 263 

195 151 156 117 144 189 234 171 233 182 

165 122 281 149 152 289 168 260 256 156 

239 203 101 268 241 217 254 240 214 221 

Choose suitable class intervals to group the data. 

Organise the data in a frequency table. 

Draw a frequency histogram to display the data. 

Q 
an 
o
 

What percentage of the rats weigh less than 200 grams? 

REVIEW SET 12A 

1 Andrew is interested in the cultural background of the students at his school. He puts together 

a survey which he hands out to students in his Italian class. 

a Explain why Andrew’s sample may be biased. 

b Suggest an alternative sampling method that Andrew can use so that his results will be 

more representative of his population of interest. 

2 A golf club has 1800 members with ages shown alongside. 

A member survey is to be undertaken to determine the proportion 

of members who are in favour of changes to dress regulations. 

a Explain why the golf club would not question all members 

on the proposed changes to dress regulations. 

b If a sample size of 350 is used, how many of each age group 

will be surveyed? 

  

3 Classify each variable as categorical, discrete, or continuous: 

a the number of pages in a daily newspaper 

the maximum daily temperature in a city 

the manufacturer of a television 

a person’s favourite flavour of ice cream 

the position taken by a player on a lacrosse field 

the time it takes to run one kilometre 

the length of a person’s feet 

  

W
 

-
0
 

Q
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a person’s shoe size 

i the cost of a bicycle. 

4 On a Saturday night, a team of police officers set up a drug and alcohol testing station to test 

drivers leaving the centre of town on a major road. 

a What type of sampling method is this? 

b Do you think the sample will be biased? If so, do you think it is sensible for it to be 

biased? Explain your answer. 

5 Consider the question “Are you healthy?” 

a List ways in which the question can be interpreted. Include any possible misinterpretations. 

b Rewrite the question so it is more specific.



SAMPLING AND DATA (Chapter 12) 313 
  

  

  

  

  

                          

6 This column graph shows the number of rounds a pfrequency 

player wins in a judo tournament. 3 

a Is the number of rounds won a discrete or 

continuous variable? g 

b State the modal number of rounds won. 4 

¢ Describe the distribution of the data. 9 

% 1 2z 3 1~ 
rounds won 

7 A parking inspector recorded the number of parking tickets she issued each day for four weeks. 

Her results are shown below: 

2 4 2 3 5 0 3 
3 2 4 6 3 3 3 

4 1 3 3 4 5 2 
31 3 1 2 5 4 

a Construct a tally and frequency table to organise 

  

the data. N 

b Draw a column graph to display the data. \/ 

¢ Describe the distribution of the data. Are there Dfl ‘ //‘— 

any outliers? 

8 The data supplied below is the diameter (in cm) of a number of bacteria colonies as measured 

by a microbiologist 12 hours after seeding. 

04 21 34 39 47 37 08 36 41 49 25 31 15 26 4.0 
1.3 35 09 15 42 35 21 30 1.7 36 28 37 28 32 33 

Is the diameter of bacteria colonies a discrete or continuous variable? 

Organise the data into 5 class intervals of equal width. 

Draw a histogram to display the data. 

State the modal class. 

® 
O
 

n 
O 

o 

Describe the distribution. 

REVIEW SET 12B 

1 Classify the following variables as discrete or continuous: 

a the number of pages in a book b the distance travelled by hikers in one day 

¢ the attendance figures for a music festival. 

2 A sales promoter decides to visit 10 houses in a street and offer special discounts on a new 

window treatment. The street has 100 houses numbered from 1 to 100. The sales promoter 

selects a random number between 1 and 10 inclusive and calls on the house with that street 

number. After this the promoter calls on every tenth house. 

a What sampling technique is used by the sales promoter? 

b Explain why every house in the street has an equal chance of being visited. 

¢ Explain why this is not a simple random sample.
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Petra emailed a questionnaire to her teacher colleagues about general student behaviour in their 

classes. 

a Explain why Petra’s questionnaire may produce a high non-response error. 

b Of the 20 teachers who were emailed the questionnaire, 10 responded. Petra decides to 

use these 10 responses as her sample. Explain why Petra is likely to encounter a coverage 

erTor. 

Rewrite the question “How did you learn about our services?” as a structured question. Include 

the options that respondents should choose from. 

Consider the question “Were you a naughty child?” 

a Identify any problems with how the question is worded. 

b Rewrite the question to address these problems. 

The winning margins in 100 rugby games were recorded as follows: 

Margin (points) | 1-10 | 11-20 [ 21-30 | 31 -40 | 41 - 50 

B [ » [ o | 18 [ 7 
Draw a column graph to present this information. 

  

The Dzungarian or Przewalski’s horse is an 

endangered species native to the Mongolian steppes. 

The adult horses in an established breeding program 

are weighed in kg. The results are: 

274 298 302 316 296 279 325 

303 286 318 286 325 306 303 
261 315 326 293 281 

a Explain why the mass of a horse, m kg, is a 

continuous quantitative variable. 

b Organise the data in a frequency table using the 

intervals 260 < m < 270, 270 < m < 280, 

ey 320 < m < 330. 
Identify the modal class. 

  

n 

d Draw a histogram to display the data. 

e Hence describe the distribution of the data. 

8 The data below are the lengths, in metres, of yachts competing in a sailing race. 

14.7 141 216 162 157 128 10.1 139 144 13.0 
11.7 146 172 134 121 11.3 13.1 21.6 235 164 

144 158 12.6 19.7 18.0 16.2 274 219 144 124 

Is the data discrete or continuous? 

Organise the data using a frequency table. 

Draw an appropriate graph to display the data. 

Describe the distribution of the data. Q 
a 
C
 o
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  OPENING PROBLEM 

Nick believes he has devised a series of stretches which 

can help relieve back pain. He invites people with back 

pain to perform the stretches for several weeks. 

  

The participants rate their level of back pain on a scale 

of 1 to 10 (10 being the greatest) before and after the 

experiment: 

  

Before: 7 9 5 6 9 7 10 6 8 9 

8 79 8 10 4 8 6 7 8 

After: 4 7 6 3 8 5 9 4 5 8 

7T 6 5 4 7 2 5 3 46 

Things to think about: 

a What statistics can we calculate to measure the centre of each data set? 

b How can we use a graph to make a visual comparison between the data sets? 

¢ Do you believe that Nick’s stretching exercises reduce back pain? Explain your answer. 

In the previous Chapter, we looked at how data can be collected, organised, and displayed. By looking 

at appropriate graphs, we can get an idea of a data set’s distribution. 

We can get a better understanding of a data set if we can locate its middle or centre, and measure its 

spread or dispersion. Knowing one of these without the other is often of little use. 

However, whatever statistics we calculate, it is essential to view and interpret them in the context of what 

we are studying. 

[ [ MEASURING THE CENTRE OF DATA 
There are three statistics that are used to measure the centre of a data set. These are the mode, the 

mean, and the median. 

THE MODE 

In the previous Chapter we saw that: 

e For discrete data, the mode is the most frequently occurring value in the data set. 

e For continuous data, we cannot talk about a mode in this way because no two data values will 

be exactly equal. Instead we talk about a modal class, which is the class or group that has the 

highest frequency. 

If a data set has two values which both occur most frequently, we say it is bimodal. 

If a data set has three or more values which all occur most frequently, the mode is not an appropriate 

measure of centre to use.
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THE MEAN 

The mean of a data set is the statistical name for its arithmetic average. 

For the data set {z1, z2, z3, ...., T}, 

sum of all data values 
meapn = ——M 

the number of data values 

Ty + X2 + X3+ .o + T 

n 
n 

T4 
=1 

n 

i 
  

We use T to represent the mean of a sample, and p to represent the mean 

of a population. 4 is the Greek letter 
“mu” which we 

pronounce as “mew”. 
In many cases we do not have data from all of the members of a population, 

so the exact value of y is unknown. Instead we collect data from a sample 

of the population, and use the mean of the sample T as an approximation 

for pu. 

  

THE MEDIAN 

The median is the middle value of an ordered data set. 

An ordered data set is obtained by listing the data from the smallest to the largest value. 

The median splits the data in halves. Half of the data values are less than or equal to the median, and 

half are greater than or equal to it. 

For example, if the median mark for a test is 73% then you know that half the class scored less than or 

equal to 73% and half scored greater than or equal to 73%. 

For an odd number of data values, the median is one of the original data values. 

For an even number of data values, the median is the average of the two middle values, and hence may 

not be in the original data set. 

If there are n data values listed in order from smallest to largest, 

  

  

the median is the (n pals ) th data value. 

For example: DEMO 

If n=13, ntl_ 7, so the median is the 7th ordered data value. 

If n=14, ntl_ 7.5, so the median is the average of the 7th and 8th ordered data   

values.
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BT O R (T 

The numbers of faulty products returned to an electrical goods store each day over a 21 day period 

are: 

  

3449 886 47 9135359386371 

a For this data set, find: 

i the mean ii  the median iii the mode. 

b On the 22nd day there were 9 faulty products returned. How does this affect the measures of 

the centre? 
  

3+4+4+...+3+7+1 <—— sum of all the data values 
a | mean= 

¢ 21 21 data values 

  

3 
1 

~ 5.38 faulty products 

i As n=21, "T“=11 

The ordered data set is: ++3-33344455 6677888999 

! 
. 11th value 

median = 5 faulty products 

ili 3 is the data value which occurs most often, so the mode is 3 faulty products. 

b We expect the mean to increase since the new data value is greater than the old mean. 

11349 122 
9 _ 12 555 faulty products. 

22 22 

n+1 
Since n = 22, i 11.5 

In fact, the new mean =   

The new ordered data set is: 

++3333444556 6778889999 
—— 
  

two middle data values 

the new median = # = 5.5 faulty products. 

The new data set has two modes which are 3 and 9 faulty products.     
You can use your graphics calculator or the statistics package STATISTICS 

PACKAGE 

to find measures of centre. 
GRAPHICS 

CALCULATOR 
INSTRUCTIONS 

EXERCISE 13A 

1 Phil kept a record of the number of cups of coffee he drank each day for 15 days: 

2,3,1,1,0,0,4,3,0,1,2,3,2, 1,4 

Without using technology, find the ~ a mode b median ¢ mean of the data. 

2 For each data set, find the: i mean ii median iii  mode. 

a 2,3,3,3,4,4,4,5,5,5,5,6,6,6,6,6,7,7,8,8,89,9 

b 10, 12, 12, 15, 15, 16, 16, 17, 18, 18, 18, 18, 19, 20, 21 

c 224, 24.6, 21.8, 26.4, 24.9, 25.0, 23.5, 26.1, 25.3, 29.5, 23.5 

Check your answers using technology.
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3 The sum of 7 scores is 63. What is their mean? 

L The scores obtained by two ten-pin bowlers over a 10 game series are: 

Gordon: 160, 175, 142, 137, 151, 144, 169, 182, 175, 155 

Ruth: 157, 181, 164, 142, 195, 188, 150, 147, 168, 148 

Who had the higher mean score? 

5 Consider the two data sets: 

Data set A:  3,4,4,5,6,6,7,7,7,8,8,9, 10 

Data set B:  3,4,4,5,6,6,7,7,7,8,8,9,15 

a Find the mean of both data set A and data set B. 

b Find the median of both data set A and data set B. 

¢ Comment on your answers to a and b. 

6 An Indian dessert shop keeps a record of how many motichoor ladoo and malai jamun they sell 

each day for a month: 

Motichoor ladoo Malai jamun 

62 76 55 65 49 78 71 82 37 52 71 59 63 47 56 68 
79 47 60 T2 58 82 76 67 43 67 38 73 54 55 61 49 
50 61 70 85 77 69 48 T4 50 48 53 39 45 60 46 51 

63 56 81 75 63 74 54 38 57 41 72 50 44 76 

a Find the: 

i mean number of motichoor ladoo and malai 

jamun sold 

il median number of motichoor ladoo and malai 

jamun sold. 

b Which item was more popular? Explain your answer. 

  

7 A bus and tram travel the same route many times during the day. The drivers counted the number 

of passengers on each trip one day, as listed below. 

Bus Tram 

30 43 40 53 70 50 63 58 68 43 45 70 79 
41 38 21 28 23 43 48 38 23 30 22 63 73 
20 26 35 48 41 33 25 35 60 53 

a Use technology to calculate the mean and median number of passengers for both the Bus and 

Tram data. 

b Which method of transport do you think is more popular? Explain your answer. 

8 A basketball team scored 43, 55, 41, and 37 points in their first four matches. 

a Find the mean number of points scored for these four matches. 

b What score does the team need to shoot in their next match to maintain the same mean score? 

¢ The team scores only 25 points in the fifth match. 

i Will this increase or decrease their overall mean score? Explain your answer. 

ii Find the mean number of points scored for the five matches.
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Example 2 LR AR T 

If 6 people have a mean mass of 53.7 kg, find their total mass. 
  

sum of masses =53.7 kg 

sum of masses = 53.7 x 6 

", the total mass = 322.2 kg 

  

This year, the mean monthly sales for a clothing store have been €15467. Calculate the total sales 

for the store for the year. 
10 

Given T=11.6 and n =10, calculate ) ;. 
i=1 

Towards the end of a season, a netballer had played 14 matches and scored an average of 16.5 goals 

per game. In the final two matches of the season she scored 21 goals and 24 goals. Find the 

netballer’s average for the whole season. 

Find z if 5, 9, 11, 12, 13, 14, 17, and = have a mean of 12. 

Find a if 3, 0, a, a, 4, a, 6, a, and 3 have a mean of 4. 

Over the entire assessment period, Aruna averaged 35 out of a possible 40 marks for her Mathematics 

tests. However, when checking her files, she could only find 7 of the 8 tests. For these she scored 

29, 36, 32, 38, 35, 34, and 39. How many marks out of 40 did she score for the eighth test? 

A sample of 10 measurements has a mean of 15.7, and a sample of 20 measurements has a mean 

of 14.3. Find the mean of all 30 measurements. 

The mean and median of a set of 9 measurements are both 12. Seven of the measurements are 

7,9, 11, 13, 14, 17, and 19. Find the other two measurements. 

INVESTIGATION 1 

We have seen that an outlier or extreme value is a value which is much greater than, or much less 

than, the other values. 

Your task is to examine the effect of an outlier on the three measures of centre. 

What to do: 

Consider the set of data: 4, 5, 6, 6,6, 7,7, 8,9, 10. Calculate: 

a the mean b the mode ¢ the median. 

Suppose we introduce the extreme value 100 to the data, so the data set is now: 

4,5,6,6,6,7,7,8,9, 10, 100. Calculate: 

a the mean b the mode ¢ the median. 

Comment on the effect that the extreme value has on: 

a the mean b the mode ¢ the median. 

Which of the three measures of centre is most affected by the inclusion of an outlier? 

Discuss situations with your class when it would not be appropriate to use a particular measure 

of centre of a data set.
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I INIGHOOSING THE APPROPRIATE MEASURE 
The mean, mode, and median can all be used to indicate the centre of a set of numbers. The most 

appropriate measure will depend upon the type of data under consideration. When selecting which one 

to use for a given set of data, you should keep the following properties in mind. 

Mode gives the most usual value 

only takes common values into account 

not affected by extreme values 

  

Mean commonly used and easy to understand 

takes all values into account 

affected by extreme values 

Median gives the halfway point of the data 

only takes middle values into account 

not affected by extreme values 

  

For example: 

e A shoe store is investigating the sizes of shoes sold over one month. The mean shoe size is not 

useful to know, since it probably will not be an actual shoe size. However, the mode shows at a 

glance which size the store most commonly has to restock. 

e On a particular day a computer shop makes sales of $900, $1250, $1000, $1700, $1140, $1100, 

$1495, $1250, $1090, and $1075. In this case the mode is meaningless, the median is $1120, and 

the mean is $1200. The mean is the best measure of centre as the salesman can use it to predict 

average profit. 

e When looking at real estate prices, the mean is distorted by the few sales of very expensive houses. 

For a typical house buyer, the median will best indicate the price they should expect to pay in a 

particular area. 

EXERCISE 13B 

1 The selling prices of the last 10 houses sold in a certain district were as follows: 

$346400, $327600, $411000, $392500, $456400, 
$332400, $348000, $329500, $331400, $362500 

a Calculate the mean and median selling prices. Comment on your results. 

b Which measure would you use if you were: 

i a vendor wanting to sell your house 

i looking to buy a house in the district? 

2 The annual salaries of ten office workers are: 

$33000, $56000, $33000, $48000, $34000, 

$33000, $33000, $48000, $33000, $42000 

a Find the mode, mean, and median salaries of this group. 

b Explain why the mode is an unsatisfactory measure of the centre in this case. 

¢ Is the median a satisfactory measure of the centre of this data set?
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3 The following raw data is the daily rainfall, to the nearest millimetre, for a month: 

3,1,0,0,0,0,0,2,0,0,3,0,0,0,7,1, 1,0, 3,8,0,0,0, 42, 21, 3,0, 3, 1, 0, 0 

Use technology to find the mean, median, and mode of the data. 

Explain why the median is not the most suitable measure of centre for this set of data. 

Explain why the mode is not the most suitable measure of centre for this set of data. 

Identify the outliers in this data set. 

® 
O
 

A
 
O
 
o
 

The outliers are genuine pieces of data and not the result of recording errors. Should they be 

removed before calculating statistics? 

L4 Esmé runs a day-tour business in Amsterdam. She wants to offer a “family package” that includes 

the charges for two adults and their children. To investigate the number of children she should 

include in the package, she asks 30 randomly selected customers with children how many children 

they have. Their responses are: 

2223 41121112234 

1 4423111211223 2 

a Calculate the mean, median, and modal number of children per family. 

b Is the mode a useful statistic in this case? 

¢ Suggest how many children Esmé should include in the package, giving reasons for your answer. 

THEORY OF KNOWLEDGE 

We have seen that the mean, the median, and mode are all statistics that give an indication of a data 

set’s centre. The actual things that they measure are quite different! 

e The mode is the value with the highest frequency. It is a measure of centre in terms of frequency. 

e The median divides the data into halves. It is a measure of centre in terms of proportion. 

e The mean is the arithmetic average. It can be thought of as the “balancing point” of the data 

set’s distribution. 

Other less commonly used measures for a data set {z1, z2, ..., x,} include the: 

maximum + minimum 

2 

We have seen that the most appropriate measure of centre will depend on what we are investigating. 

In a way, we change how the “centre” of a data set is defined to suit the purpose of our investigation. 

e geometric mean = {/x; X Ta X ... X Ty, e mid-range value = 

1 When we have data that is heavily frequency 

skewed, the mode will be on the far left 

or far right on its column graph. 

a Does the mode give an accurate 

indication of a data set’s centre in 

these cases? 

b Is the relationship between mode 

and the centre of a data set purely 

coincidental? 

2 For what kinds of data sets would the 1 ‘ T v 

geometric mean and the mid-range value mode | mean 

be useful? median
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3 How would you define the “centre” of a data set? 

4 What makes a measure of centre objectively “better” than another measure? 

5 Is there a canonical measure of centre, which means a measure of centre that is “better” 

than any other in all cases? 

(31 I USING FREQUENCY TABLES 
We have already seen how to organise data into a frequency table 
like the one alongside. 

4 1 

5 3 

6 7 

G| 15) 
8 

9 

The mode of the data is found directly from the Frequency column. 

  

  

15 

8 

5 

THE MEAN 

Adding a “Product” column to the table helps to add Value (x) | Frequency (f) | Product (zf) 
the data values. 3x1—3 

For example, the value 7 occurs 15 times, and these 4 Ax1=4 

add to 15 x 7 = 105. Fx3=15 

6x7=42 

7 x 15 =105 

8 x8 =064 

9 x5=45 

Saf =278 
  

  

. sum of all data values 
Since the mean = —— ———— we find 

the number of data values 

z1fr +z2fo +x3fs + oo + xS 
  

  

= where k is the number of different 

fit 2t fat i+ fi values in the data. 
k 
S @i fj 

_  j=1 e . . >oxf 
= which we often abbreviate as . 

> f 
Ti 

j=1 

In this case the mean = 24708 =6.95.
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THE MEDIAN 

n+l 41 
Since =5 = 20.5, the median is   

  

Cumulative frequency 

  

  

the average of the 20th and 21st ordered 

data values. 

In the table, the blue numbers show 

the accumulated frequency values, or 

cumulative frequency. 

We can see that the 20th and 21st ordered 

data values are both 7s. 

. T+7 
the median = % =7 

  

Example 3 

of a tournament. 

Frequency 4 | 11|18 

  

   
   
   
   
   
   
    

    

1 <— one number is 3 

2 <— two numbers are 4 or less 

5 <— five numbers are 5 or less 

12 =— 12 numbers are 6 or less 

27 <— 27 numbers are 7 or less 

35 <— 35 numbers are 8 or less 

40 <— all numbers are 9 or less 

The table below shows the number of aces served by a sample of tennis players in their first sets 

5] 6] 
7T 2 

  

Determine the: a mean b median ¢ mode for this data. 

AR (118 

  

22 

54 

52 

~ 3.25 aces 

n+1 
  b There are 55 data values, so n = 55. 

the 28th ordered data value is 3 aces. 

the median is 3 aces. 

so the mode is 3 aces.   = 28, 

Frequency (f) | Product (z 1) | Cumulative frequency 

15 

33 

46 

53 

55    
so the median is the 28th ordered data 

value. From the cumulative frequency column, the 16th to 33rd ordered data values are 3 aces. 

¢ Looking down the frequency column, the highest frequency is 18. This corresponds to 3 aces,    
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EXERCISE 13C 

1 The table alongside shows the number of people in cars on N ofpeople 

a road. 

Calculate the: 

a mode b median ¢ mean. 

Check your answers using A 

your graphics calculator. 
GRAPHICS 

CALCULATOR 
INSTRUCTIONS 

2 The frequency table alongside shows the number of phone 

calls made in a day by 50 fifteen-year-olds. 

a For this data set, find the: 

i mean il median il mode. 

b Construct a column graph for the data and show 

the position of the mean, median, and mode on the 

horizontal axis. 

Describe the distribution of the data. 

Why is the mean larger than the median? 

[-
 

Y 

1 

2 

3 

4 

5 

6 

7 

8 e Which measure of centre would be the most suitable 

for this data set? 

—
 
—
 

3 Families at a school in Manchester were surveyed, and the 

number of children in each family was recorded. The results 

of the survey are shown alongside. 

Number of children 

28 

15 

8 

2 

1 

L& The column graph shows the weekly pocket money for Column graph of pocket money 

a class of children. 10‘ frequency 

a Construct a frequency table from the graph. 

a Calculate the: 

i mean il mode il median. 

b The average British family has 2.075 children. How 

does this school compare to the national average? 

Describe the skewness of the data. 

How has the skewness of the data affected the 

measures of the centre of the data set? 

  Q 
a 

  

  

b Determine the total number of children in the class. 

¢ Find the: 

i mean ii median fii mode ofthe data. 

  

  

                        
d  Which of the measures of centre can be found easily 

using the graph only? 1 2 3 4 5 
euros 

  T S
 

N
 

e
 

O
 

5 Out of 31 measurements, 15 are below 10 cm and 12 are above 11 cm. Find the median if the other 

4 measurements are 10.1 cm, 10.4 cm, 10.7 cm, and 10.9 cm.
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6 In an office of 20 people there are only 4 salary levels paid: 

$100000 (1 person), $84000 (3 people), 

$70000 (6 people),  $56 000 (10 people) 

a Calculate: 

i the median salary il the modal salary 

iii the mean salary.     

  

b Which measure of central tendency might be used by the 

boss who is against a pay rise for the other employees? 

7 The table shows the test scores for a class of students. 

A pass is a score of 5 or more. 

a Given that the mean score was 5.45, find z. 

b Find the percentage of students who passed. 

DI Grouped ama 
When information has been gathered in groups or classes, we use the midpoint or mid-interval value 

to represent all data values within each interval. 

We are assuming that the data values within each class are evenly distributed throughout that interval. 

The mean calculated is an approximation of the actual value, and we cannot do better than this without 

knowing each individual data value. 

  INVESTIGATION 2 

When mid-interval values are used to represent all data values within each interval, what effect will 

this have on estimating the mean of the grouped data? 

This table summarises the marks out of 50 received by students in a Marks | Ere quency 
Physics examination. The exact results for each student have been lost. - 

What to do: 31 

1 Suppose that all of the students scored the lowest possible result in 73 
their class interval, so 2 students scored 0, 31 students scored 10, 85 

and so on. 28 
Calculate the mean of these results, and hence complete: 

  

“The mean Physics examination mark must be at least ...... 

2 Now suppose that all of the students scored the highest possible result in their class interval. 

Calculate the mean of these results, and hence complete: 

“The mean Physics examination mark must be at most ...... 

3 We now have two extreme values between which the actual mean must lie. 

Now suppose that all of the students scored the mid-interval value in their class interval. We 

assume that 2 students scored 4.5, 31 students scored 14.5, and so on. 

a Calculate the mean of these results. 

b How does this result compare with lower and upper limits found in 1 and 2? 

¢ Copy and complete: “The mean Physics examination mark was approximately ...... 

4 Discuss with your class how accurate you think an estimate of the mean using mid-interval 

values will be. How is this accuracy affected by the number and width of the class intervals?
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The table below shows the ages of bus drivers. Estimate the mean age, to the nearest year. 

Age (years) | 21-25 [ 26-30 [ 31-35 [ 36-40 | 41-45 | 46 -50 | 51 - 55 
Frequency 11 14 | 32 27 29 | 1m |7 

    

  

  

   

  

Age (years) Fnequency f) Mzdpomt (z) _ 

the mean age of the 

drivers is about 38 years. 
  

  

  
  

EXERCISE 13D 

1 Simone recorded the lengths of her     
   

The midpoint of an 

interval is the average 

of its endpoints. 

phone calls for one week. The results 

are shown in the table alongside. 

  

    
a How many phone calls did she 

make during the week? 

b Estimate the mean length of the 

calls. 

  

2 50 students sat a Mathematics test. Estimate the mean score given these results: 

m ) 
Frequency GRAPHICS 

CALCULATOR 
INSTRUCTIONS 

  

  

Check your answers using your calculator. 

3 The ltable shpws thjc petrol sales in one day by a number Amount of petrol (P L) 

of city service stations. 

  

. . . . 2000 < P < 3000 4 
a How many service stations were involved in the 

survey? 3000 < P < 4000 4 

b Estimate the total amount of petrol sold for the day 4000 < P < 5000 9 

by the service stations. 5000 < P < 6000 14 

¢ Estimate the mean amount of petrol sold for the 6000 < P < 7000 23 

day. 7000 < P < 8000 16 
  

d Find the modal class for this distribution. Explain 

your answer.
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4 The data below shows the runs scored by Jeff over an entire cricket season. 

17 5 22 13 6 0 15 20 
14 7 28 36 13 28 9 18 
2 23 12 27 5 22 3 O 

32 8 13 25 9 

Organise the data into the groups 0-9, 10-19, 20 - 29, 30 - 39. 

b Use your grouped data to estimate the mean number of runs scored. 

¢ Use the raw data to find the exact mean number of runs scored. How 

accurate was your estimate in b? 

5 The manager of a bank decides to investigate the time Waiting time (¢ min) 

customers wait to be served. The results for 300 customers 

    

  

  

are shown in the table alongside. N 

a Determine the value of p. 1< 

b Estimate the mean waiting time. 2st<3 

¢ What percentage of customers waited for at least 3< 

5 minutes? 4<t<5h 

5<t<6 

6<t<7 

6 This frequency histogram illustrates the 50 Aptitude test results 

results of an aptitude test given to a group frequency 

of people seeking positions in a company. 40 
  

a How many people took the test?   

  b Estimate the mean score for the test. 30 
  

¢ What fraction of the people scored less 

than 100 for the test? 

d What percentage of the people scored 10 

more than 130 for the test? 

20 

  

0   80 90 100 110 120 130 140 150 160 
score 

I3 [ MEASURING THE SPREAD OF DATA 
Consider the following statements: 

e The mean height of 20 boys in a Year 12 class was found to be 175 cm. 

e A carpenter used a machine to cut 20 planks of length 175 cm. 

Even though the means of the two data sets are the same, there will clearly be a greater variation in the 

heights of boys than in the lengths of the planks. 

Commonly used statistics that measure the spread of a data set are: 

e the range e the interquartile range 

e the variance e the standard deviation. 

We will look at variance and standard deviation later in the Chapter.
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THE RANGE 

The range is the difference between the maximum data value and the minimum data value. 

range — maximum — minimum 

As a statistic for discussing the spread of a data set, the range is not considered to be particularly reliable. 

This is because it only uses two data values. It may be influenced by extreme values or outliers. 

However, the range is useful for purposes such as choosing class intervals. 

Example 5 o) Self Tutor 

The weight, in kilograms, of the pumpkins in Herb’s crop are: 

2.3,31,27,4.1,29,4.0,3.3,3.7,34,5.1,4.3, 2.9, 4.2 

Find the range of the data. 

Range = maximum — minimum 

S 

=2.8kg 

  

THE INTERQUARTILE RANGE 

The median divides the ordered data set into two halves, and these halves 
.. . - . The median is sometimes 

are divided in half again by the quartiles. St Ry W — 

The middle value of the lower half is called the lower quartile (Q1). it is the 2nd quartile. 

The middle value of the upper half is called the upper quartile (Qs). 

  

The interquartile range (IQR) is the range of the middle half of the data. 

interquartile range = upper quartile — lower quartile 

IQR = Q3 — Q1 

  

[T TN 

Forthedataset 5 5 7 3 8 2 346 5 7 6 4, find: 

a the median b Q; and Q3 ¢ the interquartile range. 

The ordered data set is: 2334455566778 (13 data values) 

a Since n =13, "TH =7 .. the median is the Tth data value. 

2334455566778 

median = 5 

b Since the median is a data value we now ignore it and split the remaining data into two: 

  

lower half upper half Q; = median of lower half = % =3.5 
e e, e e 

233445 566778 647 
Qs = median of upper half = — = 6.5 

¢ IQR=Q3 — Q1 =65-35=3    
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YA O R (T 

For the data set 12 24 17 10 16 29 22 18 32 20, find: 

a the median b Qp and Q3 ¢ the interquartile range. 

  

  

The ordered data set is: 10 12 16 17 18 20 22 24 29 32 (10 data values) 

a Since n =10, HTH =5.5 .. the median is the average of the 5th and 6th data values. 

10421617 18 20 22242932 

5th value + 6th value 18420 
  median = ——M———— = 19 

2 2 

b We have an even number of data values, so we include all data values when we split the data 

set into two: 

lower half upper half Q= median of lower half = 16 
e e e e _ g — 

10 12 16 17 18 20 22 24 29 39 Qg = median of upper half = 24 
¢ IQR=Q3 —Q; =24-16=8     

Technology can be used to help calculate the interquartile range. Your 8 

graphics calculator gives the values of Q; and Qs, from which the 

interquartile range is found using IQR = Q3 — Q. 

STATISTICS 
PACKAGE 

  

GRAPHICS 
CALCULATOR 
INSTRUCTIONS 

EXERCISE 13E 

1 For each of the following data sets, make sure the data is ordered and then find: 

i the median ii the lower and upper quartiles 

i the range iv the interquartile range. 

a 5,6,9,10, 11, 13, 15, 16, 18, 20, 21 
b 7,7 10,13, 14, 15, 18, 19, 21, 21, 23, 24, 24, 26 
¢ 21,24, 19, 32, 15, 43, 38, 29 
d 32, 45, 26, 28, 52, 57, 41, 69, 33, 20 

Check your answers using your graphics calculator. 

2 Jane and Ashley’s monthly telephone bills are shown below: 

Jane: $35, $47, $29, $38, $29, $34, $42, $29, $36, $40, $36, $31 

Ashley:  $19, $24, $26, $19, $23, $40, $35, $59, $32, $42, $26, $24 

Find the mean and median for each data set. 

Find the range and interquartile range for each data set. 

Which person generally pays more for their telephone bills? 

Q 
an
 
O
 o
 

Which person has the greater variability in their telephone bills?
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3 a Find the range and interquartile range for the data set: 

9 12 7 

b Identify the outlier in the data set. 

15 14 22 18 11 20 15 

20 10 13 67 25 18 11 7 14 19 

¢ Recalculate the range and interquartile range with the outlier removed. 

d  Which measure of spread is more affected by the outlier? 

4 Derrick and Gareth recorded the number of minutes they slept each night for 15 nights: 

Derrick: 420, 435, 440, 415, 380, 400, 430, 450, 210, 445, 425, 445, 450, 420, 425 

Gareth: 360, 420, 460, 430, 480, 340, 450, 490, 500, 460, 330, 470, 340, 480, 370 

b Which person’s data has the lower: 

Calculate the range and interquartile range for each data set. 

i range i interquartile range? 

¢ Which measure of spread is more appropriate for determining who is generally the more 

consistent sleeper? Explain your answer. 

5 a,bc d e f, g, h, i, j, k, I, and m are 13 data values which have been arranged in ascending 

order. 

a Which variable represents the median? 

b Write down an expression for: 

i the range ii the interquartile range. 

6 A data set has the following known measures of centre and spread: 
  

mode range interquartile range 
  

Measure | median 

Value 9   7   13     6 
  

Find the new value of each of these measures if every member of the data set is: 

a increased by 2 b doubled. 

  

Consider the data set: 

5 7, 7, 8 9, 

1 Calculate Qq, Qs, and the IQR: 

11, 11, 12, 14, 14, 15 

e by hand e using your graphics calculator 

e using a spreadsheet. 

Do you get the same answers in all 3 cases? 

2 Ifthere is an odd number of data values, some statistical packages calculate quartiles by including 

the median in each half of the data. 

a Check to see whether your spreadsheet calculates quartiles this way. 

b Does this method necessarily change the interpretation of the calculated values? 

¢ Are statistical packages that do this necessarily “wrong”?
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[0 [N BOX AND WHISKER DIAGRANS 
A box and whisker diagram or simply box plot is a visual display of some of the descriptive statistics 

of a data set. It shows: 

e the minimum value 

e the lower quartile (Q;) 

e the median (Q2) 

e the upper quartile (Q3) 

These five numbers form the 

five-number summary of the data set. 

e the maximum value 

For the data set in Example 7 on page 330, the five-number summary and box plot are: 

  

    

minimum = 10 lower Vlvhisker upper \I,hisker 

Q1 =16 — v | 

median = 19 «le e e e e iy 
Q3 =24 1T0 15 ¢ T 20 t 25 30 [ 

maximum = 32 minimum Qi median Qs maximum 

You should notice that: 

e The rectangular box represents the “middle” half of the data set. 

e The lower whisker represents the 25% of the data with smallest values. 

e The upper whisker represents the 25% of the data with greatest values. 

INTERPRETING A BOX PLOT 

A set of data with a symmetric distribution will have a requency 

symmetric box plot. 

(=
 

A 
= 

e
 

1011121314151617 1819 20 

The whiskers of the box plot are the same length and the .—ED—. 

median line is in the centre of the box. z 

10 12 14 16 18 20 

A set of data which is positively skewed will have a positively 1 4 frequency 

skewed box plot. 

  

  

    

D
N
 
D
O
 

    
1234506738 ° 

The upper whisker is longer than the lower whisker and the _El:'— 

median line is closer to the left hand side of the box. 
1 2 3 4 5 6 7 8
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A set of data which is negatively skewed will have a 

negatively skewed box plot. 

  

° 

-
0
 

0
0
 

0
0
 

0 
0 

-
0
 

© 
0 

0
0
 

0 
0 

o 

- 

The lower whisker is longer than the upper whisker and the .—|___‘_. 

median line is closer to the right hand side of the box.               
     

   
   
    

    

  

    

Ll 
T 2345673809 

Example 8 o) Self Tutor 

Consider the data set: 8239653226254556 

a Find the five-number summary for this data. e 

b Draw a box plot for the data. 

¢ Find the: 

i range ii interquartile range. 

Find the percentage of data values which are less than 3.      The ordered data set is: 

2 2 2 2 33 45i55 5 6 6 6 89 {16 data values} 

| | | 
Q) =25 median =5 Q3=6 

minimum = 2 Q=25 

The five-number summary is: median = 5 Q3 =6 

maximum = 9 

  

      

b 
._|—I—. 

S I S Bt ! L, 
0 1 2 3) 4 5 6 7 8 9 10 

< i range = maximum — minimum i IQR=Q3 —Q 

=9-2 =6-25 

=7 =3.5 

d  Using the ordered data set in a, 4 out of 16 data values are less than 3. 

25% of the data values are less than 3.     
Part d can be seen from the 

original data set. We cannot 

read it straight from the box 

plot because the box plot does 

not tell us that all of the data 

@ values are integers. 

k 
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EXERCISE 13F 

1 The box plot below summarises the points scored by a basketball team. 

—L T 1 
L sl points scored 

0 10 20 30 40 50 60 70 80 

  

  

State the: 

a median b maximum value ¢ minimum value 

d upper quartile e lower quartile f range 

g interquartile range. 

2 The box plot below summarises the class results for a test out of 100 marks. 

L T 
Lol el e test scores 
0 10 20 30 40 50 60 70 80 90 100 

  

a Copy and complete the following statements about the test results: 

i The highest mark scored for the test was ...... and the lowest mark was ...... 

il Half of the class scored a mark greater than or equal to ...... 

iii  The top 25% of the class scored at least ...... marks. 

iv. The middle half of the class had scores between ...... and ... 

b Find the range and interquartile range of the data set. 

3 For the following data sets: STATISTICS 
. PACKAGE 

i Construct a five-number summary. 

il Draw a box plot. GRAPHICS 
e . . . CALCULATOR 

iii  Find the range and interquartile range. INSTRUCTIONS 

a 3,4,5,5,5,6,6,6,7,7,8,8,9,10 

b 3,7,0,1,4,6,8,8,8,9,7,56,8,7,8,8,2,9 

¢ 23,44, 31, 33, 26, 17, 30, 35, 47, 31, 51, 47, 20, 31, 28, 49, 26, 49 

4 Enid counts the number of beans in 33 pods. Her results are: 

5,8,10,4,2,12,6,5,7,7,5,5,5,13,9,3,4,4,7,8,9,5,5,4,3,6,6,6,6,9,8,7,6 

a Find the median, lower quartile, and upper quartile of the data set. 

b Find the interquartile range of the data set. ¢ Draw a box plot of the data set. 

5 Ranji counts the number of bolts in several boxes and tabulates the data as follows: 

Number of bolts | 33 | 34 | 35| 36 | 37 | 38 | 39 | 40 

[ Fregens [ 157 [ B8] 0]1 
a Draw a box plot of the data set. b Find the range and the IQR. 

  

L7 

Click on the icon to play a card game about box plots. CARD GAME
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I ourums 
We have seen that outliers are extraordinary data that are separated from the main body of the data. 

  

However, we have so far identified outliers rather informally by looking at the data directly, or at a 

column graph of the data. 

A commonly used test to identify outliers involves the calculation of upper and lower boundaries: 

e upper boundary = upper quartile 4 1.5 X IQR 

Any data larger than the upper boundary is an outlier. 

o lower boundary = lower quartile — 1.5 X IQR 

Any data smaller than the lower boundary is an outlier. 

Outliers are marked with an asterisk on a box plot. There may be more than one outlier at either end. 

Each whisker extends to the last value that is not an outlier. 

Example 9 LR AT 

Test the following data for outliers. Hence construct a box plot for the data. 

3,7, 8 8 5,9, 10, 12, 14, 7, 1, 3, 8, 16, 8, 6, 9, 10, 13, 7 

The ordered data set is: 

1335 6777888899 10 10 12 13 14 16 {n=20} 

l | | | l 
min = 1 Qi =6.5 median = 8 Q3 =10 max = 16 

IQR=Q3 — Q1 =35 

Test for outliers: upper boundary and lower boundary 

= upper quartile + 1.5 x IQR = lower quartile — 1.5 x IQR 

=10+15x35 =6.5—1.5x%x3.5 

=15.25 =125 

      
    

    

Each whisker is drawn 

to the last value that is 

not an outlier. 

16 is above the upper boundary, so it is an outlier. 

1 is below the lower boundary, so it is an outlier. 

* — |—~ * 

e Mannlonnllonnloonlonnlosclonnlonnllonnlonnl 
0 2 4 6 8§ 10 12 14 16 18 20 

  

    
  

  

  
EXERCISE 13G 

1 A data set has lower quartile = 31.5, median = 37, and upper quartile = 43.5. 

a Calculate the interquartile range for this data set. 

b Calculate the boundaries that identify outliers. 

¢ The smallest values of the data set are 13 and 20. The largest values are 52 and 55. Which of 

these are outliers? 

d Draw a box plot of the data set.
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2 James goes bird watching for 25 days. The number of birds 

he sees each day are: 

12, 5, 13, 16, 8, 10, 12, 18, 9, 11, 14, 14, 

22,9,10,7,9,11, 13, 7, 10, 6, 13, 3, 8 

a Find the median, lower quartile, and upper quartile 

of the data set. 

b Find the interquartile range of the data set. 

¢ Find the lower and upper boundaries, and hence 

identify any outliers. 

  

d Draw a box plot of the data set. 

3 Match each graph with its box plot: 

  

  

  

      

  

  

    

              

a ffequensy b ° Trequency ° 
8 o 

6 o : o 

4 °o o o 
e o o o 

2 © ¢ o ©o 0 0 o ©° o o 

0 - b by 
1 2 3 4 5 6 7 8 =« 2 4 6 8§ 10 12 = 

€ Afrequency d requency 
8 4 
6 3 

4 2 
2 1 
0 0 
123456738 910111213 = 1 2 3 4 5 6 7 8=z 

    -« -« Ly 
1 2 3 4 5 6 7 8 =z 1 2 3 4 5 6 7 8 w 

C D 

T L L Ly 
12345678 910111213 12345678 910111213 

4 The data below shows the number of properties sold by a real estate agent each week in 2018: 

2 213 22 2 214151 

1122231722202 

2443310241213 

0231213422213 

Draw a column graph to display the data. 

From the column graph, does the data appear to have any outliers? 

Calculate the upper and lower boundaries to test for outliers and hence check your answer to b. 

Q 
an 
O
 o
 

Construct a box plot for the data.
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[7 FBARALLEL BOX AND WHISKER DIAGRAMS 
A parallel box and whisker diagram or parallel box plot enables us to make a visual comparison 

of the distributions of two data sets. We can easily compare descriptive statistics such as their median, 

range, and interquartile range. 

€1 TR 

A hospital trialling a new anaesthetic has collected data on how long the new and old drugs take 

before the patient becomes unconscious. They wish to know which drug acts faster and which is 

more predictable. 

Old drug times (s): 

  

  

8, 12, 9, 8, 16, 10, 14, 7, 5, 21, 

13, 10, 8, 10, 11, 8, 11, 9, 11, 14 

8,12, 7, 8, 12, 11, 9, 8, 10, 8, 

10, 9, 12, 8, 8, 7, 10, 7, 9, 9 

Draw a parallel box plot for the data sets and use it to compare the two drugs. 

New drug times (s): 

The five-number summaries are: 

  

For the old drug: min =5 For the new drug: min="7 

Q1 =38 Q=8 
median = 10 median = 9 

Q3 =125 Q3 =10 

max = 21 max = 12 

new drug . I . 

  

—     old drug — . 
    

0 5 10 

Comparing the spreads: 

range for old drug =21 —5 

predictable.   
L b b e b e b B time (S) 

Using the median, 50% of the time the new drug takes 9 seconds or less, compared with 10 seconds 

for the old drug. So, the new drug is generally a little quicker. 

=16 =5 

IQR for old drug = Q3 — Q; IQR for new drug = Q3 — Q; 

=125-8 =10-38 

=45 =’ 

The new drug times are less “spread out” than the old drug times, so the new drug is more 

15 20 25 

range for new drug =12 — 7  
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EXERCISE 13H 

1 The following parallel box plots compare the times students in Years 9 and 12 spend on homework. 

Year 9 

Year 12 
  

  

  
  L » (ime (min 

120 (mmin) 

  

b For each group, determine the: 

i range il interquartile range. 

¢ Determine whether the following statements are true or false, or if there is not enough 

information to tell: 

i On average, Year 12 students spend about twice as much time on homework as Year 9 

students. 

il Over 25% of Year 9 students spend less time on homework than all Year 12 students. 

2 The amounts of money withdrawn from an 

    

  

  

      

  

ATM were recorded on a Friday and on a —{ T F—— sawrday 
Saturday. The results are displayed on the ’_EIZ Friday 

parallel box plot shown. 
l_l_l_l_l_‘_l_l_l_l__l_l_l_l_‘_l_l_l_l_l_l_l_l_» 

a Find the five-number summary for each 0 50 100 150 200 amount (€) 

data set. 

b For each data set, determine the 

i range ii interquartile range. 

3 After the final examination, the results of two classes studying the same 100 __ percentage 

subject were compiled in this parallel box plot. [ 

a In which class was: 90 

i the highest mark ii  the lowest mark t 

iii there a larger spread of marks? 80 | 

b Find the interquartile range of class 1. F 

¢ Find the range of class 2. 0 F 

d  Students who scored at least 70% received an achievement award. 60 E 

Find the percentage of students who received an award in: £ 

i class 1 i class 2. 50l 

e Describe the distribution of marks in: E 

i class 1 il class 2. 40 

f Copy and corpplete: . E class 1 class 2 
The students in class ...... generally scored higher marks. 30— 

The marks in class ...... were more varied. Y
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4 The data below are the durations, in minutes, of Kirsten and Erika’s last 25 phone calls. 

Kirsten: 1.7 20 39 34 09 14 25 1.1 51 42 15 26 08 

40 15 10 29 32 25 08 1.8 31 69 23 12 

Erika: 20 48 12 75 32 57 39 02 27 68 34 52 32 

72 1.7 115 40 24 37 42 107 3.0 20 09 5.7 

a Find the five-number summary for each data set. 

b Display the data in a parallel box plot. 

¢ Compare and comment on the distributions of the data. 

5 Emil and Aaron play in the same handball team and are fierce but friendly rivals when it comes to 

scoring. During a season, the numbers of goals they scored in each match were: 

Emil: 16 203 4142303243433 

342 43 2330535324343 

Aaron: 72 4813 423053523120 
4340336025 112251401 

Is the variable discrete or continuous? 

b Enter the data into a graphics calculator or statistics 

package. 

n Produce a column graph for each data set. 

d Describe the shape of each distribution. 

e Compare the measures of the centre of each 

distribution. 

f Compare the spreads of each distribution. 

g Draw a parallel box plot for the data. 

h  What conclusions can be drawn from the data? 

  

6 A manufacturer of light globes claims that their new design has a 20% longer life than those they 

are presently selling. Forty of each globe are randomly selected and tested. Here are the results to 

the nearest hour: 

Old type: 103 96 113 111 126 100 122 110 84 117 103 113 104 104 

111 87 90 121 99 114 105 121 93 109 87 118 75 111 

87 127 117 131 115 116 82 130 113 95 108 112 

New type: 146 131 132 160 128 119 133 117 139 123 109 129 109 131 

191 117 132 107 141 136 146 142 123 144 145 125 164 125 

133 124 153 129 118 130 134 151 145 131 133 135 

Is the variable discrete or continuous? 

b Enter the data into a graphics calculator or statistics package. Compare the measures of centre 

and spread. 

n Draw a parallel box plot. 

d Describe the shape of each distribution. 

e What conclusions, if any, can be drawn from the data?
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I 000 CUMULATIVE FREQUENCY GRAPHS 
If we want to know the number or proportion of scores that 

lie above or below a particular value, we add a cumulative 

frequency column to a frequency table, and use a graph called 

a cumulative frequency graph to represent the data. 

  

  

  

  

  

  The cumulative frequencies are plotted and the points joined 

by a smooth curve. This differs from an ogive or cumulative 

frequency polygon where neighbouring points are joined by 

straight lines. 

  

  

  

                        

  

PERCENTILES 

A percentile is the score below which a certain percentage of the data lies. 

For example: 

e the 85th percentile is the score below which 85% of the data lies. 

e If your score in a test is the 95th percentile, then 95% of the class have scored less than you. 

Notice that: e the lower quartile (Q,) is the 25th percentile 

e the median (Qy) is the 50th percentile 

o the upper quartile (Q3) is the 75th percentile. 

A cumulative frequency graph provides a convenient way to find percentiles. 

Example 11 ) Self Tutor 

The data sh9ws the results of. the womenis marathon at the 

8 

3 

9 

2008 Olympics, for all competitors who finished the race. 146 <t < 143 

t < 150 

IN
 

a Add a cumulative frequency column to the table. 

b Represent the data on a cumulative frequency graph. 

¢ Use your graph to estimate the: 1 

i median finishing time 

il number of competitors who finished in less than 

155 minutes 

ili percentage of competitors who took more than 

159 minutes to finish 

iv time taken by a competitor who finished in the top 

20% of runners completing the marathon. 

12 
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| e 
146 < ¢ < 148 8 8 

148 <t < 150 3 8 +3 = 11 competitors completed the 

150 < ¢ < 152 9 marathon in less than 150 minutes. 

152 <t < 154 11 

154 <t < 156 12 

156 <t < 158 7 50 competitors completed the marathon in 

158 < t < 160 5 less than 158 minutes. 

160 < ¢ < 168 8 

168 <t < 176 6 

b 
Marathon runners’ times 

704 cumulative frequency 
  

60   

D2 eeeerenenpennat e R - 
50   

The cumulative frequency 

eediemenenen - ; gives a running total of 
""""" : the number of runners 

  40 

  

  

30 finishing by a given time. 

20   

L - 
10           

  

                          

  

: i : time (minutes 

146 150 15 158 162 166 170 174 

median 

c i The median is the 50th percentile. As 50% of 69 is 34.5, we start with the cumulative 

frequency 34.5 and find the corresponding time. 

The median ~ 154.5 min. 

il Approximately 37 competitors took less than 155 min to complete the race. 

iii 69 —52 =17 competitors took more than 159 min. 

4 ~24.6% took more than 159 min. 

iv As 20% of 69 is 13.8, we start with the cumulative frequency 14 and find the 

corresponding time. 

The top 20% of competitors took less than 151 min.   
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Another way to calculate percentiles _ Cumulative frequency graph 

is to add a separate scale to the g 4 2 
: 5 240 100% E 

cumulative frequency graph. 2 5 
o 2 

For example, on the graph alongside, l?.;, 2 

the cumulative frequency is read from = 

the axis on the left side, and each value g 180 [ / | T5% 
corresponds to a percentile on the right 3 i 

side. 

120 oo 50% 

60 fried 25% 

Q Q Qs score " 

EXERCISE 131 

1 The examination scores of a group of students are shown in the 

  

  

  

  

  

  

  

  

  

  

  

  

          

table. 10<z<20 
a Draw a cumulative frequency graph for the data. 20 <z < 30 

b Find the median examination mark. 30 < = < 40 

¢ How many students scored 65 marks or less? 40 < z < 50 

d How many students scored at least 50 but less than 50 <z <60 

70 marks? 60 <z <70 

e If the pass mark was 45, how many students failed? 70< 2 <80 

f If the top 16% of students were awarded credits, what was 80 <z <90 
the credit mark? 90 < x < 100 

2 A botanist has measured the heights Heights of seedlings 

of 60 seedlings and has presented her 4 cumulative frequency 

findings on this cumulative frequency 60 

graph. 55 

a How many seedlings have 50 

heights of 5 cm or less? 45 

b What percentage of seedlings 40 
are taller than 8 cm? 35 

¢ Find the median height. 30 

d Find the interquartile range for 25 

the heights. 20 

e Find the 90th percentile for the 15 

data and explain what this value 

represents. 10 

s height cm                         > 

2 3 4 5 6 7 8 9 10 11 12 13
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3 The following table summarises the age groups of car Number of accidents 

drivers involved in accidents in a city for a given year. 

a Draw a cumulative frequency graph for the data. 

b Estimate the median age of the drivers involved in 

accidents. 

¢ Estimate the percentage of drivers involved in 

accidents who had an age of 23 or less. 

d Estimate the probability that a driver involved in an 

accident is aged: 

i 27 years or less il 27 years. 

  

4 The following data are the lengths of 30 trout caught in a lake during a fishing competition. The 

measurements were rounded down to the next centimetre. 

31 38 34 40 24 33 30 36 38 32 35 32 36 27 35 
40 34 37 44 38 36 34 33 31 38 35 36 33 33 28 

a Construct a cumulative frequency table for trout lengths, x cm, using the intervals 24 < x < 27, 

27 < x < 30, and so on. 

b Draw a cumulative frequency graph for the data. 

¢ Hence estimate the median length. 

d Use the original data to find its median and compare your answer with ¢. 

5 The following cumulative frequency graph displays the performances of 80 competitors in a 

cross-country race. 

Cross-country race times 

cumulative trehuepcy 
  

%0 Find the lower quartile. 
  

Find the median. 
  

Find the upper quartile. 

Find the IQR. 

Estimate the 40th 
percentile. 

  

  

® 
O
 

A
 
O
 
o
 

  

  

  

  

  

  

  

  

                                  
  

20 25 30 35 

f Use the cumulative frequency curve to complete the following table: 

21<t<24 24 <t <27 |27<t<30|30<t<33|33<t<36 

Number of 
competitors 
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6 The table shows the lifetimes of a sample of electric Life (I hours) Number of globes 

light globes. 

  

0 <1< 500 5 
a Draw a cumulative frequency graph for the data. < 

. Lo 500 < I < 1000 17 
b Estimate the median life of a globe. ) . h 

¢ Estimate the percentage of globes which had a 000 <7< 2000 6 

life of 2700 hours or less. 2000 < I < 3000 (] 

d Estimate the number of globes which had a life 3000 < I < 4000 27 

between 1500 and 2500 hours. 4000 < 1 < 5000 4 
  

7 The following frequency distribution was obtained by asking 50 randomly selected people to measure 

the length of their feet. Their answers are given to the nearest centimetre. 

29 | 30 

1 

Foot length (em) | 20 | 21 [ 22 ] 23 [ 24 25 [ 26 | 27 [ 28 

1110 |35 |13]17|7]2 

Rewrite the frequency table to show the data in the class intervals you have just described. 

      

  

Between what limits are lengths rounded to 20 cm? 

Hence draw a cumulative frequency graph for the data. 

Q 
an 
C
 o
 

Estimate: 

i the median foot length 

il the number of people with foot length 26 cm or more. 

[ I VARIANCE AND STANDARD DEVIATION 
The problem with using the range and the IQR as measures of spread or dispersion is that both of them 

only use two values in their calculation. As a result, some data sets can have their spread characteristics 

hidden when only the range or IQR are quoted. 

So we need to consider alternative measures of spread which take into account all data values of a data 

set. We therefore turn to the variance and standard deviation. 

POPULATION VARIANCE AND STANDARD DEVIATION 

       

      

   The population variance of a data set {z1, z3, 3, ..., T, } is The variance is the 

n average of the squares 
S(z — p)? of the distances from 

o2 = =1 the mean. 
n 

where p is the population mean 

and n is the number of data values. 

We observe that if the data values x; are situated close together around the mean p, then the values 

(z; — p)? will be small, and so the variance will be small.
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The standard deviation is the square root of the variance. 

           
    

The standard deviation 

measures the degree to 

which the data deviates 

from the mean. 

   
The population standard deviation of a data set 

{1, T2, T35 -0 Tn} 18 

  

(/ 

The square root in the standard deviation is used to correct the units. For example, if z; is the weight of 

a student in kg, the variance o> would be in kg2, and o would be in kg. 

The standard deviation is a non-resistant measure of spread. This is due to its dependence on the mean 

and because extreme data values will give large values for (z; — p)?. It is only a useful measure if the 

distribution is approximately symmetrical. 

The IQR and percentiles are more appropriate tools for measuring spread if the distribution is considerably 

skewed. 

Find the population variance and standard deviation for the data set: 3 12 8 15 7 

  

  

34124841547 _ 
The mean p = e 9 

Y 
The population variance o2 = Z(w—”) 

n 

_ 8 
~ B 
=172 

The population standard deviation o = /17.2 

~4.15 

  

    
SAMPLE VARIANCE AND STANDARD DEVIATION 

If we are only given a sample of data from a larger population, we calculate a statistic called the sample 

variance. This statistic is used to estimate the variance of the population. 

For a sample of n data values {z1, 2, z3, ..., z,} with sample mean Z: I iy 

n is an unbiased estimate 

> (zi — )2 of the population 
. . =il - 2 

o The sample variance is s% = ’—1 variance o . 
n— 

e The sample standard deviation is s =   
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CALCULATING VARIANCE AND STANDARD DEVIATION 

We commonly use technology to find the standard deviation. If we are given the whole population we 

use oy, and if we are given a sample we use sx. We can then square these values to find the population 

and sample variance, 0,2 and s,2 respectively. 

g ) 

GRAPHICS 
CALCULATOR 
INSTRUCTIONS 

ia 
=3 
=9 
=3 
=il 
=1 
=3 

  

Example 13 ) Self Tutor 

  

Kylie is interested in the ages of spectators at a rugby match. She selects a sample of 30 spectators. 

Their ages are shown below: 

17 24 30 10 42 48 37 19 28 53 29 40 11 21 9 

43 22 59 46 52 31 13 7 26 32 47 22 15 26 42 

Use technology to find the sample standard deviation. 
  

Casio fx-CG50 TI-84 Plus CE HP Prime 
NORMAL FLOAT AUTO REAL RADIAN MP i Statistics 1Var Numeric View 

R 
%=30.03333333 s 
5x=901 s 
3Ix2=33211 59 
Sx=14.56373231 901 
ox=14.31894627 L 33211 
n=30 300333333333 

14.5637323118   minX=7 143189462679 
LQ1=19 Sample standard deviation of X 

  

The sample standard deviation s ~ 14.6 years.     
The reason there are two formulae for standard deviation is that if we have data which is sampled from 

a large population, the sample standard deviation s provides a better estimate for the actual population 

standard deviation o than if we use the formula for o on the sample. 

However, in the Mathematics: Analysis and Approaches HL course you are expected to calculate all 

standard deviations as though they were populations. For this reason, two answers are given for some 

questions in the following Exercise. 

EXERCISE 13) 

1 Consider the following data sets: 

Data set A: 0 7 5 8 10 

Data set B: 4 12 11 14 1 6 

Show that each data set has mean 8. 

b Which data set appears to have the greater spread? Explain your answer. 

¢ Find the population variance and standard deviation of each data set. Use technology to check 

your answers.
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2 Skye recorded the number of pets owned by each student in her class. 

0231240015236 

2311041102120 

a Describe the population in this case. 

b Use technology to find the population standard deviation of the data. 

¢ Find the population variance of the data. 

3 The ages of members of an Olympic water polo team are: 22, 25, 23, 28, 29, 21, 20, 26. 

a Calculate the mean and population standard deviation for this group. 

b The same team members are chosen to play in the next Olympic Games 4 years later. Calculate 

the mean and population standard deviation of their ages at the next Olympic Games. 

¢ Comment on your results in general terms. 

& A hospital selected a sample of 20 patients and asked them 

how many glasses of water they had consumed that day. 
Mathematics: Analysis and 

Approaches students should use 

  

The results were: the population standard deviation. 
52 10410 27 4 

8 2 76 1 2 3 80 2 

Find the standard deviation of the data. 

5 Danny and Jennifer recorded how many hours they spent on homework each day for 14 days. 

Danny: 31, 3%, 4, 24, 3, 33, 3, 13, 3, 4, 21, 4, 4, 3 

Jennifer: 2%, 1, 23,2, 2, 21 11,2, 2, 21 2, 2, 2, 11 

a Calculate the mean number of hours each person spent on homework. 

b Which person generally studies for longer? 

¢ Calculate the standard deviation for each data set. 

d  Which person studies more consistently? 

6 Tyson wants to compare the swimming speeds of boys and girls at his school. He randomly selects 

10 boys and 10 girls, and records the time, in seconds, each person takes to swim two laps of the 

25 m school pool. 

Boys:  32.2, 26.4, 35.6, 30.8, 28.5, 40.2, 27.3, 38.9, 29.0, 31.3 

Girls:  36.2, 33.5, 28.1, 39.8, 31.6, 35.7, 37.3, 36.0, 39.7, 29.8 

a Copy and complete the table: 

     

  

Girls Boys 

Menz | 
Median 

Standard deviation 

Range        
  

b Which group: 

i generally swims faster ii has the greater spread of swimming speeds? 

¢ How could Tyson improve the reliability of his findings?
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7 Two baseball coaches compare the number of runs scored by their teams in their last ten games: 

0|10| nlols|s]e]7] 
| Bullers | 4 | 3 1lalulr]e]i2]s 

  

a Show that the two teams have the same mean and range of runs scored. 

b Which team’s performance do you suspect is more variable? Check your answer by finding the 

standard deviation for each data set. 

¢ Does the range or the standard deviation give a better indication of variability? 

8 The number of visitors to a museum and an art gallery each day during December are shown. 

Museum: 1108 1019 850 1243 1100 923 964 847 918 820 781 
963 814 881 742 911 1101 952 864 943 1087 1132 
906 1050 0 826 986 1040 1127 1084 981 

Art gallery: 1258 1107 1179 1302 1236 1386 1287 1313 1269 1332 1094 
1153 1275 1168 1086 1276 1342 1153 1227 1305 1187 1249 

1300 1156 1074 1168 1299 1257 1134 1259 1366 

a For each data set, calculate the: 

i mean ii standard deviation. 

b Which place had the greater spread of visitor numbers? 

¢ i Identify the outlier in the Museum data. 

ii  Give a reason why this outlier may have occurred. 

iii Do you think it is reasonable to remove the outlier when comparing the numbers of visitors 

to these places? Explain your answer. 

iv Recalculate the mean and standard deviation with the outlier removed. 

v Discuss the effect of the outlier on the standard deviation. 

9 Anna and Apple want to compare the distributions of weights from two different populations A and 

B, so they take samples from each population. Apple uses the sample standard deviation formula, 

and finds that s, > sp. Anna uses the formula for the population standard deviation on the 

samples. Will Anna find that o4 > op for the samples? Explain your answer. 

10 A setof 8 integers {1, 3,5, 7,4, 5, p, g} has mean 5 and population variance 5.25. Find p and ¢ 

given that p < q. 

11 A set of 10 integers {3, 9, 5, 5, 6, 4, a, 6, b, 8} has mean 6 and population variance 3.2. Find a 

and b given that a > b. 

12 a Provethat Y (z; —p)? =Y (z?) — nu? 
i=1 i=1 

25 
b The dataset {zy, 2o, ..., o5} has Y x> = 2568.25 and population standard deviation 5.2. 

i=1 
Find the mean of the data set. 

13 Find the population standard deviation of this 

GRAPHICS 
CALCULATOR 
INSTRUCTIONS 
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14 The table shows the ages of squash players at the Junior National Squash Championship. 

Age 11|12 | 13| 14 | 15 | 16 | 17 | 18 

Frequency | 2 1456|421 

  

          

Find the mean and population standard deviation of the ages. 

15 The column graphs show two distributions: 

Data Set A Data Set B 

124 frequency 124 frequency 

10 10 

  

  

M 
    

    

    

          

S
 

N
 
e
 
Y
 

S
 

N
 

e
 

O
 

      
4 5 6 7 8 9 10 11 12 4 5 6 7 8 9 10 11 12 

By looking at the graphs, which distribution appears to have wider spread? 

Find the mean of each data set. 

Find the population standard deviation for each data set. Comment on your answers. 

Q 
a 

O 
o 

The other measures of spread for the two data sets are given in the table. 

Data set IOR 

  

A 8 3 

B 4 2 

In what way does the standard deviation give a better description of how the data is distributed? 

16 The table alongside shows the results obtained by female and male 

12 1 

  

     

    

students in a test out of 20 marks. 

a Looking at the table: 

i Which group appears to have scored better in the test? 

ii - Which group appears to have a greater spread of scores? 

Justify your answers. 

b Calculate the mean and population standard deviation for each 

group. 

=
=
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N
 

O 
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O
O
 

O
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O
 

N 
B
 
W
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17 Brianna and Jess are conducting a survey of their class. 

Brianna asked every student (including Jess and herself) 

how many children there are in their family. 

Jess asked every student (including Brianna and herself) 

how many siblings or step-siblings they have. 

How will their results compare in terms of mean and 

standard deviation? Explain your answer.
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ECIITIT TR 

) 
1 

1 

2 

4 

The table alongside summarises the 

examination scores for 80 randomly selected 

students. Estimate the standard deviation for 

the data. 

16 

24 

  

11 

  

For continuous data or 

data grouped in classes, 

use the mid-interval 

value to represent all 

data in that interval. 

  

S OneVar data freg: stat resuits| 

x=59.75 o "One-Variable Statistics 
Sx=4780 v T 
>x2=308200 
Sx=16.91190877 4780 

ox=16.80587695 "zxt! 308200 

n=80 16.9119 
minX=4.5 " 16.8059 

1Q1=54.5 g 20 

45 

  

The sample standard deviation =~ 16.9. 

The population standard deviation ~ 16.8.   
18 The lengths of 30 randomly selected 12-day old babies were 

measured and the following data obtained: 

For the given data, estimate the: O<L<42 
L <44 

L <46 

L <48 

L <50 

L <52 

L <54 

/ 

W 

a mean b standard deviation. 

S 
U
 

2< 
4< 

46 < 

8< 
0< 
2 < ot
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19 A traffic survey revealed that the following numbers of vehicles passed through a suburban 

intersection in 5 minute intervals during the day. 
  

  

For the given data, estimate the: 

a mean b standard deviation. 

20 The weekly wages of 200 randomly selected steel Wage (SW) Number of workers 
workers are given alongside: 

For the given data, estimate the: OSSO 
W <760 

/ 

a mean b standard deviation. 

  

21 The hours worked last week by 40 employees of a local clothing factory were as follows: 

38 40 46 32 41 39 44 38 40 42 38 40 43 41 

47 36 38 39 34 40 48 30 49 40 40 43 45 36 

35 39 42 44 48 36 38 42 46 38 39 40 

a Calculate the mean and standard deviation for this data. 

b Now group the data into classes 30 - 33, 34 - 37, and so on. Calculate the mean and standard 

deviation using these groups. Examine any differences between the two sets of answers. 

INVESTIGATION 3 

In this Investigation we will explore the effects of transforming a data set on its mean and standard 

deviation. 

We will use this data set as a basis: 

[
N
 

—
 

o
t
 

w 
w 

w 
© 

w
 

o 
w 

~ 
o 

D
 

ot
 

N
 

What to do: 

1 Calculate the mean and population standard deviation for the data set. 

2 a Suppose we add 5 to each data value. Calculate the mean and population standard deviation 

for the new data set. 

b What do you expect to happen to the mean and standard deviation if & is added to each 

value in a data set? 

¢ Check your answer by: 

i adding 11 to each data value ii subtracting 3 from each data value. 

3 a Suppose we multiply each value in the original data set by 4. Calculate the mean and 

population standard deviation for the new data set. 

b What do you expect to happen to the mean and standard deviation if each value in a data 

set is multiplied by a?
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¢ Check your answer by: 

i multiplying each value by 9 ii dividing each value by 4. 

4 Suppose a data set {z;} has mean p and standard deviation 0. Write down the mean and 

standard deviation for the data set: 

a {az;} b {z; +k} ¢ {az;, +k} 

INVESTIGATION 4 

In this Investigation we consider the accuracy of using a sample to make inferences about a whole 

population. This will help you to see why statisticians have a subtly different formula for the standard 

deviation of a sample. 

The Year 12 students at a school were asked to record how many minutes they spent travelling to 

school. The results were collected in a survey the following morning. 

There are a total of 150 Year 12 students at the school, and these are split into 6 classes. 

What to do: 

1 Click on the icon to obtain a spreadsheet containing all of the responses to the =~ SPREADSHEET 

survey. 

a Use the frequency table in the spreadsheet to draw a histogram for the data. 

Describe this distribution. 

b The summary statistics in the spreadsheet are calculated using all of the survey responses, 

and hence are the true population values. Find the true population variance. 

2 10 students were randomly selected from each class to form 6 samples. Their responses to the 

survey are shown below: 

Sample 1I: 10 14 16 9 16 15 15 21 9 21 

Sample2: 11 9 11 16 16 13 10 12 21 16 

Sample 3: 12 10 14 7 13 11 21 20 15 9 

Sample 4: 20 19 19 19 13 19 22 15 10 19 

Sample 5: 19 13 23 11 17 4 14 21 13 11 

Sample 6: 19 11 16 6 8 13 10 22 20 11 

Calculate the sample statistics s and s> for each sample. 

b Calculate the population statistics o and o2 for each sample. 

¢ Which set of estimates from a and b are generally closer to the true population variance 

and standard deviation? 

d Does your answer to ¢ explain why we have different variance and standard deviation 

formulae for a sample as opposed to a population? 

3 To see which set of estimators (population or sample) are better at estimating the true population 

variance and standard deviation, we will consider a simulation based on the survey responses 

from the school. 

Click on the icon to obtain a spreadsheet with 1000 simulations of the survey  SPREADSHEET 

results. The values s, s2, o, and o2 are calculated for each simulated sample. 

The average values for each estimator are shown in the table on the sheet 

labelled “Summary”.
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A B C D E F 

1 Actual values Estimator Average estimate 

2 n 15 ) o’ 23.794 
Variance 

3 o 5 s? 25.046 

4 o 25 Standard ° 4814 

5 n 20 deviation s 4.939 

Based on the calculations in the spreadsheet, which set of estimates (population or sample) are 

generally closer to the true values? Does your conclusion agree with your answer to 2 c? 

4 Change the values for 1 and o in the spreadsheet. This will now effectively simulate the results 

for a different distribution, perhaps the travel times for the students at a different school. Does 

your choice of x or o affect your conclusion regarding the choice of estimators? 

5 Why is it important to have accurate estimates of the variance and standard deviation of a 

population? 

REVIEW SET 13A 

1 For each of the following data sets, find the: i mean ii median. 

a 0,23,3,4,5,56,6,7,7,8 b 29,3.1,3.7,38,3.9,3.9,4.0, 45,47, 54 

2 Katie loves cats. She visits every house in her street to find out how many cats live there. 

The responses are given below: 

Number of cats 31415 

g o 
Draw a graph to display this data. 

b Describe the distribution. 

¢ Find the: 

i mode ii mean iiil median. 

  

d Which of the measures of centre is most appropriate 

for this data? Explain your answer. 

3 The histograms alongside show the times for the Girls 

  

50 metre freestyle recorded by members of a requency 
  swimming squad. 
  

a Copy and complete:   

  

O
H
F
N
W
E
 

U
L
 

        

32 33 34 35 36 37 38 39 40 

Boys 
modal class Tequency 

F‘ o 
41 

time (s) 

  

  

  

b Discuss the distributions of times for the 
  

  boys and girls. What conclusion can you 

make? 
  

      

O
F
N
W
E
 

O
G
O
 

32 33 34 35 36 37 38 39 40 41 
time (s) 
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The data set 4, 6, 9, a, 3, b has a mean and mode of 6. Find the values of a and b given that 

a>b. 

Consider the data set: k—2, k, k+3, k+3. 

a Show that the mean of the data set is equal to %k + 1. 

b Suppose each number in the data set is increased by 2. Find the new mean of the data set 

in terms of k. 

The winning margins in 100 basketball games were recorded. Margin (points) 

The results are summarised alongside. 
13 

a Explain why you cannot calculate the mean winning 35 

margin from the table exactly. 97 

b Estimate the mean winning margin. 18 

  

7 

Consider this data set: 

19, 7, 22, 15, 14, 10, 8, 28, 14, 18, 31, 13, 18, 19, 11, 3, 15, 16, 19, 14 

a Find the five-number summary for the data. b Find the range and IQR. 

¢ Draw a box plot of the data set. 

Katja’s golf scores for her last 20 rounds were: 

90 106 84 103 112 100 105 81 104 98 
107 95 104 108 99 101 106 102 98 101 

For this data set, find the: 

a median b interquartile range ¢ mean d standard deviation. 

The parallel box plot alongside shows the A e——T T  }+— 
100 metre sprint times for the members of B T 

two athletics squads. i 
- vt bt bt 1o 

a Determine the five-number summaries 11 12 13 14 

for both A and B. time (seconds) 

b For each group, calculate the range and interquartile range. 

¢ Copy and complete: 

i The members of squad ...... generally ran faster because ...... 

ii The times in squad ...... are more varied because ...... 

80 senior students ran 400 metres 80 

in a Physical Education program. 

Their times were recorded and 

the results were used to produce 60 

the cumulative frequency graph 

shown. 

Estimate: 40 

a the median 

b the interquartile range 2 

¢ the time corresponding to 

the top 10% of runners.  
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13 

14 

15 

    This cumulative frequency curve shows the 

times taken for 200 students to travel to o 

school by bus. 

  

  

  

  

  

  

  

180 
  a Estimate how many of the students 

spent between 10 and 20 minutes 

travelling to school. 

b 30% of the students spent more 140 
than m minutes travelling to school. 

Estimate the value of m. 

  

  

  

160 
  

  

  

  

  

  

  

  

120 
  

  

  

  

¢ Use the cumulative frequency curve 100 

to complete the following table: 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

                                                                                                  
80 

-Frequency 

5<t<10 o0 

10<t<15 40 

: 20 

35 <t <40 0 a 

  

  

0 5 10 15 20 25 30 35 40 

Find the population variance and standard deviation for each data set: 

a 117, 129, 105, 124, 123, 128, 131, 124, 123, 125, 108 

b 6.1,5.6, 72,83, 6.6,84, 7.7, 6.2 

s b e 
matches in a sample of boxes. 

Frequency 2|1 1 
a Find the mean and standard deviation for _------ 

this data. 

b Does this result justify a claim that the average number of matches per box is 50? 

The number of litres of petrol purchased by a random Litres (L) Number of vehicles 

sample of motor vehicle drivers is shown alongside. 

  

. . 15 <L <20 
For the given data, estimate the: N 20 < I <25 13 

a mean b standard deviation. 25 < I <30 17 

30< L <35 29 

35 <L <40 27 

40< L <45 18 

45 < L <50 7 

  

Pratik is a quality control officer for a biscuit company. He needs to check that 250 g of biscuits 

go into each packet, but realises that the weight in each packet will vary slightly. 

a Would you expect the standard deviation for the whole population to be the same for one 

day as it is for one week? Explain your answer. 

b If a sample of 100 packets is measured each day, what measure would be used to check: 

i that an average of 250 g of biscuits goes into each packet 

ii the variability of the mass going into each packet? 

¢ Explain the significance of a low standard deviation in this case.
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  REVIEW SET 13B 

Heike is preparing for an athletics carnival. She records her times in seconds for the 100 m 

sprint each day for 4 weeks. 

Week 1: 164 152 16.3 16.3 17.1 155 14.9 

Week 2: 14.9 15.7 15.1 15.1 14.7 14.7 15.3 

Week 3: 14.3 14.2 14.6 146 14.3 143 144 

Week 4. 14.0 14.0 139 14.0 14.1 13.8 14.2 

a Calculate Heike’s mean and median time for each week. 

b Do you think Heike’s times have improved over the 4 week period? Explain your answer. 

1 10 

A die was rolled 50 times. 

The results are shown in the table alongside. 

Find the: 

a mode b mean ¢ median. 

The data in the table alongside has mean 5.7. 

a Find the value of x. 

b Find the median of the distribution. 

A set of 14 datais: 6,8,7,7,5,7,6,8,6,9,6, 7, p, q. 
The mean and mode of the set are both 7. 

Find p and q. 

The table alongside shows the number of patrons visiting i 

an art gallery on various days. /P 
250 - 299 

300 - 349 

350 - 399 

400 - 449 

450 - 499 

500 - 549 

550 - 599 

Estimate the mean number of patrons per day. 

  

Draw a box and whisker diagram for the following data: 

11, 12, 12, 13, 14, 14, 15, 15, 15, 16, 17, 17, 18. 

Consider the data set: 120, 118, 132, 127, 135, 116, 122, 93, 128. 

a Find the standard deviation for the data. 

b Find the upper and lower quartiles of the data set. 

¢ Are there any outliers in the data set? 

d Draw a box plot to display the data.



STATISTICS  (Chapter 13) 357 
  

8 The number of peanuts in a jar varies slightly from jar to jar. Samples of 30 jars were taken for 

each of two brands X and Y, and the number of peanuts in each jar was recorded. 

Brand X Brand Y 

871 885 878 882 889 885 909 906 913 891 898 901 
916 913 886 905 907 898 894 894 928 893 924 892 
874 904 901 894 897 899 927 907 901 900 907 913 

908 901 898 894 895 895 921 904 903 896 901 895 
910 904 896 893 903 888 917 903 910 903 909 904 

a Copy and complete the table alongside. 

b Display the data on a parallel box plot. 

¢ Comment on which brand: 

i has more peanuts per jar 

ii has a more consistent number of peanuts per jar. 

  

9 Consider the frequency table alongside: Cumulative frequency 

a Find the values of p and m. 

  

b Hence find the mode, median, and range 7 

  
4 m 

of the data. 8 7 13 

5 
¢ Given that > z;f; = 254, write the 9 p 25 

=1 10 5 30 
  

mean T as a fraction. 

10 120 people caught whooping cough 120 

in an outbreak. The times for them 

to recover were recorded, and the 

results were used to produce the 90 

cumulative frequency graph shown. 

Estimate: 

a the median 60 

b the interquartile range. 

30 

  

11 Consider the data in the table below: 

| Scores () [ 0<2 <10 [10<2<20 [20<2 <30 [30<2 <40 [ 40<2 <50 

Frequency 1 13 | 27 | 17 2 
  

  
  

a Construct a cumulative frequency graph for the data. 

b Estimate the: 

i median ii interquartile range iii mean iv standard deviation.
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12 To test the difficulty level of a new computer game, a Completion time | Number of 

company measures the time taken for a group of players 

to complete the game. Their results are displayed in the 

table alongside. 1 / 

4 

12 

3 
a How many players were surveyed? 

[=
2]
 

Write down the modal class. 

o
 

b 

¢ Draw a cumulative frequency graph for the data. 

d 

—_
 

[
 

The game is considered too easy if either the mean 

or median completion time is below 90 minutes. S 
o
S
 

S
 
S
 
o 

I
N
C
I
N
C
I
N
C
I
N
 N
 

—_
 

[ 

  

i Estimate the median completion time using your 

cumulative frequency graph. 

ii Estimate the mean completion time. 

iii Hence comment on whether the game is too easy. 

e Complete this sentence: 

The middle 50% of players completed the game in times between ...... and ...... minutes. 

13 A random sample of weekly supermarket bills was Bill (€b) Number of families 

recorded in the table alongside. 
140 < b < 160 

For the given data, estimate the: 
160 < b < 180 

18 b < 200 

20! b < 220 

22 b < 240 

24 b < 260 

26| b < 280 

28| b < 300 

/ 
a mean b standard deviation. 

0 

0 

0 

0 

0 

0 

  

I
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N
 

14 Friends Kevin and Felicity each selected a sample of 20 crossword puzzles. The times they 

took, in minutes, to complete each puzzle were: 

Kevin Felicity 

37 53 47 33 39 33 36 41 26 52 

49 37 48 32 36 38 49 57 39 44 
39 42 34 29 52 48 25 34 27 53 

48 33 56 39 41 38 34 35 50 31 

a Find the mean of each data set. 

b Find the standard deviation for each person. 

¢ Who generally solves crossword puzzles faster? 

d Who is more consistent in their time taken to solve the puzzles? 

15 A datasethas s> =4.1 and ¢ = 3.69. How many data values does the data set have?
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  OPENING PROBLEM 

Energy-conscious Misha wants to use solar energy to heat his cup of coffee. He has decided to build 

a reflecting surface to focus the sun’s light on the cup. 

He understands that the sun’s rays will arrive parallel, and 

that each ray will bounce off the surface according to the 

law of reflection: 

angle of incidence = angle of reflection 

  

) i . . angle of 
Things to think about: . incidence 

a What shape should the surface have? angle of 
reflection 

    

    
b Can we write a formula which defines the shape of 

the surface? 

In this Chapter we will study quadratic functions and investigate their graphs which are called parabolas. 

There are many examples of parabolas in everyday life, including water fountains, bridges, and radio 

telescopes. 

   
We will see how the curve Misha needs in the Opening Problem is actually a parabola, and how the 

Opening Problem relates to the geometric definition of a parabola. 

    
ACTIVITY 1 

A cone is right-circular if its apex is directly above the centre of the s = 

base. 

Suppose we have two right-circular cones, and we place one upside-down 

on the first. Now suppose the cones are infinitely tall. 

  

We call the resulting shape a double inverted right-circular cone. 

When a double inverted right-circular cone is cut by a plane, 7 possible 

intersections may result, called conic sections: 

e a point e aline e a line-pair e a circle 

e an ellipse e a parabola e a hyperbola 

Click on the icon to explore the conic sections. DEMO 

You should observe how the parabola results when cutting the cone parallel to its slant 

edge.
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PRI GUADRATIC FUNCTIONS 
A quadratic function is a relationship between two variables z and y which can 

be written in the form y = ax? + bxr + ¢ where a, b, c are constants, a # 0. 

  

For any value of z, the corresponding value of y can be found by substitution. 

  

  

   
   

    
   

   Determine whether the given point satisfies the quadratic function: 

a y=322+22 (2, 16) b y=—-22-2z+1 (-3,1)     
  

    

      
    
     

a When z =2, b When z = -3, 

y=3(2+2(2) y=—(-3)2-2(-3)+1 
=124+4 =-9+6+1 

=16 =-2 

(2, 16) satisfies the function o, (=3, 1) does not satisfy the function 

y = 322 + 2z. y=-—x2—-2z+1.     
When we substitute a value for y into a quadratic function, we are left with a quadratic equation. Solving 

the quadratic equation gives us the values of x corresponding to that y-value. There may be 0, 1, or 2 

solutions. 

Example 2 LR (R TS 

If y =22 — 2z + 3, find the value(s) of  when: 

a y=2 b y=18 
  

a If y=2 then b If y =18 then 

z?—2x+3=2 2?2 —2r+3=18 

22 —22x4+1=0 soxt—22—-15=0 

(x-1)%=0 2 (z=5)(z+3)=0 
TN .o x=-3o0orb 

  

  

  

EXERCISE 14A 

1 Copy and complete each table of values: 
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2 Determine whether the given point satisfies the quadratic function: 

  

a y=222+5 (0, 4) b y=22-3z+2 (2,0) 

¢ y=-a2+2z-5 (-1, —8) d y=-222—-2+6 (3, —15) 

e y=3z>—4z+10 (2, 10) fy=—322+42-1 (2,5) 

3 For each of the following quadratic functions, find the value(s) of « for the given value of y: 

a y=a22+3x+6 when y=4 b y=22—4x+7 when y=3 

¢ y=22—6x+1 when y=—4 d y=222+5z+1 when y=4 

e y=322+3z—2 when y=1 f y=—22>+2cr—1 when y=2 

I G o ausonaric ukcrions 
The simplest quadratic function is y = x2. Tts graph can 

be drawn from a table of values. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

                             
The graph of a quadratic function is called a parabola.     

          

   

The point where the graph “turns” is called the vertex. 
\ 

If the graph opens upwards, the vertex is the minimum parabola 

or minimum turning point, and the graph is concave 

upwards. 

.
0
8
 

Of 
sy

mm
et

ry
 

If the graph opens downwards, the vertex is the maximum ~ 

or maximum turning point, and the graph is concave . inercept 
downwards. 

z-intercept 
~ 

y-intercept 
The vertical line that passes through the vertex is called the 

axis of symmetry. Every parabola is symmetrical about its 
minimum——7: 

axis of symmetry. vertex 

The value of y where the graph crosses the y-axis is the y-intercept. 

The values of x (if they exist) where the graph crosses the z-axis are called the x-intercepts. They 

correspond to the roots of the quadratic equation az? + bx + ¢ = 0.
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INVESTIGATION 1 

In this Investigation we consider the properties of the graph of a quadratic stated in factored form. 

It is best done using a graphing package or graphics calculator. 

What to do: GRAPHING 

1 a Use technology to help you to sketch: 

y=(-1@-3), y=2@-1@-3), y=-(-1)E-3), 
y=-3@x—-1)(z-3), and y=-—2(z—1)(z—3) 

b Find the z-intercepts for each function in a. 

      
  

¢ What is the geometrical significance of @ in y = a(z — 1)(z — 3)? 

2 a Use technology to help you to sketch: 

y=2(z—1)(z—4), y=2(z—3)(z —5), y=2(z+1)(z —2), 

y =2x(z +5), and  y=2x+2)(z+4) 

b Find the z-intercepts for each function in a. 

      
  

¢ What is the geometrical significance of p and g in y = 2(z — p)(z — ¢)? 

3 a Use technology to help you to sketch: 

y=2(z—1)2 y=2(z —3)2, y =2(z+2)2, and y = 222 

b Find the z-intercepts for each function in a. 

¢ What is the geometrical significance of p in y = 2(z — p)2? 

4 Copy and complete: 

e [f a quadratic has the form y = a(z — p)(z — q) theniit ...... the z-axis at ...... 

e If a quadratic has the form y = a(z — p)? then it ...... the z-axis at ...... 

  
INVESTIGATION 2 

In this Investigation we consider the properties of the graph of a quadratic stated in completed square 

form. It is best done using a graphing package or graphics calculator. 

What to do: g 

1 a Use technology to help you to sketch: 

y=(x—3)%2+2, y=2x—-3>%+2 y=-2x—3)>%+2, 

y=—(z—3)*+2, and y=—%(x—3)>+2 

b Find the coordinates of the vertex for each function in a. 

¢ What is the geometrical significance of a in y = a(z — 3)% + 2? 

2 a Use technology to help you to sketch: 

y=2z—-12+3, y=2=x-22+4, y=2x-3)%+1, 

y=2(x+1)2+4, y=2(z+2)%? -5, and y=2(z+3)>-2 

b Find the coordinates of the vertex for each function in a. 

¢ What is the geometrical significance of h and k in y = 2(x — h)? + k? 

  

3 Copy and complete: 

If a quadratic has the form y = a(z — h)% + k then its vertex has coordinates ......
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Quadratic form, 

y=a(z —p)(z—q) ; z-intercepts are p and ¢ 

where p, ¢ € R axis of symmetry is z = 

vertex has z-coordinate % 

  

y = a(z — h)? touches z-axis at h 
where h € R ; axis of symmetry is = = h 

i vertex is (h, 0) 

y=alz—h)?+k axis of symmetry is = =h 

where h, k€ R vertex is (h, k) 

  

You should have found that a, the coefficient of 22, controls the width of the graph and whether it opens 

upwards or downwards. 

For a quadratic function y = az® +bx +c¢, a # 0: 

e a >0 produces the shape \/ called concave up. 

a < 0 produces the shape /\ called concave down. 

o If —1<a<1, a#0 the graph is wider than y = x2. 

If a<—1 or a>1 the graph is narrower than y = z2. 

  

Example 3 LR ATR (TTT8 

Sketch the graph using axes intercepts, and state the equation of the axis of symmetry: 

a y=2(z+3)(z-1) b y=-2z-1)(z—-2) ¢ y=1(z+2)? 

  a y=2(z+3)(z—-1) 

has z-intercepts —3, 1 

When z =0, y=2(3)(—1) 

=—6 

y-intercept is —6  
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b y=-2z-1)(z—-2) ¢ y=3i(x+2)? 
has z-intercepts 1, 2 touches z-axis at —2 

When =0, y=—-2(—1)(-2) When =0, y=1(2)? 
= —4 S 

y-intercept is —4 y-intercept is 2 

y=i@+2? ¥ 

     
  

EXERCISE 14B.1 

1 Sketch the graph using axes intercepts, and state the 

equation of the axis of symmetry: 
      
    

The axis of symmetry 

is midway between 

a y=(x—4)(r+2) b y=—(x—4)(z+2) the z-intercepts. 

¢ y=2(zx+3)(x+5) d y=-3x+1)(z+5) 

e y=2(z+3)? fy=—1(z+2)? AN   

2 Match each quadratic function with its corresponding graph. 

  

  

  

a y=2(z—1)(z—4) b y=—(z+1)(z—4) c y=(x—1)(z—4) 

d y=(z+1)(z—-4) e y=2xz+4)(z—1) fy=-3x+4)(z—1) 

g y=2x+1)(z+4) h y=—(x-1)(z—-4) i y=-3@-1)(z—4) 

A Ay B Y C 

4 

= a4\ = = 1 1w 
—4 

v 

D Ay E F 

- i 2 > - 

—12 

v 

G H 1 
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e LR (R (ML) 

Use the vertex, axis of symmetry, and y-intercept to graph 

y=—2(z+1)%>+4. 
y=a(z—h)?+k 
is called completed 

The axis of symmetry is = = —1. square form. 

The vertex is (—1, 4). 

When =0, y=-2(1)%+4 
Yy 

a <0 so the shape is /\ 

  

  

3 Use the vertex, axis of symmetry, and y-intercept to graph: 

a y=(@x-12+3 b y=(z+3)*-4 ¢ y=—(z+4)2+2 

d y=2x+2)>+1 e y=-2x—-12-3 fy=3(@x+6)>-1 

g y=2i(xz—3)?+2 h y=—2(z-12+4 i y=—5%@+2?%-3 

SKETCHING GRAPHS BY “COMPLETING THE SQUARE” 

If we wish to graph a quadratic given in general form y = ax? +bx +c, one approach is to use 

“completing the square” to convert it to the completed square form y = a(x — h)? + k. We can then 

read off the coordinates of the vertex (h, k). 

  

Example 5 LR AT 

Write y = 2% + 42 + 3 in the form y = (z — h)? + k by “completing the square”. 

Hence sketch y = 22 + 4z + 3, stating the coordinates of the vertex. 

4+ 3 

4z +22+3—2° 

  
  

        

y=(z+2°-1 
So, the axis of symmetry is = = —2 

and the vertex is (—2, —1). 

When =0, y=3 

the y-intercept is 3. 

  

  

EXERCISE 14B.2 

1 Write the following quadratics in the form y = (z — h)? + k by “completing the square”. 

Hence sketch each function, stating the coordinates of the vertex. 

a y=122-2x+3 b y=2a2+4z -2 ¢ y=a—4z 

d y=22+3z e y=x2+5r—2 f y=22-32+2 

g y=ax>—6x+5 h y=a>+8x—2 i y=22-52+1      
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LR R T 

a Convert y =3z —4x +1 to the completed square form y = a(z — h)? + k. 

b Hence write down the coordinates of the vertex, and sketch the quadratic. 

b The vertex is (2, —1) 
and the y-intercept is 1. 

  

    
  

2 For each of the following quadratics: 

        
i Write the quadratic in the completed square form 

y=a(x—h)?+k. 

i State the coordinates of the vertex. 

iii Find the y-intercept. 

iv  Sketch the graph of the quadratic. 

   
Take out the factor a, 

then complete the square. 

a y=222+4z+5 b y=222-8z+3 

¢ y=222 -6 +1 d y=322-62+5 

e y=-—a2+4x+2 f y=-222-52+3 

g y=—-112+22-3 h y=322+3z—14 

SKETCHING QUADRATICS IN THE GENERAL FORM y = az® + bz + ¢ 

We now consider a method of graphing quadratics of the form y = a2+ bz +c directly, without having 

to first convert them to a different form. 

  

We know that the quadratic equation ax? + bz + ¢ = 0 i y=azitbrte 

has solutions _;:—JZ where A = b% — 4ac. 
a 

If A >0, these are the z-intercepts of the graph of the 

quadratic function y = ax? + bz + c. 

The average of the values is ;—b, so we conclude that: 
a 

. . —b 
e the axis of symmetry is = = %a 

a 

. . —b 
e the vertex of the quadratic has z-coordinate % 

a  



368  QUADRATIC FUNCTIONS (Chapter 14) 

To graph a quadratic of the form y = ax? + bx + ¢, we: 

e Find the axis of symmetry = = ;—b 
a 

e Substitute this value to find the y-coordinate of the vertex. 

e State the y-intercept c. 

o Find the z-intercepts by solving az? + bz +c = 0, either by factorisation or using the quadratic 

formula. 

e Graph the quadratic using the information you have found. 

I 
Consider the quadratic y = 222 + 82 — 10. 

a Find the axis of symmetry. b Find the coordinates of the vertex. 

  

¢ Find the axes intercepts. d Hence sketch the quadratic. 
  

y=2x>+8r—10 has a=2, b=38, and c¢= —10. Since a >0, the shape is \j 

—b —8 A —=—=-2 b When z = -2, 

2a  202) —2(—2)% +8(-2) - 10 
The axis of symmetry is = = —2. y= (1;3 )" +8(=2) - 

The vertex is (—2, —18). 

¢ The y-intercept is —10. d T=-2       

      

When y =0, 2z>+8x—10=0 y=2a%+8z —10 

2(e? + 42— 5) =0 
2(x+5)(x—1)=0 

. rx=-b5orl 

  

the z-intercepts are —5 and 1.       
EXERCISE 14B.3 

1 For each of the following quadratics: 

i Locate the turning point or vertex. 

ii State whether the vertex is a minimum turning 

point or a maximum turning point. 
The vertex lies on the 

axis of symmetry. 

  

a y=a2—4x+2 b y=22+22-3 

¢ y=224+4 d y=-322+1 

e y=222+8x—7 fy=—a2?>—42-9 

g y=222+62—1 h y=222-10x+3 

i y=—324+z-5 i y=%2-72+6
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2 For each of the following quadratics: 

i State the axis of symmetry. ii Find the coordinates of the vertex. 

iii  Find the axes intercepts. iv. Hence sketch the quadratic. 

a y=a22-8z+7 b y=-22-6r—-38 ¢ y=6z—2? 

d y=-—2?+3zx-2 e y=2z%+4z 24 f y=-322+4z-1 

g y=22%—5z+2 h y=42>-8r -5 i y=—%x2+2z—3 

3 For the quadratic function y = az? + bz + ¢, suppose a and ¢ remain constant, Pl 

but b is allowed to vary. As b varies, the vertex of the quadratic changes. PACKAGE 

Show that the path formed by the vertex is itself a quadratic function, and that the 

vertex of this quadratic function always lies on the y-axis. 

N\ g 

Click on the icon to run a card game for quadratic functions. CARD GAME 

  

[T USING THE DISCRIMINANT 
The discriminant of the quadratic equation ax? +bx +c=0 is A =b? — 4ac. 

We have used A to determine the number of real roots of the equation. If they exist, these roots correspond 

to zeros of the quadratic y = ax® + bz +c. A therefore tells us about the relationship between the 

graph of a quadratic function and the z-axis. 

The graphs of y =22 —2r—3, y=2% -2z +1, and y = 2% — 2z + 3 all have the same axis of 
symmetry, = = 1. 

  

    

  

-+ > 
x 

ErE=p| nE=p| 

A =b% —4dac A =b> —4dac 

=(-2)* —4(1)(-3) =(-2)* —4(1)(1) =(-2)* - 4(1)(3) 
=16 = =-8 

cuts the z-axis twice touches the z-axis does not cut the z-axis 

  

  
For a quadratic function y = ax? + bz + ¢, we consider the discriminant A = b — 4ac. 

e If A >0, the graph cuts the z-axis twice. 

e If A =0, the graph touches the z-axis. 

o If A <0, the graph does not cut the z-axis.
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POSITIVE DEFINITE AND NEGATIVE DEFINITE QUADRATICS 

Positive definite quadratics are quadratics which are 

positive for all values of z. So, ax?®+bx+c >0 for 

all zeR. 2 

A quadratic is positive definite if and only if a >0 and A <O0. 

Negative definite quadratics are quadratics which are <+—— > @ 

negative for all values of . So, ax?+bz+c <0 for /\ 

all z eR. 

A quadratic is negative definite if and only if « <0 and A <0. 

  

  

e ) Self Tutor 

Use the discriminant to determine the relationship between the graph of each function and the 

z-axis: 

a y=z*+3z+4 b y=-2r2+5z+1 

aa=1,b=3, c=4 b a=-2 b=5 c=1 

A =b? — dac s A =b%—dac 

—9—4(1)(4) =25 — 4(=2)(1) 
=7 =33 

Since A < 0, the graph does not cut the Since A > 0, the graph cuts the z-axis 

z-axis. twice. 

Since a > 0, the graph is concave up. Since a < 0, the graph is concave down. 

The graph is positive definite. The quadratic is neither positive definite 

nor negative definite. 

N —   
  

EXERCISE 14C 

1 Use the discriminant to determine the relationship between the graph of each function and the z-axis: 

    

a y=a>+x-2 b y=22—-4dr+1 ¢ y=-a2>-3 

d y=a22+72-2 e y=2a2+8z+16 fy=-222+3z+1 

g y=06z>+5r—4 h y=-22+2+6 i y=922+6x+1 

2 Consider the graph of y = 222 — 52 + 1. 

a Describe the shape of the graph. 

Use the discriminant to show that the graph cuts the z-axis twice. 

Find the x-intercepts, rounding your answers to 2 decimal places. 

State the y-intercept. 

® 
& 

A 
O 

Hence sketch the function. 
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3 Consider the graph of y = — + 4z — 7. 

a Use the discriminant to show that the graph does not cut the z-axis. 

b Is the graph positive definite or negative definite? Explain your answer. 

¢ Find the vertex and y-intercept. 

d  Hence sketch the function. 

4 Show that: 

a 222 —4x +7 is positive definite b —222+ 3z —4 is negative definite 

¢ 22-3x+6>0 foralz d 4z —22-6<0 forall z. 

5 Consider the graphs illustrated. y=az’+bz+c 

Let y = az® + bz + ¢ have discriminant A;, and   
y = dz? +ex + f have discriminant A,. 

Copy and complete the following table by indicating 

whether each constant is positive, negative, or zero: 

[Comsan [« ]7] 
gn    

  

    

    

y=dz’+ex+ f 

Example 9 LR AT 

    

    

 

 

 

 

   

 

 

Find the value(s) of & for which the function y = 2% — 6z + k: 

a cuts the z-axis twice b touches the z-axis ¢ misses the z-axis. 

a=1, b=-6, c=k 

A =b? —4ac 

= (=6)? — 4(1)(k) 
=36 — 4k 

a The graph cuts the b The graph touches the ¢ The graph does not cut 

z-axis twice if A > 0. z-axis twice if A =0. the z-axis if A < 0. 

36 —4k >0 o 36—4k=0 s 36—4k <0 

. 4k < 36 S k=9 - 4k > 36 

k<9 s k>9     
6 For each quadratic function, find the value(s) of & for which the function: 

i cuts the z-axis twice ii touches the z-axis il misses the z-axis. 

a y=a22+3z+k b y=kz? -4z +1 ¢ y=(k+1)2®—2kz+ (k—4) 

7 Explain why 322+ kz — 1 is never positive definite for any value of k. 

8 Find the value of k such that y= %:c2 +(k—2)x+k*+4 is not positive definite. What 

relationship does the graph have with the z-axis in this case? 

9 by, 1, ba, and ¢y are real, non-zero numbers such that bjby = 2(cy + ¢2). Show that at least one 

of the quadratics y = 22 + bz + ¢, and y= 2%+ box + ¢y cuts the z-axis twice.
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[ SFINBING A GUADRATIC FROM ITs GRAPH 
If we are given sufficient information on or about a graph 

form is required. 

Example T l1>)) Self Tutor 

Find the equation of the quadratic with graph: 

  

, we can determine the quadratic in whatever 

  

  

a Since the z-intercepts are —1 and 3, 

y=a(z+1)(z—3). 

The graph is concave down, so a < 0. 

When =0, y=3 

3=a(1)(-3) 

coa=-1 

The quadratic is y = —(z +1)(z — 3).   
The graph touches the z-axis at = = 2, 

so y=a(z —2)2 

The graph is concave up, so a > 0. 

When =0, y=38 

8 = a(—2)? 

a=2 

The quadratic is y = 2(z — 2)2. 

  

  

Find the equation of the quadratic with graph: 

  

The axis of symmetry z =1 lies midway 

between the z-intercepts. 

the other z-intercept is 4. 

the quadratic has the form 

y=a(z+2)(x—4) where a <0 

But when = =0, y= 16 

16 = a(2)(—4) 

a=-2 

The quadratic is y = —2(z + 2)(z — 4). 
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EXERCISE 14D 

1 Find the equation of the quadratic with graph: 

  

  

Example 12 LR R 

Find the equation of the quadratic whose graph cuts the z-axis at 4 and —3, and which passes 

through the point (2, —20). Give your answer in the form y = az? + bz + c. 

Since the z-intercepts are 4 and —3, the quadratic has the form y = a(z —4)(z + 3), a # 0. 

When z =2, y=-20 

S —20=a(2—-4)(2+3) The quadraticis y = 2(z — 4)(z + 3) 

. =20 = a(—2)(5) =2z -2 —12) 
L a=2 =2z% — 2z — 24     

3 Find, in the form y = ax? + bx + ¢, the equation of the quadratic whose graph: 

a cuts the z-axis at 5 and 1, and passes through (2, —9) 

b cuts the z-axis at 2 and —%, and passes through (3, —14) 

touches the z-axis at 3 and passes through (—2, —25) 

touches the z-axis at —2 and passes through (—1, 4) 

cuts the z-axis at 3, passes through (5, 12), and has axis of symmetry z = 2 

- 
0 

O
 

A 

cuts the z-axis at 5, passes through (2, 5), and has axis of symmetry x = 1.



374  QUADRATIC FUNCTIONS (Chapter 14) 

| Example 13 | O R (T 

Find the equation of the quadratic with graph: 

a y b 

  

16 

  

V(3,-2) 

a Since the vertex is (3, —2), the quadratic b Since the vertex is (—4, 2), the quadratic 

has the form y = a(z — 3)? — 2 where has the form y = a(z +4)? +2 where 
a>0. a <0. 

When =z =0, y=16 When z=-2, y=0 

16 = a(—3)? — 2 s 0=a(2)?%+2 
16 =9a -2 cooda= -2 

18 = 9a Cooa= —% 

a=2 The quadratic is y = —%(z +4)? + 2. 
The quadratic is y = 2(z — 3)% — 2.     

L If V is the vertex, find the equation of the quadratic with graph: 

a AY 

  

  A 

- 
= 8Y

 

g AY 

V(2,3) 

/ NG 1) 

v 

5 A quadratic has vertex (2, —5), and passes through the point (—1, 13). Find the value of the 

quadratic when z = 4. 
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INVESTIGATION 3 

For the quadratic y = 22%+ 3z + 7 we can construct 1121314215 

a table of values for x =0, 1, 2, 3, 4, 5. 

We turn this table into a difference table by adding two -n----- 

further rov: -- 
e the row A; gives the differences between - 

successive y-values e e a 3 e the row A, gives the differences between -- 

successive Aq-values. 

  

  

      
  

      

  

9-5 34-21 72-51 

What to do: 

1 Construct difference tables for = =0, 1, 2, 3, 4, 5 for each of the following quadratics: 

a y=z>+4z+3 b y=2322—4z 

¢ y=>5r—a? d y=422 -52+2 

2 What do you notice about the Ay row for each quadratic in 1? 

3 Consider the general quadratic y = az? +bx +¢, a #0. 

a Copy and complete the following difference table: 

2 

da+2b+c 

  

b Comment on the Ay row. 

¢ What can the circled numbers be used for? 

4 Use your observations in 3 to determine, if possible, the quadratics with the following tables of 

values: 

alsfoJiJ2]3]4] blefof1]2]3]4] 
-fl-fl -fl 

5 We wish to determine the maximum number of pieces into which a pizza can be cut using 

n straight cuts across it. For example: 

  

e for n =1 we can make 2 pieces e for n =3 we can make 7 pieces. 

&
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a Copy and complete: 

Number of cuts, n n 

  

Maximum number of pieces, P, 

b Complete the A; and Ay rows. Hence determine a quadratic formula for P,. 

¢ For a huge pizza with 12 cuts across it, find the maximum number of pieces which can 

result. 

3 GRAPHS 
Consider the graphs of a quadratic function and a linear function on the same set of axes. 

  

There are three possible scenarios for intersection: 

A 
cutting touching missing 

(2 points ofintersection) (1 point of intersection) (no points of intersection) 

If the line touches the curve, we say that the line is a tangent to the curve. 

The z-coordinates of any intersection points of the graphs can be found by solving the two equations 

simultaneously. 

13 R o) Self Tutor 

Find the coordinates of the point(s) of intersection of the 

graphs with equations y = 22 —x — 18 and y ==z — 3. 
  

y=a%—z—18 meets y =1z —3 where 

22—z —18=x—-3 

. 22—2z-15=0 {RHS = 0} 
(z—=5)(z+3)=0 {factorising} 

. x=>5o0r—3 

Substituting into y = 2 —3, when z =5, y =2 and 

when z = -3, y=—6. 

the graphs meet at (5, 2) and (—3, —6). 

  
  

Graphing each side of an inequality helps us to illustrate its solutions. Any points where the graphs 

intersect will lie at the endpoints of the interval(s) in the solution.
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Consider the curves y = 22 + 52+ 6 and y = 222 + 2z — 4. 

a Solve for z: 22 + 5z +6 = 222 + 2z — 4. 

b Graph the two curves on the same set of axes. 

    ¢ Hence solve for x: 2% + 5z 46 > 222 + 22 — 4. 

a 22+ 5z +6=2z>+2c—4 

2?2 —32-10=0 

(z42)(x—5)=0 
. x=-2o0rb 

b y=22+52+6 

= (z+2)(z+3) has zeros —2 and —3.   

y=2a%+22—4 

=2(a*+z-2) 
=2(z+2)(z—1) has zeros —2 and 1. 

  

¢ If 22 +525+6 > 222 + 2z — 4, the graph of y = 2% + 52 + 6 is above the graph of 

y =232 +2z—4. 

This occurs when —2 <z < 5.     
EXERCISE 14E 

1 Find the coordinates of the point(s) of intersection of: 

  

a y=22-2x+8 and y=x+6 b y=-—22+32+9 and y =223 

¢ y=ax>—4zx+3 and y=2z2—6 d y=—a?+4cx—7 and y =5z —4 

2 Use technology to find the coordinates of the points of intersection of the graphs with equations: 

a y=2>2-32z+7 and y=2+5 GRAPHING 
PACKAGE   b y=22-52+2 and y=2-7 

¢ y=—-a2>—-2r+4 and y=2+38 

d y=—2?4+42—2 and y =5z —6. 

3 Consider the graphs with equations y = z? and y =z + 2. 
The solutions to z2 >z + 2 
are the values of & for which 

a Find the points where the graphs intersect. 

b Plot the graphs on the same set of axes. y=a? is above y=a + 2. 

¢ Hence solve for z: x> 2 + 2. 

  

4 Consider the graphs with equations y =2% +2z —3 and y=x — 1. 

a Find the points where the graphs intersect. 

b Plot the graphs on the same set of axes. 

¢ Hence solve for z: 22 +2x—3 >z — 1. 
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5 Consider the curves y =222 —z+3 and y =2+ z + 22 

a Find the points where the curves intersect. 

b Plot the curves on the same set of axes. 

¢ Hence solve for x: 222 —x+3>2+z + 22, 

6 Consider the graphs with equations y = 2 and y=x+3. 
x 

a Solve g 4+ 3 using algebra. 
x 

b Use technology to plot the graphs on the same set of axes. 

4 
¢ Hence solve for z: — >z + 3. 

x 

Example 16 LT [ (1) 

y=2x+k isatangentto y=2x?—3x+4. Find k. 

y=2x+k meets y=2z>—3x+4 where A tangent is a line which 

272 —3x+4=20+k touches the curve. 

22 —5z+ (4—k)=0 

  

Since the graphs touch, this quadratic has A =0 

(=5)% —4(2)(4— k) =0 
25—8(4—k)=0 

25—-32+8k=0 

8k =17 

k=1       
7 For what value of ¢ is the line y = 3z +c a tangent to the parabola with equation y = 2% — 5z +7? 

8 Find the values of m for which the lines y = ma — 2 are tangents to the curve with equation 

y=a%—dx +2. 

9 Find the gradients of the lines with y-intercept 1 that are tangents to the curve y = 3z% + 5z + 4. 

10 a For what values of ¢ do the lines y = x + ¢ never meet the parabola with equation 

y=2x2—3z—7? 

b Choose one of the values of ¢ found in part a. Illustrate with a sketch that these graphs never 

meet. 

11 Prove that two quadratic functions can intersect at most twice. 

12 Consider the curve y = x> 4+ 42 — 1 and DYNAMIC 
- . GEOMETRY 

the line y = 2z + ¢. Find the values of ¢ PACKAGE 

for which the line: 

a meets the curve twice 

b s a tangent to the curve 

¢ does not meet the curve.  
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13 Show that any linear function passing through (0, 3) will meet the curve y = 222 — 2z —2 twice. 

14 The graphs of y = (z —2)? and y = —x2 +br +c touch when z = 3. 

Find the values of b and c. 

15 Consider the quadratic function y = 2. The point P(a, a®) lies on the function. 

a The line y =m(xz —a)+ ¢ also passes through P. What, if anything, can you say about the 

values of m and ¢? 

b Suppose y =m(z —a) +a? touches y =2 atP. Find the value of m. 

13 [0 BROBLEM SOLVING WITH QUADRATICS 
Some real-world problems can be solved using a quadratic equation. 

Any answer we obtain must be checked to see if it is reasonable. For example: 

e if we are finding a length then it must be positive and we reject any negative solutions 

e if we are finding “how many people are present” then the answer must be a positive integer. 

We employ the following general problem solving method: 

Step 1:  If the information is given in words, translate it into algebra using a variable such as z. Be 

sure to define what x represents, and include units if appropriate. Write down the resulting 

equation. 

Step 2: Solve the equation by a suitable method. 

Step 3:  Examine the solutions carefully to see if they are acceptable. 

Step 4:  Give your answer in a sentence, making sure you answer the question. 

m LR AR (1108 

A rectangle has length 3 cm longer than its width, and its area is 42 cm?. Find the width 

of the rectangle. 

  

If the width is = cm then the length is (z + 3) cm. 

z(z +3) =42 {equating areas} vem 

22 +3z—42=0 

—341/32 — 4(1)(—42) e 

-3+ V177 

(z+3)cm 

  z~—815 or 5.15 

We reject the negative solution as lengths are positive. 

The width is about 5.15 cm.     
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EXERCISE 14F 

1 

2 

3 

4 

5 

6 

Two integers differ by 12, and the sum of their squares is 74. Find the integers. 

The sum of a number and its reciprocal is %. Find the number. 

The sum of a natural number and its square is 210. Find the number. 

The product of two consecutive even numbers is 360. Find the numbers. 

The product of two consecutive odd numbers is 255. Find the numbers. 

The number of diagonals of an n-sided polygon is given by the formula D = %(n —3). 

A polygon has 90 diagonals. How many sides does it have? 

The length of a rectangle is 4 cm longer than its width. The rectangle has area 26 cm?. Find its 

width. 

A rectangular box has a square base. Its height is 1 cm longer than its 

base side length. The total surface area of the box is 240 cm?. 

Suppose the sides of the base are z cm long. 

a Show that the total surface area is given by A = 622 + 4x cm?. 

  

b Find the dimensions of the box. 

An open box can hold 80 cm?®. It is made from a square piece 

of tinplate with 3 cm squares cut from each of its 4 corners. 

Find the dimensions of the original piece of tinplate. 

  

      

Example [T l1>)) Self Tutor 

Is it possible to bend a 12 cm length of wire to form the perpendicular sides of a right angled 

triangle with area 20 cm? ? 
  

  
10 

Suppose the wire is bent  cm from one end. 

The area A = 1z(12—z) 

    

1 N area 20 cm? 

(322 =20 zem (12-g)em rem| AL . z(12—=z) = oy ecomes 

12z —22 —40 =0 (12—z)cm 

22— 1224+40=0 

Now A = (—12)? — 4(1)(40) 

= —16 whichis <0 

There are no real solutions, indicating that this situation is impossible.   
Is it possible to bend a 20 cm length of wire into a rectangle with area 30 cm? ?
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11 The rectangle ABCD is divided into a square and a smaller A Y B 

rectangle by [XY] which is parallel to its shorter sides. 

The smaller rectangle BCXY is similar to the original 

rectangle, so rectangle ABCD is a golden rectangle. 

. AB . . 
The ratio D s called the golden ratio. D X C 

+\/5. 
  Show that the golden ratio is 

Hint: Let AB = z units and AD = 1 unit. 

12 Two trains travel along a 160 km track each day. The express travels 10 kmh~! faster and takes 

30 minutes less time than the normal train. Find the speed of the express. 

13 A group of elderly citizens chartered a bus for $160. Unfortunately, 8 of them fell ill and had to 

miss the trip. As a consequence, the other citizens had to pay an extra $1 each. How many elderly 

citizens went on the trip? 

14 A truck carrying a wide load needs to pass through the 

parabolic tunnel shown. The units are metres. 

The truck is 5 m high and 4 m wide. 

a Find the quadratic function which describes the shape of 

the tunnel. 

b Determine whether the truck will fit. 

  

15 A stone is thrown into the air from the top of a cliff 60 m above sea level. The stone reaches a 

maximum height of 80 m above sea level after 2 seconds. 

a Find the quadratic function which describes the stone’s height above sea level. 

b Find the stone’s height above sea level after 3 seconds. 

¢ How long will it take for the stone to hit the water? 

51 0 GBTIMISATION WITH QUADRATIC 
The process of finding a maximum or minimum value is called optimisation. 

   
For the quadratic y = ax? + bx + ¢, we have seen that the vertex has z-coordinate 721. 

a 

e If @ >0, the minimum value of y occurs at = = —Qi. 
a 

i~—minimum 

b i maximum    e If a <0, the maximum value of y occurs at = = o0 
a
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TR,   

  

  

Find the maximum or minimum value of the quadratic, and the corresponding value of x: 

a y=z*+z-3 b y=3+ 3z — 222 

a y=22+x—3 has b y=—-222+3z+3 has 
a=1, b=1, and ¢= -3. a=-2, b=3, and c=3. 

Since a > 0, the shape is \/ Since a < 0, the shape is /\ 

The minimum value occurs The maximum value occurs 
—b 7 b -3 4 

when T=—=—3 whenmz_z_zZ 
2a 2a —4 

and y=(—3)°+(-3)—-3=-3% and y=-2(3)>+3(3)+3=41 

So, the minimum value of y is 73%, So, the maximum value of y is 4%, 

occurring when @ = —1. occurring when @ = 3.     
EXERCISE 14G 

1 Find the maximum or minimum value for each quadratic, and the corresponding value of x: 

a y=a%-2x b y=7-2z—2? ¢ y=8+2zx—32? 

d y=222+2-1 e y=4z2 -z +5 f y="Tz—22° 

2 The profit in manufacturing x refrigerators per day, is given by P = —3z2 4 2402 — 800 euros. 

a How many refrigerators should be made each day to maximise the total profit? 

b What is the maximum profit? 

Example 20 LR AT 

A gardener has 40 m of fencing to enclose a 

rectangular garden plot, where one side is an 

existing brick wall. Suppose the two new equal 

sides are z m long. 

a Show that the area enclosed is given by brick wall 

A = z(40 — 22) m?. 

b Find the dimensions of the garden of maximum 

area. zm 

  

a Side [XY] has length (40 — 2z) m. 

Now, area = length x width 

A = z(40 — 2z) m? 

b A=0 when z =0 or 20. 

The vertex of the function lies midway 

between these values, so = = 10. 

Since a < 0, the shape is /\ Y /7 

the area is maximised when YZ = 10 m and XY = 20 m.   
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3 A rectangular plot is enclosed by 200 m of fencing and has 

an area of A square metres. Show that: 

a A =100z — x> where z m is the length of one of its rm 

sides 

b the area is maximised if the rectangle is a square. 

4 Three sides of a rectangular paddock are to be fenced, the fourth side being an existing straight 

water drain. If 1000 m of fencing is available, what dimensions should be used for the paddock to 

maximise its area? 

  

  

5 500 m of fencing is available to a b 

make 4 rectangular pens of identical :‘:‘ 

shape. Find the dimensions that 

maximise the area of each pen, if the 

plan is: 

The graphs of y = 22 —3z and y = 2z — 22 are 
illustrated. 

a Show that the graphs meet where = =0 and 

T =21 

b Find the maximum vertical separation between the 

curves for 0 <z < 23. 

  

7 Infinitely many rectangles may be inscribed within the 

right angled triangle shown alongside. One of them is A B 

illustrated. 

a Let AB=2zcm and BC = y cm. 

Use similar triangles to find y in terms of z. 

b Find the dimensions of rectangle ABCD of D C 
. «——8cm——> 

maximum area. 

P1 (al, bl), PQ(GQ, b;}), P3(a3, bg), veens Pn(an, bn) are a 

set of data points which are approximately linear through 

the origin O(0, 0). 

To find the equation of the “line of best fit” through the 

origin, we minimise 

(P1M1)% + (PaM2)? + (P3sM3)2 + ... + (P,M,,)? where 

M; lies on the line and has z-coordinate a;. 

Find the gradient m of the “line of best fit” in terms of a; 

and b;, i=1,2,3,4,..,n. 

  

  9 Assuming a and b are real constants, expand y = (z —a — b)(z — a + b)(z + a — b)(x + a + b) 
and hence determine the least value of y. 

  

10 By considering the function y = (a1 — b1)2 + (asz — b2)2, use quadratic theory to prove the 

Cauchy-Schwarz inequality |a1by + azbs | < v/a? + a2 /b2 + b2
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  INVESTIGATION 4 

A parabola is defined as the locus of all points which 

are equidistant from a fixed point called the focus and 

a fixed line called the directrix. 

Suppose the focus is F(0, a) and the directrix is the 

horizontal line y = —a. The parabola is the set of all 

points P such that FP = NP where N is the closest 

point on the directrix to P. 

  

What to do: 

Suggest why it is convenient to let the focus be at (0, a) and the directrix be N TARLEN 

the line y = —a. 

Use the circular-linear graph paper provided to graph the parabola which has 

focus F(0, 2) and directrix y = —2. 

Using the definition above: 

a Write down the coordinates of N. 

b Write expressions for FP and NP. 
2 

¢ Show that the parabola has the equation y = Z— 
a 

2 2 
Consider a point P(X s ‘1{—) on the parabola y = Z— with focus F(0, a) and directrix 

a a 

Y= —a. 

a Let N be the closest point on the directrix 

to P, and M be the midpoint of [FN]. 

i Show that [MP] has equation 

-3(-3) V=% 2)" 

ii Hence prove that (MP) is a tangent 

to the parabola. 

  

b Let B lie on the normal to the parabola. 

Suppose a ray of light shines vertically down onto 

the parabola with angle of incidence # as shown. 

i Explain why MNP must equal 6. 

ii Hence explain why MFP must equal 6. 

ili Hence explain why FPB must equal 6. 

  

iv Hence explain why any vertical ray of light 

shining down onto a parabolic mirror will 

be reflected to the focus of the parabola F. 
  

v Explain what shape Misha needs in the Opening Problem and where he needs to place 

his cup.
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This experiment was performed by 

Dr Jonathon Hare and Dr Ellen McCallie 

for the television series “Rough Science”. 

  

LB GUADRATIC INEQUALITIES 
A quadratic inequality can be written in either the form ax? + bz + ¢ > 0 

or azx? +br +c>0 where a#0. 

We have seen that the solutions to a quadratic equation are the z-intercepts of the corresponding quadratic 

function. 

In a similar way, the solutions to a quadratic inequality are the values of z for which the corresponding 

function has a particular sign. 

SIGN DIAGRAMS 

A sign diagram is a number line which indicates the values of  for which a function is negative, zero, 

positive, or undefined. 

A sign diagram consists of: 

e a horizontal line which represents the z-axis 

e positive (+) and negative (—) signs indicating where the graph is above and below the z-axis 

respectively 

e the zeros of the function, which are the z-intercepts of its graph. 

Consider the three functions below: 

y=@+2e-1) 

    diagram  
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You should notice that: 

e A sign change occurs about a zero of the function for single linear factors such as DEMO 

(z+2) and (z —1). This indicates cutting of the z-axis. 

e No sign change occurs about a zero of the function for squared linear factors such 

as (z —1)% This indicates touching of the z-axis. 

In general: 

e when a linear factor has an odd power there is a change of sign about that zero 

e when a linear factor has an even power there is no sign change about that zero. 

ECIITEN 
Draw a sign diagram for: 

a z2+2zx-3 b —4(z —3)? 

  

  

  a 22+22-3=(z+3)(z—1) b —4(z —3)? has zero 3. 
which has zeros —3 and 1. = 

. <—§—'—>x 

z 
When z =4 we have —4(1)2 <0, 

When z =2 we have (5)(1) >0, so we put a — sign here. 

so we put a + sign here. 

-3 1 

As the factor is squared, the signs do not 

As the factors are single, the signs change. 

alternate. 

+ — + = - 
4—‘—‘—' T <—I—> x 

—3 1 3       
EXERCISE 14H.1 

1 Draw a sign diagram for each graph: 

  
2 Draw a sign diagram for: 

a (z+4)(z—-2) b (z+1)(z—5) ¢ x(x—3) 

d z(z+2) e (2z+1)(z—4) f —(z+1)(z—-3) 

g —(Bz—2)(z+1) h (2z-1)3—-12) i (5—z)(1-2z)
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3 Draw a sign diagram for: 

a (x+2)? b (z—3)? ¢ —(v—4)? 

d 2(z+1)2 e —3(z+4)>? f —1(2z+5)2 

L Draw a sign diagram for: 

a z2-9 b 427 ¢ 5z —a? 

d 22-3z+2 e 2822 f 622 +x—2 

g 6— 16z — 622 h 22249245 i —152%2 — 242 

5 Draw a sign diagram for: 

a 224+ 10x+25 b z2—-2z+1 ¢ —22+4r—4 

d 422 —4x+1 e —2?2—6z—-9 f —4z?+122 -9 

QUADRATIC INEQUALITIES 
To solve quadratic inequalities we use the following procedure: 

Make the RHS zero by shifting all terms to the LHS. 

Fully factorise the LHS. 

Draw a sign diagram for the LHS. 

Determine the values required from the sign diagram. 

  

  

EXERCISE 14H.2 

1 Solve for x: 

a (z—-2)(z+5)< 
d (z+5)%>0 

2 Solve for x: 

a 2—z>0 

Solve for x: 

a 3z2+5x>2 b 22+9<6z 

a 322 + 5z > 2 b 22 4+9 < 6z 
s 322452220 22 —6z+9<0 

s Bz—1D(+2)>0 o (r—3)%<0 

Sign diagram of LHS is Sign diagram of LHS is 

+ - + . + + . 
-2 % 3 

< -2 or > % So, the inequality is not true for 

any real z.   
0 b 2-z)(z+3)=>0 ¢ (r—-1)2<0 

e 2z+1)3—2)>0 f (z—4)2z+3)<0 

b 32?2 +22 <0 ¢ 22 +4x+4>0   
d 224+2:-15<0 e 22 —-4r—12>0 f 322+92-12<0
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3 Solve for x: 

  

a 22>3z b 22<4 ¢ 222 >4 

d 22 -21 <4z e 22+30> 11z f o442 <2? 

g 202 >x+3 h 422 —42+1<0 i 622 +7r<3 

i 322 >8(x+2) k 222 —4z+2>0 I 622+ 1< 5z 

m 1+5z < 622 n 1222 > 5z +2 o 2224+9> 9z   
  

ECIITEEN 
Find the value(s) of k for which the function y = kz? + (k + 3)z — 1: 

a cuts the z-axis twice b touches the z-axis ¢ misses the z-axis. 
  

a=k b=k+3, c=-1 

  

A = b* — dac 

= (k+3)* = 4(k)(-1) 
— k24 6k + 9+ 4k So, A has sign diagram: + - + & 

= k2 4+ 10k +9 -9 -1 
=(k+9)(k+1) — 

a The graph cuts the z-axis twice if A >0 'fshz zf:;‘;llta;: Ié 

k<=9 or k>—1, k#0. 50 we must solve a 

b The graph touches the z-axis if A =0 quadratic inequality. 

v k=-9 or k=-1. 

¢ The graph misses the z-axis if A <0 

-9<k< -1 

  

    
& For each quadratic function, find the values of & for which the function: 

i cuts the z-axis twice il touches the x-axis ili misses the z-axis. 

a y=222+kx—k b y=ka?-2z+k ¢ y=2>+(k+2)z+4 

5 For each quadratic equation, find the values of k£ for which the equation has: 

i two real roots i a repeated real root iii  no real roots. 

a 222+ (k—2)x+2=0 b 22+ (3k—1)z+ (2k+10) =0 

  ¢ (k+1)z2?+kz+k=0 

6 For what values of m is y = (m — 2)x? + 6z + 3m: 

a positive definite b negative definite? 

7 Consider the curve y = —2? + 3z — 6 and the line y = mz — 2. Find the values A 

of m for which the line: PACKAGE 

a meets the curve twice b is a tangent to the curve 

¢ does not meet the curve.
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8 For what values of a do the curves y =az? +2zr+1 and y= —a%+az—1: 

a meet twice b touch ¢ never meet? 

REVIEW SET 14A 

1 Use the vertex, axis of symmetry, and y-intercept to graph: 

a y=(x—-22%-4 b y=—3(z+4)2+6 

2 Find the points of intersection of y = 22 — 3z and y = 32> — 5z — 24. 

3 For what values of k does the graph of y = —222 + 5z + k not cut the z-axis? 

& Find the values of m for which 222 — 3z +m =0 has: 

a a repeated root b two distinct real roots ¢ no real roots. 

5 The sum of a number and its reciprocal is 2%. Find the number. 

6 Show that no line with a y-intercept of 10 will ever be tangential to the curve with equation 

y =322+ Tz - 2. 

7 a Write the quadratic y =222 + 6z — 3 in the form y = a(z — h)? + k. 

b Hence sketch the graph of the quadratic. 

8 Find the equation of the quadratic with graph: 

a 

    
Draw the graph of y = —a% + 2. 

10 Find the y-intercept of the line with gradient —3 which is a tangent to the parabola 

y =222 — 5z + 1. 

11 The graph shows the parabola y = a(z + m)(z +n) where m > n. 

Yy a State the sign of: 

i the discriminant A ii a. 

b Find, in terms of m and n, the: 

i coordinates of the z-intercepts A and B 

ii equation of the axis of symmetry. 

12 For a quadratic function y = az? + bz + ¢, suppose the constants a, b, and c are consecutive 

terms of a geometric sequence. Show that the function does not cut the z-axis. 

13 Find the quadratic function which cuts the z-axis at 3 and —2 and which has y-intercept 24. 

Give your answer in the form y = ax? + bz +c.   
14 Find the value of k for which the a-intercepts of y = 3x2 +2ka +k — 1 are closest together.
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15 Consider the function y = az? + bx + ¢ shown. Y 
f(z)=az?+ba+c 

a State the value of c. 

b Use the other information to write two equations 

involving a and b. 

¢ Find a and b, and hence state the equation of the 

quadratic. 

  

16 For what values of m are the lines y = maz — 10 

tangents to the parabola y = 3x2 + Tz + 2? 

17 When Annie hits a softball, the height of the 

ball above the ground after ¢ seconds is given 

by h = —4.9t> + 19.6t + 1.4 metres. Find the 
maximum height reached by the ball. 

  

18 Draw a sign diagram for: 

a 3z+2)(4—2) b —z+3z+18 

19 Solve for z: 

a 3-2)(z+2)<0 b 22 -42-5<0 ¢ 222 +2>10 

20 Find the values of k for which the function f(z) = 22 + kx + (3k — 4): 

a cuts the z-axis twice b touches the z-axis ¢ misses the z-axis. 

REVIEW SET 14B 

1 Consider the quadratic y = 3(z —2)? — 4. 

a State the equation of the axis of symmetry. 

b Find the coordinates of the vertex. ¢ Find the y-intercept. 

d Sketch the function. 

2 Consider the quadratic y = —3z% + 8z + 7. Find the equation of the axis of symmetry, and 

the coordinates of the vertex. 

3 Use the discriminant only to find the relationship between the graph and the z-axis for: 

a y=222+3z-7 b y=-322-Tz+4 

4 Find the equation of the quadratic with vertex (2, 25) and y-intercept 1. 

5 a Find the equation of the quadratic illustrated. 

b Hence find its vertex and axis of symmetry. 
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6 Consider the quadratic y = 2% + 4z — 1. 

a State the axis of symmetry. b Find the coordinates of the vertex. 

¢ Find the axes intercepts. d Hence sketch the function. 

  7 Find, in the form y = ax? + bx + ¢, the quadratic function whose graph: 

a touches the z-axis at 3 and passes through (2, 2) 

b has z-intercepts 3 and —2, and y-intercept 3 

¢ passes through (-1, —9), (1,5), and (2, 15) 

d has vertex (3, 15) and passes through the point (1, 7). 

8 a For what values of ¢ do the lines with equations y = 3z + ¢ intersect the parabola 

y=a2?+x—5 in two distinct points? 

b Choose one such value of ¢ and find the points of intersection in this case. 

9 Find the maximum or minimum value of each quadratic, and the corresponding value of z: 

a y=322+4z+7 b y=-27%-5z+2 

10 The graph of a quadratic function cuts the z-axis at —2 and 3, and passes through (-3, 18). 

a Find the equation of the function in the form y = ax? + bx + c. 

b Write down the y-intercept of the function. 

¢ Find the coordinates of the vertex. 

1 Consider the graph of y = 22 +ma + n. y:$2+mz+n    
a Determine the values of m and n. 

b Hence find the value of k. 

12 An open square-based box has capacity 120 mL. It is made from a square piece of tinplate with 

4 c¢m squares cut from each of its corners. Find the dimensions of the original piece of tinplate. 

13 Consider y = —22 — 3z +4 and y =22 + 5z +4. 

a Solve forz: —2? -3z +4=2%+5z+4. 

b Sketch the curves on the same set of axes. 

¢ Hence solve for z: % + 5z +4 > —x2 — 3z + 4. 

14 For each of the following quadratics: 

i Write the quadratic in completed square form. 

ii Write the quadratic in factored form. 

iii Sketch the graph of the quadratic, identifying its axes intercepts, vertex, and axis of 
symmetry. 

a y=z*+4z+3 b y=22+2r-3 

¢ y=22>—8z—10 d y=—22+6z+7
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15 

16 

17 

18 

19 

20 
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Two different quadratic functions of the form y = 922 — kz +4 both touch the x-axis. 

a Find the two values of k. 

b Find the point of intersection of the two quadratic functions. 

600 m of fencing is used to construct 6 rectangular animal . zm 

pens as shown. 
  

a Show that the area A of each pen is T 
Ao w(eoo;&) 2 

b Find the dimensions of each pen so that it has the # H 

maximum possible area. T T 

  

  

      ¢ What is the area of each pen in this case? H H 

A retailer sells sunglasses for $45, and has 50 customers per day. From market research, the 

retailer discovers that for every $1.50 increase in the price of the sunglasses, he will lose a 

customer per day. 

Let $z be the price increase of the sunglasses. 

a Show that the revenue collected by the retailer each day is 

R=(45+1) (50 - 11—5) dollars. 

b Find the price the retailer should set for his sunglasses in order to maximise his daily 

revenue. How much revenue is made per day at this price? 

Draw a sign diagram for: 

a z2—3z—10 b —(z+3)?2 

Solve for z: 

a 422 -32<0 b 222-3z-5>0 ¢ dr<2a?+1 

Find the values of m for which the function y = ma? + 5z + (m + 12): 

a cuts the z-axis twice b touches the z-axis ¢ misses the z-axis.
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OPENING PROBLEM 

The charges for parking a car in a short-term car park at an airport are shown in the table and graph 

below. The total charge is dependent on the length of time ¢ the car is parked. 

  

  

  

  

  

                        

Car park charges 

Time t (hours) | Charge 304 charge (£) — T T T 7 

<1 
?—. 

<2 20 — 
<3 

3<t<6 10 °_.°‘z 

6<t<9 T ime (h 
9<t<1 0 time ours») 

<2 

  

Things to think about: 

a What values of fime are illustrated in the graph? 

b What are the possible charges? 

¢ What feature of the graph ensures that there is only 

one charge for any given time? 

  

In the course so far, we have studied several different relationships between variables. In particular, for 

two variables x and y: 

e A linear function is a relationship which can be expressed in the form y = axz + b where a, b are 

constants, a # 0. 

e A quadratic function is a relationship which can be expressed in the form y = az?+bz+c where 

a, b, ¢ are constants, a # 0. 

In the Opening Problem we see another type of relationship, between the two variables time and charge. 

We call this a piecewise function because its graph has several sections. 

In this Chapter we explore what it really means for the relationship between two variables to be called 

a function. We will then explore properties of functions which will help us work with and understand 

them. 

N RELATIONS AND FUNCTIONS 
A relation between variables = and y is any set of points in the (x, y) plane. 

We say that the points connect the two variables. 

A relation is often expressed in the form of an equation connecting the variables x and y.
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For example, y =z 43 and = = y> 
of ordered pairs, which we can graph: 

are the equations of two relations. Each equation generates a set 

    

Ay 
    

    

    

    

  

    

    

                              

  

                    

  

    

However, not all relations can be defined by an equation. Below are two examples: 

  

1 Y (2) 

T 

The set of all points in the first quadrant These 13 points form a relation. It can be 

is the relation = >0, y > 0. described as a finite set of points, but not 

by an equation. 

FUNCTIONS 

A function is a relation in which no two different ordered pairs have the same 

z-coordinate or first component. 

We can see from this definition that a function is a special type of relation. 

Every function is a relation, but not every relation is a function. 

ALGEBRAIC TEST FOR FUNCTIONS 

Suppose a relation is given as an equation. If the substitution of any value for z 

results in at most one value of y, then the relation is a function. 

For example: 

e y =23z —1 isa function, since for any value of z there is only one corresponding value of y 

e x=1y? isnota function, since if x =4 then y = £2.   

GEOMETRIC TEST OR VERTICAL LINE TEST FOR FUNCTIONS 

Suppose we draw all possible vertical lines on the graph of a relation. 

e If each line cuts the graph at most once, then the relation is a function. 

e If at least one line cuts the graph more than once, then the relation is not a function.
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BT O R (T 

Which of the following relations are functions? 

Y A< 
A S 

a function a function not a function 

  

DEMO 

|Y
           

GRAPHICAL NOTE 

e If a graph contains a small open circle such as —o——, this point is not included. 

e If a graph contains a small filled-in circle such as ———e , this point is included. 

e If a graph contains an arrowhead at an end such as ——, then the graph continues indefinitely 

in that general direction, or the shape may repeat as it has done previously. 

EXERCISE 15A 

1 Which of the following sets of ordered pairs are functions? Explain your answers. 

a {(1,3),(2.3), 3, 1), 4 2)} b {2, 1,31, (-1,2), (20} 
2 Use algebraic methods to decide whether these relations are functions. Explain your answers. 

a y=22-9 b z+y=9 ¢ 22+ =9 

3 Use the vertical line test to determine which of the following relations are functions: 

Ay D A 
4 The managers of a new amusement park are discussing the 

schedule of ticket prices. Maurice suggests the table alongside. 

Explain why this relation between age and cost is not a 

function, and discuss the problems that this will cause. 

  

0 - 2 years (infants) 

2 - 16 years (children) 

16+ years (adults) 

  

5 Is it possible for a function to have more than one y-intercept? Explain your answer. 

6 Is the graph of a straight line always a function? Give evidence to support your answer.
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7 The graph alongside shows the curves y = 2> and 

y?=ux. 

a Discuss the similarities and differences between 

the curves, including whether each curve is 

a function. You may also consider what 

transformation(s) map one curve onto the other. 

  b Using y? =z, we can write y = +/Z. 

i What part of the graph of y? ==z 

corresponds to y = /x? 

il Is y = /7 afunction? Explain your answer. 

3 8 The graph alongside shows the curves y = z° and 

Yy =ux. 

a Explain why both of these curves are functions. 

b For the curve y® = x, write y as a function of z. 

  

DISCUSSION 

In the Opening Problem: 

e Is the relation describing the car park charges a function? 

e If we know the zime somebody parked for, can we determine the exact charge they need to pay? 

e If we know the charge somebody pays, can we determine the exact time they have parked for? 

[N FUNCTION NOTATION 
Function machines are sometimes used to illustrate how functions behave. 

If 4 is the input fed into the machine, 

the output is 2(4) +3 = 11. 

  

The above “machine” has been programmed to perform a particular function. If we use f to represent 

that particular function, we can write “f is the function that will convert = into 2x + 3.” 

So, f would convert 2 into  2(2)+3=7 and 

4 into 2(—4)+3= 5.  
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This function can be written as: 

f:x—2x+3 f(z) is read as 
/ / %/_/ “f Of I”. 

function f such that T is convened into 2z + 3    
Two other equivalent forms we use are f(z) =2z +3 and y =2z + 3. 

f(z) is the value of y for a given value of z, so y = f(z). \ 

  

f is the function which converts z into f(z), so we write 
  

  

  

  

  

  

  

  

  

) 

y = f(z) is sometimes called the function value or image of . 

For f(z) =2z +3: 

o f(2)=2(2)+3=7 le - 
  the point (2, 7) lies on the graph of the function. 

o f(—4)=2(-4)+3=-5 

the point (—4, —5) also lies on the graph. 

  

  

  

          

  

                            

  

       

If f: x> 2x?— 3z, find the value of: 

a f(5) b f(-4) 

f(z) =22 -3z We use brackets to help 

a f(5) =2(5)% - 3(5) {replacing z with (5)} avoid confusion. 
=2x25-15 

=35 

b f(—4) =2(-4) —3(—4) {replacing  with (—4)} 
= 2(16) + 12 
=44 

  

  
EXERCISE 15B 

1 If f(z) =3z —2%+2, find the value of: 

  

a f(0) b f(3) ¢ f(=3) d f(-7) e f(3) 

2 If g: sz—é, find the value of: 

a g(1) b g(4) ¢ g(-1) d g(-4) e g(-3) 

3 Suppose G(z)= 2;”1”’ 

a BEvalate: i G(2) @i GO) i G(-1) 
b Find a value of = such that G(z) does not exist. 

¢ Find z such that G(z) = —
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O AR (118 

    
   

If f(z)=5—2— 2%, find in simplest form: 

a f(-z) b f(z+2) ¢ flx—1)-5      

   

a f(-z)=5-(—2z)— (-=)* {replacing  with (—z)} 

=5+x—a° 

b f(z+2)=5—(z+2)— (z+2) {replacing = with (z + 2)} 

=5—z—2— [z% + 4z + 4] 

=3-z—x%>—4z—4 

=—a?—bx—1 

¢ fa—-1)-5=(6-(z-1)—(z-1)> -5 {replacing z with (z —1)} 

=5—g+1— (22 —2c+1)—5 
e 

  

      

4 If f(x)=7—3x, find in simplest form: 

  

a f(a) b f(-a) ¢ fla+3) 
d f(2a) e flz+2) t fleth) 

5 If F(z)=2z%+ 3z — 1, find in simplest form: 

a F(z+4) b F(2—12) ¢ F(—xz) 

d F(=?) e F(32) { F(z+h) 
6 If f(xr) =22, find in simplest form: 

a f(32) b f(g) ¢ 3f(2) d 2f(—1)+5 

7 If f(z) = é find in simplest form: 

a f(-=) b f(3z) ¢ 2f(z)+3 d 3f(z—1)+2 

8 f represents a function. Explain the difference in meaning between f and f(z). 

9 On the same set of axes, draw the graphs of three different functions f(z) such that f(2) =1 and 

f) =3 
10 Find a linear function f(z) =ax+b for which f(2)=1 and f(-3)=11. 

11 For a hot air balloon ride, the function H(¢) gives A H (metres) 

the height of the balloon after ¢ minutes. Its graph 

is shown alongside. 

  

  

  

  
  

  a Find H(30), and explain what your answer 
means. 

b Find the values of ¢ such that H(t) = 600. 
Interpret your answer. 

  

  

  

  

¢ For what values of ¢ was the height of the 

balloon recorded? 
        
  

e 
s 

s 
st
 

    d  What range of heights was recorded for the 

balloon? 20 | 4 60 
t (minutes)                  
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12 Given f(z)=az+ é, f(1)=1, and f(2) =05, find constants a and b. 
T 

13 The quadratic function 7'(z) = az® + bxr + ¢ has the values 7(0) = —4, T(1) = —2, and 

T(2) = 6. Find a, b, and c. 

14 The value of a photocopier ¢ years after purchase is given by Lo 

V(t) =9000 — 900¢ pounds. 

a Find V(4), and state what V(4) means. 

b Find ¢ when V() = 3600, and explain what this means. 

¢ Find the original purchase price of the photocopier. 

d  For what values of ¢ is it reasonable to use this function? 

  

fl_ RANGE 
We have seen that a relation is a set of points which connects 

two variables. 

The domain of a relation is the set of values which the 

variable on the horizontal axis can take. This variable is 

usually . 

The range of a relation is the set of values which the variable : ; 

on the vertical axis can take. This variable is usually y. «— domain —» 

  

The domain and range of a relation can be described in several ways. Examples are given in the table 

below: 

the set of all z such 
{z |z >3} x € [3, oo that « is greater than 

or equal to 3 

the set of all = such {z |z <2} z € ]-00, 2 that « is less than 2 

the set of all = such 

that z is between —2 

and 1, including 1 

{z]-2<z<1} 

  

the set of all = such 

that z is less than or 

equal to 0, or greater 

than 4 

{r|xz<0 or >4} | x €]—00,0] or 4, oo        
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DOMAIN AND RANGE OF FUNCTIONS 

To find the domain and range of a function, we can observe its graph. For example: 

  

  

  

  

  

  

(1) In the Opening Problem, the car 30§ haree (1) 
park charges function is defined for 

11 ti t such that t <24, all times su'c . at 0 < 20 — 

the domainis {t |0 <t¢ < 24}. ——e 

The possible charges are £5, £9, 

£11, £13, £18, £22, and £28. 10 o_,°'2 
the range is L o 

{5, 9, 11, 13, 18, 22, 28}. 0 time (hours) 
>                       

0 3 6 9 12 15 18 21 24 

  

      
      

(2) All values of z > —1 are included, 

so the domain is {z | z > —1}. 

All values of y > —3 are included, 

so the range is {y | y > —3}. 

(3) v x can take apy'value, € R means 
(2,1) so the domain is “z can be any 

{x eR} or z€eR. real number”. 

v y cannot be > 1, 

so the range is {y | y < 1}. 

(4) x can take all values except 2, 

so the domainis {z |z # 2} or z #2. 

y can take all values except 1, 

sotherange is {y |y # 1} or y #1. 

  

To fully describe a function, we need both a rule and a domain. 

For example, we can specify f(z) =22 where x > 0. 

If a domain is not specified, we use the natural domain, which is the Niavmal dlamario 

2 largest part of R for which f(z) is defined. 

Some examples of natural domains are shown in DOMAIN 
. AND RANGE 

the table opposite. 

Click on the icon to obtain software for finding the 

natural domain and range of different functions.  
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For each of the followmg graphs, state the domain and range: 

(4,3) 

(8,—2) DRy 

8}. b Domainis {z € R}. 

—2}. Rangeis {y|y > —1}. 

a Domainis {z | 0 

Rangeis {y|y 

  

EXERCISE 15C 

1 A driver who exceeds the speed limit receives demerit 

points as shown in the table. 

  

Amount over speed 

limit (x kmh~1) 
Demerit points (y) 

  

a Draw a graph to display this information. 

  

  

0<z<10 2 
b Is the relation a function? Explain your answer. 10 <z < 20 3 

¢ Find the domain and range of the relation. 20 < 2 < 30 5 

30<z <45 7 

z>45 9 

2 This graph shows the temperature in Barcelona over Atemperature (1 °C) 
  

  

a 30 minute period as the wind shifts. 25 

a Explain why a temperature graph like this must “O/\/\/_\' 

be a function. 15 

b Find the domain and range of the function. 10 
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4 Consider the graph of y = f(x) alongside. 

Decide whether each statement is true or false: 

a —b5 is in the domain of f. 

b 2 is in the range of f. 

¢ 9 is in the range of f. 

d V/2 is in the domain of I 

  

5 Use quadratic theory to find the range of each function: 

a y=a? b y=—2? c y=a>+2 

d y=-2(z+3)? e y=1—(z—2)2 fy=02z+1)%+3 

g y=22—-T7x+10 h y=-2?+2zx+8 i f:xw 5r— 322 

Example 5 o) Self Tutor      

    

    
State the domain and range of each of the following functions: 

a f@)=vz=5 b fla)=— 
w=15 z—5 

           
    is defined when =z —5>0 

r>=5 

the domain is {z | x > 5}. 

A square root cannot be negative. 

the range is {y | y > 0}. 

a vVx—5 

b is defined when z —5#0 

. T#D 

the domain is {z | x # 5}. 

No matter how large or small z is, 

y = f(x) is never zero. 

the range is {y | y # 0}. 

  

z—5 

1 

v —5 
  is defined when z —5>0 

z>5 

the domain is {z | z > 5}. 

y = f(z) is always positive and never zero. 

  

the range is {y |y > 0}.      
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6 Consider the function f(z) = /z. 

a State the domain of the function. DOMAIN 

b Copy and complete this table of values: nn Mg 

  

¢ Hence sketch the graph of the function. 

d Find the range of the function. 

7 State the domain and range of each function: 

  

a f(z)=+vVz+6 b f:z>—>$i2 < f(a:):l—j_1 

dy:_% e f:z>—>3iz f frao—i—z 

Example 6 ) Self Tutor 

  

Use technology to help sketch these functions. Locate any turning points. Hence state the domain 

and range of the function. 

a fx)=—-2*+22-7 b f(z):zz—i 

b y 

     

    
x 

(0.794, —5.81) 
(—0.794,1.89) 1 

  

    
  

fl@)=—a* 4207 fl@)=a-1 

The domain is {z | z € R}. The domain is {z | z # 0}. 

The range is {y | y < —5.81}. The range is {y | y € R}. 

8 Use technology to help sketch these functions. Locate any turning points. GRAPHING ] . PACKAGE 
Hence state the domain and range of the function. 

a f(z)=2-322-92+10 b f(z)=2"+42®—162+3 

  

  

¢ flz)=Va?+4 d flz)=+va?—-4 

e f(z)=+v9—22 f flz)= z+4 Locating any turning points is 

z—2 important for finding the range. 

3z —9 1 8 fl@)=—— h fl@)=z+= 
T4 —z—2 T 

i fl@) =2+ = I fa) =2+ = 
T T
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9 Use technology to sketch these functions on their given domain. Locate the points at the end(s) of 

the domain, as well as any turning points. Hence state the range of the function. 

a y=—a*+20%+52°2+x+2, 0<x<4 

b y=-2r+5x2+2+2 -2<2<2 

  

1 
Y= T x>0 

10 The function f(z) = v/z? + 5z + k has natural domain z € R. 

a Find the possible values of k. b Find the range of f(z) in terms of . 

11 State the domain and range of each relation: 

a {(zy)|2®+y> =4} b {(z,y) |2 +y> =4, z€2} 

[N RATIONAL FUNCTIONS 
Linear and quadratic functions are the first members of a family called the polynomials. The polynomials 

can all be written in the form y = ag + a1z + asz? + asz® + ... 

When a polynomial is divided by another polynomial, we call it a rational function. 

In this Section we consider only the simplest cases of a linear function divided by another linear function. 

RECIPROCAL FUNCTIONS 

A reciprocal function is a function of the form y = E, k#0. 
x 

The graph of a reciprocal function is called a rectangular hyperbola. 

The simplest example of a reciprocal function is f(z) = Lo graph is shown below. 
x 

Notice that: v 
e The graph has two branches. vertical | 

1. asymptote —» 
e y = — is undefined when z = 0, so the =0 i - = 

domain is {z | z # 0}. 

On a sign diagram, we indicate this value with 

a dashed line. 

  

_ / x 
4—:+—> z | horizontal 

0 asymptote 
(=1, 71) y=0 

e The graph includes two asymptotes, which are 

lines the graph approaches but never reaches.   » = =0 is a vertical asymptote. ] 

1 v 
We write: as ¢ —07, = — —o0 

x 

L1 
as r— 0", —— o 

x 

1 . . 1 
When “as * — 07, = — oo” is read out loud, we say “as = tends to zero from the right, - 

x xr 

tends to infinity.”
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> y =0 is a horizontal asymptote. — means 
. 1 + « hes” 

We write: as z — oo, - =0 approaches” or 

z “tends to”. 
1 _ 

as r — —oo, — —0 
x 

  

1 .o 
When “as x — oo, = — 01> is read out loud, 

T 

. . 1 
we say “as x tends to infinity, — tends to zero from 

above.” ! ’ 

When sketching the graph of a reciprocal function, it 

is useful to determine some points which lie on the 

graph. 

The reciprocal function y = & passes through the 
x 

points (1, k), (k, 1), (-1, —k), and (—Fk, —1). 

  

EXERCISE 15D.1 

1 a Sketch the graphs of y = l, y= 2, and y = 2 on the same set of axes. PEMO 
x x x 

b For the function y = E, k>0: 
x 

i Describe the effect of varying k. 

il State the quadrants in which the graph lies. 

iii Draw a sign diagram for the function. 

2 a Sketch the graphs of y = 7% y 2 4 
—=, and y = —— on the same set of axes. 

x x 

b For the function y = E, k<O0: 
x 

i Describe the effect of varying k. 

il State the quadrants in which the graph lies. 

iii Draw a sign diagram for the function. 

3 For the reciprocal function y = E, k #0, state: 
x 

a the domain b the range 

¢ the vertical asymptote d the horizontal asymptote.
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L Determine the equation of each reciprocal function: 

(6,1) 

a Y b Y < Y 

(m 

RATIONAL FUNCTIONS OF THE FORM y = 2%, ¢ 5 0   

We now consider the rational functions which result when a linear function is divided by another linear 

function. 

The graphs of these rational functions also have horizontal and vertical asymptotes. 

INVESTIGATION 

What to do: 

  

1 Use technology to examine graphs of the following functions. For each graph: R nHING 

i State the domain. ii Write down the equations of the asymptotes. 

3 b :3z+1 c :2m79 

a y:71+x72 Y z+2 y 33—« 
      

b 

cx+d 

For an equation of this form, state the equation of: 

a the horizontal asymptote b the vertical asymptote. 

2 Experiment with functions of the form y =   +a where b, c# 0. 

3 Experiment with functions of the form y = £ b   where ¢ # 0.   cx+d 

a For an equation of this form, state the equation of the vertical asymptote. 

b Can you see how to quickly write down the equation of the horizontal asymptote? Explain 

your answer. 

  

    

e For a function written in the form y = - Zi_ = +a where b, c#0: 

> the vertical asymptote is = = —% » the horizontal asymptote is y = a. 

e For a function written in the form y = Z:: :2 where ¢ # 0: 

» the vertical asymptote is = = —% » the horizontal asymptote is y = %
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Consider the function y =   4. 
z—2+ 

a Find the asymptotes of the function. 

a The vertical asymptote is x = 2. < 

The horizontal asymptote is y = 4. 

b When y=0, —°_ — 4 
T —2 

—4(z—2)=6 
—4r+8=6 

o4 =2 

r—1 
2 

When z =0, y:_i2+4:1 

So, the z-intercept is % and the 

y-intercept is 1. 

¢ Use technology to help sketch the function, including the features found in a and b. 

  

b Find the axes intercepts. 

    
EXERCISE 15D.2 

1 For each of the following functions: 

i Find the equations of the asymptotes. 

iii  Find the axes intercepts. 

  

  
ii State the domain and range. 

iv Discuss the behaviour of the function as it approaches its asymptotes. 

v Sketch the graph of the function. 

      

  

  

  

  

  

  

3 1 3 
a f(x)—ac_2 b f.z>—>2+z_3 < f(ac)—2—gv+1 

R (T 

Draw a sign diagram for -1 
2z +1 

21 s zerowhen =1 and undefined when z = -1 
2z + 

- it Whenaz=10, 2L -2 
,% 1 2z+1 21 

Since (z—1) and (2z+1) are i = s 

single factors, the signs alternate. 
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2 Draw the sign diagram for: 

a 

   
        

  

        

  

  

a ® +2 b T ¢ =t 1 x—2 

z—1 z+3 z+5 2z +1 

e 2z +3 f 4z —1 g 3z h —8x 

4—x 2—x T —2 3—x 

Example 9 o) Self Tutor 

g 8 2 1 
Consider the function f(z) = == +1 . z— 

Find the vertical asymptote of the function. b Find the axes intercepts. 

Rearrange the function to find the horizontal asymptote. 

Draw a sign diagram of the function. 

Hence discuss the behaviour of the function near the asymptotes. 

- 
0 

O 
A 

o 

Sketch the function, showing the features you have found. 
  

a The vertical asymptote is x = 1. 

b f(0)= _il = —1, so the y-intercept is —1. As || — oo, the 

  

  

  

f(x)=0 when 2z+1=0 fraction —> 
o= 7% D! 

the z-intercept is —3. becomes infinitely 
2 small. 

2z + 1 
¢ flz)= 

@=1 

2z —1)+3 T 

=2 
+ eI 

the horizontal asymptote is y = 2 

d . 
+ s o 
_% 1 

As z — 1T, 

As x — —o0, 

  
As © — 00,    



410  FUNCTIONS (Chapter 15) 

& For each of the following functions: 

i Find the equation of the vertical asymptote. 

ii  Find the axes intercepts. 

iii  Rearrange the function to find the horizontal asymptote. 

iv Draw a sign diagram of the function. 

v Hence discuss the behaviour of the function near its asymptotes. 

vi Sketch the graph of the function. 

      

      

oz i T+ 3 _3z—1 

af(w)fx—l bf'sz—z cf(w)fm—z 

772m+1 i 2x+4 43 

d flo)= z—3 ¢ frwm g 'f(z)*zxq 

5 The graph alongside shows the linear functions f(z) and Y 

g(x). 
Copy the graph, and on the same set of axes, graph 

Y= % . Indicate clearly where any z-intercepts and 
glx 

asymptotes occur. 

  

+b 
a 7 where a, b, ¢, d are constants and ¢ # 0.   6 Consider the function y = 
CT +   

State the domain of the function. 

b State the equation of the vertical asymptote. 

¢ Find the axes intercepts. 
d 

ar+b _a b_a(_; 
d  Show that for ¢ # 0, cz+d_c+cz+d'     

Hence explain why the horizontal asymptote is y = 2 
c 

ACTIVITY   

Click on the icon to run a card game for rational functions. GAME 

LA COMPOSITE FUNCTIONS 
Given f: x> f(z) and g: z — g(z), the composite function of f and g will convert z 

into f(g(z)). 

fog is used to represent the composite function of f and g. It means “f following g”. 

(fog)(x)=f(g(x)) o fog:a— f(g(x)).
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Consider f: x> a* and ¢g: xz+— 2x+ 3. 

fog means that g converts © to 2z + 3 and then f converts (2z+3) to (2z +3)% 

This is illustrated by the two function machines below. 

T Notice how f is 
l[ g-function machine following g. 

1 double 27+ 3 
and then 
add 3 l 

  

  

    f-function machine 

2213 I raise a 
number to ] l 

        

  

    
  the power 4     

(2z +3)* 
      

Algebraically, if f(z) =2* and g(z) =2z +3 then 

(Fog)(@) = flg(x)) 
= f(2z+3) {g operates on x first} 

= (2z+3)*  {f operates on g(z) next} 

and (go f)(z) = g(f(z)) 
=g(z*) {f operates on z first} 

=2(z*)+3  {g operates on f(x) next} 

=22*+3 

So, f(g(z)) # g9(f(z)). 

In general, (fog)(z)# (9o f)(z). 

  

3 E1 IR 

  

    
    
   

    
    
       

Given f:xz—2x+1 and ¢g: 2 +— 3 — 4z, find in simplest form: 

a (fog)(x) b (g0 f)(2) 

  

  

   f(x)=2x+1 and g(z) =3 -4z 

a (fog)(z) = flyg(x)) b (g0 f)(x) =g(f(=)) 
= f(3 - 4x) =g(2z+1) 
=2(3—4xz)+1 —3-4(2z+1) 
=6—8z+1 —3-8z—4 

  

     
=7-8z =-8z—1 

In the previous Example you should have observed how we can substitute an expression into a function. 

If f(z)=2z+1 then F(A) =2(A) +1 
and so f(3—4z)=2(3 —4z) + 1.
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Given f(z)=6x—5 and g(z)=2%+ 2, find: 

  

a (gof)(-1) b (fof)0) 

a (go )(=1) =g(f(-1)) b (f 2 £)(0) = £(£(0)) 

Now f(=1)=6(-1)—5 Now f(0) =6(0)—5 
=11 - 

o (9o N)(=1) =g(-11) o (fo£)0) = f(-5) 
= (—11)% + (-11) =6(-5)—5 
=110 =-35 
  

You should be aware that the domain of the composite of two functions depends on the domains of the 

original functions. 

For example, consider f(z) = x? with domain z € R and g(z) = /= with domain = > 0. 

(fog) (@) = flg(x)) 
= (Vr)? The domain of (fog)(x) is x>0, not R, since (fog)(x) 

=z is defined using function g(z). 

EXERCISE 15E 

1 Given f:z+ —2z and g: x+ 1+ 22, find in simplest form: 

a (fog)(a) b (go f)(=) ¢ (fog)?2) d (fof)(-1) 
2 Given f(z)=3—2% and g(z)=2z+4, find in simplest form: 

a (fog)(@) b (9o f)(x) < (909)(3) d (fof)(-3 

3 Given f(z)=+6-7 and g(z) =5z —7, find: 

a (gog)(z) b (fog)(1) ¢ (g0 /)(6) d (foN®) 
4 Suppose f:xz+—z?+1 and g: x— 3 —a. 

a Find in simplest form: i (fog)(z) il (go f)(x) 

b Find the value(s) of x such that (go f)(z) = f(z). 

5 Suppose f(z)=9—+z and g(z) =22 +4. 

a Find ( 

¢ Find ( 

fog)(z) and state its domain and range. b Find (go f)(4). 

fo f)(z) and state its domain and range. 

6 Suppose f(z)=1-—2z and g(z)=3z+5. 

a Find f(g(x)). b Hence solve (fog)(z)= f(z+3). 

7 Suppose f:ax—2z—a® and g: x+— 1+ 3. 

a Find in simplest form: i (fog)(z) il (go f)(x) 

b Find the value(s) of x such that (f o g)(xz) =3(go f)(z). 

8 For each pair of functions, find (f o g)(z) and state its domain and range: 

a f(w):% and g(z)=2-3 b f(z):fi and g(z) =2 + 3z +2
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9 Functions f and g are defined by f = {(0, 2), (1, 5), (2, 7), (3,9)} and 

    

  

g=1(2,2),(5,0),(7,1), (9, 3)}. Find: a fog b gof. 

10 Given f(x)= z:z and g(z) = zti, find in simplest form: 

a (fog)(x) b (g0 f)(x) ¢ (gog)(a) 
In each case, find the domain of the composite function. 

11 a If ar+b=cx+d forall values of x, show that a =c and b=d. 

Hint: If it is true for all z, it is true for =0 and = = 1. 

b Given f(z)=2x+3 and g(x) = ax+0b and that (fog)(xz) =« for all values of z, 

deduce that a =4 and b=—3 5. 

¢ Is the result in b true if (go f)(z) =z for all 2? 

12 Suppose f(z)=+1—z and g(z)=z% Find: 

a (fog)(z) b the domain and range of (f o g)(x) 

¢ (gof)(x) d the domain and range of (go f)(z). 

13 Suppose f(x) and g(x) are functions. f(x) has domain Dy and range Ry. g(x) has domain D, 

and range R,. 

a Under what circumstance will (f o g)(z) be defined? 

b Assuming (fog)(z) is defined, find its domain. 

  

The outside temperature at an altitude A km above ground level in a particular city 

is T(A) =25 —6A°C. The altitude of an aeroplane ¢ minutes after taking off is 

60 At) =12 — 22 km. 
t+5 

  

Find the composite function 7o A, and explain what it means. 
  

To A =T(A(t) 
- T(12 - fl) 

t+5 

:2576<127fl) 
t+5 

_ 360 
T t+5 

The function 7' o A gives the temperature outside the aeroplane ¢ minutes after 

taking off.     

14 The value of Mila’s car after it has been driven D thousand kilometres is 

V(D) =10000—40D dollars. The distance Mila’s car has been driven ¢ years after Mila purchased 

itis D(t) =80+ 10t thousand kilometres. 

a Find the composite function V o D, and explain what it means. 

b Find and interpret (V o D)(6).
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15 Diego sells sculptures online. When a sculpture with marked price €z is bought, Diego adds a €50 

shipping fee and 10% tax to determine the total cost. 

Let the functions S(z) =2 +50 and 7T'(z) = 1.1z represent the shipping and tax respectively. 

a What composite function should be used to determine the total cost if the tax must be paid on: 

i both the marked price and the shipping fee 

ii  the marked price but not the shipping fee? 

b Suppose the tax must be paid on both the marked price and the shipping fee. Use the correct 

composite function to find the total cost of a sculpture with marked price €600. 

16 1In a laboratory, a conical funnel has radius 10 cm and height 10cm 

20 cm. The funnel initially contains 2 L of solution. The tap is 

turned on, allowing the solution to flow from the funnel at 20 mL 

per minute. 

    
a Find the function for the volume V' mL of solution remaining 

in the funnel after ¢ minutes. 20em 

b Show that if there is V' mL of solution in the funnel, the 

height of the solution is H(V) = @ 2V o 
™ 

Find H oV, and explain what it means. 

Find and interpret (H o V)(30). o 
a 

i3 CTIONS 
The operations of + and —, x and -+, are inverse operations as one “undoes” what the other does. 

  

z—3 
5   The function y = 2z + 3 can be “undone” by its inverse function y = 

We can think of this as two machines. If the machines are inverses then the second machine undoes what 

the first machine does. 

No matter what value of x enters the first machine, it is returned as the output from the second machine. 

1 

input 1 

  

y=2z+3 
  output 
  

function 
    -

 
O
 
—
 

input 
    r—3 

V=" q 
inverse function 1 output 

  

  

      

A function y = f(x) may or may not have an inverse function. To understand which functions do have 

inverses, we need some more terminology.
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ONE-TO-ONE AND MANY-TO-ONE FUNCTIONS 

A one-to-one function is any function where: 

e for each z there is only one value of y and 

e for each y there is only one value of z. 

Equivalently, a function is one-to-one if f(a) = f(b) only when a = b. 

One-to-one functions satisfy both the vertical line test and the horizontal line test. 

This means that: y 

e no vertical line can meet the graph more than once 

e 10 horizontal line can meet the graph more than once. 

For example, f(z) = ® is one-to-one since it passes both 

the vertical line and horizontal line tests. 

  

If the function f(x) is one-to-one, it will have an inverse function which we denote f~*(z). 

Functions that are not one-to-one are called many-to-one. While these functions satisfy the vertical line 

test, they do not satisfy the horizontal line test. At least one y-value has more than one corresponding 

z-value. 

For example, f(z)=2? fails the horizontal line test, since if 

f(z) =4 then z=—-2or2. 

f(x) = 22 is therefore many-to-one. 

  

If a function f(z) is many-to-one, it does not have an inverse function. 

However, for a many-to-one function we can often define a new function using the same formula but with 

a restricted domain to make it a one-to-one function. This new function will have an inverse function. 

For example, if we restrict f(z) = 22 to the domain z > 0 or the domain x < 0, then the restricted 

function is one-to-one, and it has an inverse function. 

PROPERTIES OF THE INVERSE FUNCTION 

If f(x) has an inverse function, this new function: 

e is denoted f~'(z) 
o must satisfy the vertical line test 

e has a graph which is the reflection of y = f(x) in the line y == 

o satisfies (fo f™!)(z)=2 and (f~'of)(z) == 

The function y = z 1is called the identity function because it is its own 

inverse, and when its inverse is found, (z, y) maps onto itself.
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If (z,y) lieson f, then (y, #) must lie on f~1. 

Geometrically, this is achieved by reflecting the graph of y = f(z) in the line y = x. 

Algebraically, we find the formula for an inverse function by exchanging = and y. 

For example, f:y=>5x+2 becomes f':az=5y+2, 

z—2 
which we rearrange to obtain  f71': y = 5   

f(z) =5z +2 y = f~1(x) is the inverse of y = f(z) as: 

e it is also a function 

e it is the reflection of y = f(z) in the 

line y = x. 

f~Y() is the inverse of f, 
not its reciprocal. 

In general, f~!(z) # fi    
If f(z) has an inverse function f~1(z), then: 

The domain of f~! is equal to the range of f. 

The range of £~ is equal to the domain of f. 

  

[ Example 13 | LR R T 

Consider f: x+— 2z + 3. 

a On the same axes, graph f and its inverse function f~1. 

b Find f~!(x) using: 

i coordinate geometry and the gradient of y = f~!(z) from a 

ii variable interchange. 

¢ Check that (fof=Y)(z)=(ftof)(z)== 

  

a f(x) =2z +3 passes through (0,3) and (2, 7). 

f~(z) passes through (3,0) and (7, 2). 

If f includes point (a, b) 
then £~ includes point (b, a).       
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b i y=f"'(z) has gradient %:% ii fis y=2z+3, 

_ s z=2+3 
Its equation is i:g = % d :_z _ 23 - 

z—3 z—3 
Y= 5 > =Y 

@) =252 I OEE 

¢ (fof (@) =f(f""() and  (f7'o f)(z) = fH(f(2) 
_ (z=3 = f'(2z +3) 

f( 2 ) _(22+3)-3 

  
  

   

   

  

    

Consider f: x — x2. 

a Explain why this function does not have an inverse function. 

2 where = >0 have an inverse function? b Does f:z—x 

¢ Find f~Y(z) for f: x— 2% x>0 

Sketch y = f(z), y=2, and y= f~'(z) for finband f~!inc. 

  

     
  

From the graph, we can see that b If we restrict the domain to =z > 0 or 

  

f: x> x? does not pass the horizontal z € [0, oo, the function now satisfies the 

line test. horizontal line test. 

it is many-to-one and does not have . it is one-to-one and has an inverse 

an inverse function. function. 

  

  

c fis defined by y=2a2, >0 

f~tis definedby z=1y9% y>0 

L y=%vz, y=0 
y=+z {as —yxis <0} 

So, ffil(z):\/5     
 



418  FUNCTIONS (Chapter 15) 

SELF-INVERSE FUNCTIONS 

Any function which has an inverse, and whose graph is symmetrical about the line y = z, 

is a self-inverse function. 

For example: 

e The function f(z) =z is the identity function, and is also a self-inverse function. 

e The function f(z)= —, x #0, is also a self-inverse function, as f = f~1. 
x 

EXERCISE 15F 

1 For each of the following functions f: 
When graphing f and f ! 

i On the same set of axes, graph y =z, y = f(x), on a calculator, choose a 

and y = f*l (z). scale so that y = x appears 

at 45° to both axes. i Find f~!(z) using coordinate geometry and the 

gradient of y = f~!(z) fromi. 

iii Find f~!'(z) using variable interchange. 

a f:x—3zc+1 b f:tz+2   

  

2 For each of the following functions f: 

i Find f~!(x). 

i Sketch y= f(z), y=f"'(z), and y =z on the sameset of axes. 

ili Show that (f~'o f)(x) = (fo f~!)(x) =, the identity function. 

3—2x 
a f:x—2z+5 b fizm— 1 ¢ fiz—ax+3   

3 Copy the graphs of the following functions and draw the graphs of y =z and y = f~!(z) on 

the same set of axes. In each case, state the domain and range of both f and f~!. 

PRINTABLE 
GRAPHS 

  

4 Given f(z)=2z—5, find (f~')~!(z). What do you notice? 

5 Which of the following functions have inverses? Where an inverse exists, write down the inverse 

function. 

a {(1,2),(24), (3.5} b {(-1,3),(0,2), (1, 3)} 
¢ {(2.1),(=1,0), (0, 2), (1, 3)} d {(- ) (0,0), (1, 1)}
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6 Find all linear functions which are self-inverse. 

7 If the one-to-one function H(z) has domain {z | —2 < z < 3}, find the range of its inverse 

H (). 

8 a Sketch the graph of f: z+ 22 —4 and reflect it in the line y = x. 

b Does f have an inverse function? 

¢ Does f with restricted domain x > 0 have an inverse function? 

9 Sketch the graph of f: 2~ 2 and its inverse function f~!(z). 

10 Given f(z)= l, x # 0, show that f is self-inverse. 
x 

11 The horizontal line test says: For a function to have an inverse function, no horizontal line can 

cut its graph more than once. 

a Explain why this is a valid test for the existence of an inverse function. 

b Which of the following functions have an inverse function? 

ii Yy iii 

   (1,-1) 

¢ For the functions in b which do not have an inverse, specify restricted domains as wide as 

possible such that the resulting function does have an inverse. 

12 Consider f: x 2%, 2 <0. 

a Find f~Y(z). 

Sketch y = f(z), y ==, and y= f~!(z) on the same set of axes. o 

13 Explain why f(z) =2 — 4z + 3 is a function but does not have an inverse function. a 

b Explain why g(z) = 2? — 4z +3, x > 2, has the inverse function g~'(z) =2+ /1 + x. 

c State the domain and range of g and g~'. 

  

d Show that (gog~1)(x) = (g7 og)(z) =z, the identity function. 

14 Consider f:z— (z+1)2+3, 2> —1. 

a Find f~'(). 
b Use technology to help sketch the graphs of y = f(z), y =, and y = f~(z). 

¢ State the domain and range of f and f~1. 

15 Consider f(z) =4+ 6z —22, z<3. 

a Find f~Y(z). b State the domain and range of f and f~!. 

16 Let f(z)=22%-10z+6, v <k. 

a Find the largest value of k such that f~1(z) exists. 

b For this value of k: 

i Find f~(x). il State the domain and range of f~!(z).
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17 Consider the functions f: z+—2zx+5 and g: z+— S_I. 

a Find g !(z). b Hence solve g(z) = —1. 

¢ Show that f~1(-3)—g~1(6) =0. d Find z such that (fog~!)(z)=09. 

18 Consider f: x+— 2z and g: z+— 4x — 3. 

a Find (fog)(z). b Given (fog)~(k)=2, find k. 

¢ Show that (f~tog™)(z)=(go f)  (z). 

19 Show that f: z+— 3z _38, x # 3 is self-inverse by: z— 

a referring to its graph b using algebra. 

20 Under what conditions is the rational function y = MIS, ¢ # 0, a self-inverse function? 
cx 

21 a B is the image of A under a reflection in the line y = x. 

If Ais (z, f(x)), find the coordinates of B. 

b By substituting your result from a into y = f~!(x), 

show that f=1(f(x)) = z. 

¢ Using a similar method, show that f(f~1(z)) = z. 

  

22 The graph of f(x) =2 — 6z + 1 is shown alongside. 

a State the natural domain of f(z). 

b Does f(z) have an inverse function? Explain your 
answer. 

¢ Let g(z)=2—6y/z+1, 0<z<09. 

i Find g~!(z), and verify that (gog~!)(4) = 4. 

ii State the domain and range of g and g~ !. 

d Let h(z)=2z—6yz+1, 2>09. 

i Find h='(z) and verify that (hoh™!)(16) = 16. 

i State the domain and range of h and A~ 

iii Find the value of  such that g~ !(z) = h~!(z). 

  

  

  THEORY OF KNOWLEDGE 

The notation and terminology of mathematics has rules which tell us how to construct expressions 

or mathematical “sentences”. This allows us to communicate mathematical ideas in a written form. 

For example, the expression “1 + 1 =2 tells us that “one added to one is equal to two”. 

1 What does it mean for something to be a “language”? 

2 Does mathematics have a “grammar” or syntax in the same sense as the English language?
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In computer science, Backus-Naur form (BNF) is commonly used to define the syntax of 

programming languages. BNF can also be used to describe the rules of non-programming related 

languages. 

3 Research how BNF works and use it to define the syntax of mathematical function notation. 

4 Mathematical expressions can also be represented with diagrams such as abstract syntax 

trees and syntax (railroad) diagrams. Which form is more efficient in conveying its 

information? Which form is more useful? 

The fact that something is grammatically correct does not make it logically true. 

For example, consider the grammatically correct but illogical English sentence: “The sun is cold.” 

5 The syntax of a language refers to its structure and rules. The semantics of a language 

is all about is meaning. 

a Why is it important to distinguish between these two concepts? 

b In mathematics, is one more important than the other? 

REVIEW SET 15A 

1 For each graph, state: 

i the domain ii the range iii whether the graph shows a function. 

  

2 If f(z)=2z— 22 find: 

a f(2) b f(-3) ¢ f(-3 

3 Suppose f(x) =ax+b where a and b are constants. If f(1) =7 and f(3) = —5, find a 

and b. 

2 
& Consider f(z) = —. 2 T 

a For what value of z is f(z) undefined? b Sketch the function using technology. 

¢ State the domain and range of the function. 

5 Consider f(z)=2? and g(z)=1— 6z. 

a Show that f(—3) =g(—3%). b Find z such that g(z) = f(5). 

6 Find the domain and range of: 

a y=+\z+4 b y=—(1-2)2+1 ¢ y=222-3z+1
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7 Determine the equation of the reciprocal functions: 

   
4z + 1 

2—z 
  8 Consider the function f: z— 

Find the equations of the asymptotes. 

b State the domain and range of the function. 

¢ Draw a sign diagram of the function. Hence discuss the behaviour of the function as it 

approaches its asymptotes. 

d Find the axes intercepts. e Sketch the function. 

9 Suppose f(z) =2z —5 and g(z) =3z + 1. 

a Find (fog)(x). b Solve (fog)(z)= f(z+3). 

10 If f(z)=1-2z and g(z) =+/z, find in simplest form: 

a (fog)(x) b (g0 f)(z) ¢ (gog)(81) 

11 Suppose f(z) =+/z+2 and g(z) =2 —3. 

a Find (fog)(z), and state its domain and range. 

b Find (go f)(x), and state its domain and range. 

12 If f(z)=az+b, f(2)=1, and f~1(3) =4, find a and b. 

13 Copy the following graphs and draw the inverse function on the same set of axes: 

a AY b Yy 

2 

2 

- ) T @ 

A\ 

14 Find f~!(z) given that f(z) is:     

  

  

a dz+2 b 257 
4 

15 The graph of the function f(z)=—32% 0<z <2 Ay 

is shown alongside. 1 
  

  a Sketch the graph of y = f~!(z). 

b State the range of f~1. 

¢ Solve: 

i fla)= -3 i) =1 
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16 Given f:z+—3z+6 and h: zHg, show that (f~toh=1)(z) = (ho f)~ (). 

  17 Show that f: z+— 598: 1, z #5 is self-inverse by: 

a referring to its graph b using algebra. 

18 If f:2+—+/x and ¢g: z+— 3+z, find: 

a f1(2)xg7'(2) b (fog)~'(2). 

19 a Sketch the graph of g: x+— 2% + 62+ 7 for x € ]—co, —3]. 

b Explain why g has an inverse function g—!. 

¢ Find algebraically, a formula for g~ d Sketch the graph of y = g~ (). 

e Find the range of g. f Find the domain and range of g~ 1. 

REVIEW SET 15B 

1 State the domain and range of each function: 

   
2 If g(z)=a%— 3z, find in simplest form: 

  

a g(z+1) b g(4z) 

3 Use algebraic methods to determine whether these relations are functions: 

a z+2y=10 b z+y2=10 

4 State the domain and range of: 

a f(x):10+2x?:1 b f(@)=va¥T 

5 a Use technology to help sketch the graph of the relation y = /9 — z. 

b Determine whether the relation is a function. 

¢ Find the domain and range of the relation. 

6 Find a such that the range of y = ax® + 12z — 13 is {y |y < 5}. 

7 Suppose f(z) =az®+br+c. Finda, b, and cif f(0) =5, f(—2) =21, and f(3) = —4. 

  

. 3 
8 For th t =-1 : or the function f(z) +t 

Find the equations of the asymptotes. b State the domain and range. 

Find the axes intercepts. 

Discuss the behaviour of the function as it approaches its asymptotes. 

Sketch the graph of the function.
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Use technology to sketch y = 2% — 422 + 2, —1 < o < 4. Include the points at the ends of 

the domain, and any turning points. Hence state the range of the function. 

Given f(z)=3—2? and g(z) =2z — 1, find in simplest form: 

a (fog)(x) b (90 /)(x) ¢ (fof)(=2) 

Suppose f(z) = zi and g(z) = 2% — 4z +3. Find (fog)(z) and state its domain and 

range. ’ 

Suppose f(z) =3z +5 and g(z) = 22% — . 

a Find in simplest form: i (fog)(z) il (gof)(z) 

b Hence solve 3(fog)(z) = (go f)(z). 

An object is dropped from the top of a cliff. The distance it has travelled when it has speed S 
2 

is D(S) = 1‘3—6 metres. Its speed after ¢ seconds is given by S(t) = 9.8t ms~!. 

a Find the composite function D o S, and explain what it means. 

b Find and interpret (D o S)(5). 

If f(2x+3)=5z—7, find f~'(2). 

Given f:z+>5z—2 and h: IH%", show that (f~'oh~1)(z) = (ho f)~ (). 

Consider the functions f(z) =3z +1 and g(z) = 2 

a Find (go f)(x). b Given (go f)(z) = —4, solve for z. 

¢ Let h(@) = (g0 f)(@), o #—%. 
i Write down the equations of the asymptotes of h(z). 

ii Sketch the graph of h(z) for —3 <z < 2. 

ili State the range of h(x) for the domain —3 < z < 2. 

Given f(z)=2z+11 and g(z) =22, find (go f~1)(3). 

  

  

The function f(z) = ar +b3 has asymptotes # = —1 and y = 2. e 

a Find a and b. b Find the domain and range of f~!(z). 

If f:z—2z+1 and g: z— 21L;, find: 

a (fog)(x) b g '(2). 

The graph of y = z* —8x% 4+ 3 is shown alongside. 
For each of the following functions, find the inverse 

function and state the domain and range of the inverse 

function: 

  

  

a f(z)=2*-822+3, 0<z<2 

b g(z)=2*-822+3, z>2 

¢ h(z)=12*—-822+3, -2<z<0 

d j(z)=2*-822+3, < -2



    
Transformations of 

functions 

Contents: A Translations 

B Stretches 

C Reflections 

D Miscellaneous transformations 
1 

f(z) 
  E The graph of y =
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OPENING PROBLEM 

In our study of quadratic functions, we saw that the completed square form y = (z — h)? +k was 

extremely useful in identifying the vertex (h, k). 

Things to think about: 

a What transformation maps the graph y =z onto the graph y = (z — h)? + k? 

b Ifwelet f(z)=a?, whatfunctionis f(z —h)-+ k? 

¢ In general terms, what transformation maps y = f(z) onto y = f(z — h) + k? 

In this Chapter we perform transformations of graphs to produce the graph of a related function. 

The transformations of y = f(z) we consider include: 

e translations y = f(z)+b and y= f(z—a) 

e stretches y=pf(z), p>0 and y= f(qz), ¢ >0 

o reflections y = —f(z) and y = f(—x) 
. 1 

e transformations of the form y = —— 
f(=) 

e combinations of these transformations. 

-_ATIONS 
If f(z)=22 then f(x—h)+k=(z—h 

The graph y = (z — h)?> + k has the same shape as 
2 y = z°. 

It can be produced from y = x> by a translation 

h units to the right and & units upwards. 

This shifts the vertex of the parabola from the origin 

0(0, 0) to (h, k). 

  

INVESTIGATION 1 

Our observations of quadratics suggest that y = f(z) can be transformed into y = f(z —a)+b 

by a translation. In this Investigation we test this theory with other functions. 

What to do: 

— 3 1 Let f(z) =% GRAPHING 

  

a Write down: 

flz)+2 ii f(z)—3 ili f(z)+6 

Graph y = f(z) and the other three functions on the same set of axes. 

Record your observations. 

b Write down: 

flz—2) i f(z+3) ili f(x—6) 

Graph y = f(z) and the other three functions on the same set of axes. Record your 

observations.
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¢ Write down: 

i fa—-1)+3 i f(z+2)+1 i f(x—3)—4 

Graph y = f(z) and the other three functions on the same set of axes. 

2 Repeat 1 for the function y = l 
x 

3 Describe the transformation which maps y = f(z) onto: 

a y=f(z)+b b y=f(z—a) ¢ y=flz—a)+b 

& Do any of these transformations change the shape of the graph? 

From the Investigation you should have found: 

e For y= f(z)+0b, the effect of b is to translate the graph vertically through b units. 

> If b>0 it moves upwards. > If b <0 it moves downwards. 

e For y= f(z —a), the effect of a is to translate the graph horizontally through a units. 

> If a >0 it moves to the right. > If a <0 itmoves to the left. 

e For y= f(xz —a)+0b, the graph is translated horizontally a units and vertically b units. 

We say it is translated by the vector (Z) 

Example 1 o) Self Tutor 
  

Consider the graph of y = f(z) alongside. Ay 
  

On separate axes, draw the graphs of: 

a y=f(z)+2 b y=f(z+4) 
  

  

  

  

  

      
  

a The graph of y = f(z)+2 is found by translating 

y = f(z) 2 units upwards. 
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b The graph of y = f(z+4) is found by translating Ay 
y = f(x) 4 units to the left. 

  

  

  

  

  

=Y
 

  

                          

  

y=7z) 
  

  

EXERCISE 16A 

  

  

  

  

  

  

  

  

  

  

  

    

                        

  

  

1 Consider the graph of y = f(z) alongside. Ay 

On separate axes, draw the graphs of: 5 

a y=f()+5 b y=f(z-3) 
¢ y=f(x—3)+5 

g : 

2 Consider the graph of y = g(z) alongside. 

On separate axes, draw the graphs of: 

a y=g(@) -3 b y=gz+1)   

¢c y=g(z+1)-3   

  

  

  

  

  

                              

  

  

  

  

  

- > 
x 

v 

3 Write g(x) in terms of f(x): 

a 

y=1/(x) 

13 T 
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4 Find the equation of the resulting graph g(z) when: 

a f(z) =2z +3 is translated 4 units downwards 

b f(z) =3z —4 is translated 2 units to the left 

¢ f(z) = —2%+ 5z — 7 is translated 3 units upwards 

  d f(z) =22 +42 — 1 is translated 5 units to the right. 

5 For each of the following functions f, sketch y = f(z), y = f(z)+ 1, and y = f(z) —2 on the 

same set of axes. 

a f(z)=a? b f(z) =2 ¢ fl@)=-- d f(z)=(x—1)?+2 

6 For each of the following functions f, sketch y = f(z), y = f(z—1), and y = f(z+2) on the 

same set of axes. 

a f(a)=a? b f(z)=2? ¢ fl@) == d f(z)=(x—1)*+2   
    7 For each of the following functions f, sketch y = f(z), y = f(z—2)+3, and y= f(z+1)—4 

on the same set of axes. 

a f(a)=a? b f(z)=2? ¢ fl@) == d f(z)=(x—1)*+2   
8 The point (—2, —5) lies on the graph of y = f(z). Find the coordinates of the corresponding 

point on the graph of g(z) = f(z —3) — 4. 

9 Suppose the graph of y = f(z) has z-intercepts —3 and 4, and y-intercept 2. What can you say 

about the axes intercepts of: 

a gla) = f(@) -3 b h(z) = flz—1) ¢ j(@)=fle+2) -4 
10 The graph of f(z) =% — 22 +2 is translated by ( _35) to form g(z). Find g(z) in the form 

g(x) = az? + bz + c. 

11 The graph of f(z) = L is translated by (_72) to form g(z). Find g(z) in the form 
2 

g(z ar +b 

cx+d’ 
  

12 Suppose f(z)=2? is transformed to g(z) = (z —3)% + 2. 

a Find the images of the following points on f(z): 

i (0,0) il (-3,9) i (2,4) 

b Find the points on f(z) which correspond to the following points on g(x): 

i (1,6) il (=2,27) i (13, 4%) 

In this Section we study how a function can be manipulated 

to stretch its graph. 

  ETCHES 
    

    
  

   A stretch can also 

be called a dilation. 

‘We will consider stretches in both the horizontal and vertical 

directions. @ 

N\
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In our study of quadratic functions, we saw that the coefficient a of 22 controls the width of the parabola. 

In the case of f(z) = 22, 

notice that f(2z) = (2z)? = 42 

and 4f(z) = 42° 

  

    

  

  

  

  

  

  

                    

  

              

o In what ways could y = % be stretched to form y = 4x2? 

e Will a transformation of the form pf(z), p > 0 always be equivalent to a transformation of 

the form f(qz), ¢ > 0? 

  INVESTIGATION 2 

In this Investigation we consider transformations of the form pf(z), p >0, and f(qz), ¢ > 0. 

What to do: 

1 Let f(z)=z+2. 

a Find, in simplest form: 

i 3f(z) i 1f(z) iii 5f(z) 

b Graph all four functions on the same set of axes. 

2 Let 

Q 
A 

Which point is invariant under a transformation of the form 

pf(z), p>0? 
Copy and complete: 

For the transformation y = p f(z), each point becomes 

...... times its previous distance from the z-axis. 

fl@)=z+2. 

Find, in simplest form: 

i f(2z) i f(32) ili  f(4z) 

Graph all four functions on the same set of axes. 

GRAPHING 
PACKAGE 

   

   
An invariant point 

does not move.      

Which point is invariant under a transformation of the form f(gz), ¢ > 0? 

Copy and complete: 

For the transformation y = f(gz), each point becomes 

distance from the y-axis. 

...... times its previous
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From the Investigation you should have found: 

e y=pf(z), p>0 isa vertical stretch of y = f(z) with scale factor p and invariant x-axis. 

> Each point becomes p times its previous distance from the z-axis. 

> If p>1, points move further away from the z-axis. 

» If 0<p<1, points move closer to the z-axis. 

e y = f(gz), g > 0 is a horizontal stretch of y = f(x) with scale factor L and invariant 
: q 

y-axis. 
. 1. . . . . 

> Each point becomes — times its previous distance from the y-axis. 
q 

» If ¢ > 1, points move closer to the y-axis. 

» If 0<g¢g <1, points move further away from the y-axis. 

Consider the graph of y = f(z) alongside. 

  

  

  

On separate axes, draw the graphs of: 
  

  

  

  

  
  

  

  

  

  

  

  

  

  

a y=3f(=) b y=f(2z) 

a The graph of y =3 f(x) is a vertical stretch of vy 
. | ly=3f(z) 

y = f(z) with scale factor 3. 3 

Y= fa) 
  A 

8Y
 
  

  

  

  

  

  

b The graph of y = f(2z) is a horizontal stretch 

of y= f(z) with scale factor 3. 
  

  

  

  

  

Y= f(a) Lo 1   
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EXERCISE 16B 
  

  

  

  

  

  

  

  

                              

  

1 Consider the graph of y = f(z) alongside. Ay 

On separate axes, draw the graphs of: 6 

a y=2f(z) b y=[f(3z) 

PRINTABLE y=J() 
GRIDS 

- 3 ; 

v 

2 Consider the graph of y = h(z) alongside. 
  

On separate axes, draw the graphs of: 

_1 —n(Z a y=gh(z) b y=nh ( 2) 

  

  

  

    

     
    

  

   
If scale factor > 1, 

  

     

  

  

  

        

  

                
~ T the graph is elongated. 

If 0 < scale factor < 1, 

the graph is compressed. 

3 Write g(x) in terms of f(z): 

a Ay b 
    

  
2 S   

    

    

  

  
  

    

    

    

  

                                                

  

    

& A linear function with gradient m is vertically stretched with scale factor c. Find the gradient of the 

resulting line. 

5 For each of the following functions f, sketch y = f(z), y =2f(z), and y =3 f(z) on the same 

set of axes: 

a fl@)=a—1 b f(z) =22 

¢ flz)=q° d fl@)=-
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10 

1 

12 

13 

14 

15 

16 

For each of the following functions f, sketch y = f(z), y = 3f(z), and y = 1 f(z) on the 

same set of axes: 

2 f@)=z-1 b fl@)=a? ¢ fl@)=a d fl@)=- 
Sketch, on the same set of axes, the graphs of y = f(x) and y = f(2z) for: 

a y=a? b y=(r—1)2 ¢ y=(z+3)? 

Sketch, on the same set of axes, the graphs of y = f(z) and y = f(§) for: 

  a y=a> b y=2z ¢ y=(z+2)? 

Suppose f and g are functions such that g(z) = f(5z). 

a Given that (10, 25) lies on y = f(z), find the coordinates of the corresponding point on 

y =g(). 
b Given that (=5, —15) lies on y = g(z), find the coordinates of the corresponding point on 

y=f(z). 

    
    

Find the equation of the resulting graph g(z) when:    A stretch can also 

a f(x) =ax?+2 is vertically stretched with scale factor 2 be called a dilation. 

b f(x) =5 — 3z is horizontally stretched with scale factor 3 

  ¢ f(z)=a®+8x% -2 is vertically dilated with scale factor § 

d  f(z) =22 + 2 — 3 is horizontally dilated with scale factor 1. 

Graph on the same set of axes y = 2%, y =322, and y = 3(z+ 1) — 2. 

Describe the combination of transformations which transform y =2 to y = 3(z +1)? — 2. 

Graph on the same set of axes y = 2%, y = 327, and y=3(z+1)2+3. 

Describe the combination of transformations which transform y =2 to y = %(z +1)2+3. 

Graph on the same set of axes y = 22, y = 222, and y = 2(z — %)2 + 1. 

Describe the combination of transformations which transform y =a? to y=2(z — 2)2+ 1. 

Describe the combination of transformations which transform y = 2% to y = 2(z +1)? — 3. 

Hence sketch y = 2(z + 1)% — 3. 

Suppose f and g are functions such that g(z) = 3 f(2z). 

a What transformations are needed to map y = f(z) onto y = g(x)? 

b Find the image of each of these points on y = f(z): 

i (3,-5) i (1,2 i (-2,1) 

¢ Find the point on y = f(z) which maps onto the image point: 

i (2,1) i (-3,2) i (—7,3) 

The graph of y = x? is transformed to the graph of y = 0.1z> + 5 by a translation a units 

vertically followed by a horizontal stretch with scale factor b. Find a and b.
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IR O R (T 

The function g(z) results when y 

  

L is transformed by a vertical stretch with scale factor 2, 
x 

followed by a translation of < }2 ) . 

a Write an expression for g(z) in the form g¢(z) =   
  

b Find the asymptotes of y = g(z). 

¢ Sketch y = g(z). 

a Under a vertical stretch with scale factor 2, f(z) becomes 2 f(z). 

L becomes 2(1) = Z 
x x x 

Under a translation of ( 32 ) , f(z) becomes f(z —3)—2. 

2 2 
  

      
      

  

  

  

— becomes =% 
D z—3 

So, y =2 becomes G 2 - : : > Y=7 9\r)=——= g(z) is a rational function 
i 

_2-2=-3) which i . 
P linear 

2248 
T z-3 

1 
b The asymptotes of y = — are z = < 

x 

and y =0. 

These are unchanged by the stretch, and 

shifted ( 5’2) by the translation. 

the vertical asymptote is = = 3 and 

the horizontal asymptote is y = —2. 

  

    
  

. . 1. 
17 Write, in the form y = axig, the function that results when y = = is transformed by: 

cx x 

a a vertical dilation with scale factor % b a horizontal dilation with scale factor 3 

¢ a horizontal translation of —3 d a vertical translation of 4. 

. 1. . . 
18 The function g(z) results when y = — is transformed by a vertical stretch with scale factor 3, 

x 

followed by a translation of ( _11 > . 

axr +b 
a Write an expression for g(z) in the form g¢(z) = 7 ot 

  

  
b Find the asymptotes of y = g(x). 

¢ State the domain and range of g(z). d Sketch y = g(z).
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19 

20 

The function g(z) results when y = L is transformed by a translation of ( _31 ) , followed by a 
x 

horizontal stretch with scale factor % 

ar+b 
Write an expression for g(x) in the form g(z) = a 

cT 

  

Find the asymptotes of y = g(z). 

State the domain and range of g(z). 

Sketch y = g(z). Q 
an
 
O
 o
 

Find two combinations of transformations which map f(z) = 222 + 8z — 1 onto 

g(z) = 82% — 16z + 5. 

For a vertical stretch with scale factor p, each point on the function is moved vertically so it is 

p times as far from the z-axis. 

1 Using this definition of a vertical stretch, does it make sense to talk about negative values of p? 

2 If a function is transformed from f(z) to — f(z), what transformation has actually occurred? 

3 What combinations of transformations would transform f(z) to —2f(z)? 

4 What can we say about y = f(qz) for: 

a g=-1 b ¢<0, g#—-1? 

R Recrions 
  INVESTIGATION 3 

In this Investigation we consider reflections with the forms y = —f(z) and y = f(—xz). 

What to do: 
GRAPHING 

1 Consider f(z)=2z+3. PACKAGE 

a Find in simplest form: 

i —f(x) i f(-x) 
b Graph y = f(z), y=—f(z), and y = f(—=x) on the same set of axes. 

2 Consider f(z) =%+ 1. 

a Find in simplest form: 

i —f(x) i f(-x) 
b Graph y = f(z), y=—f(z), and y = f(—x) on the same set of axes. 

3 What transformation moves: 

a y=f(z) to y=—f(a) b y=f(z) to y=f(-2)?



436  TRANSFORMATIONS OF FUNCTIONS (Chapter 16) 

From the Investigation you should have discovered that: 

o For y=—f(x), wereflect y= f(z) in the z-axis. 

e For y= f(—z), we reflect y = f(z) in the y-axis. 

Example A '1>)) Self Tutor 

Consider the graph of y = f(z) alongside. by 
  

  

On separate axes, draw the graphs of: 

a y=—f() b y=f(-x) 
  

  

  

  

  

  

  -3 
Y                       
  

a The graph of y = —f(z) is found by b The graph of y = f(—z) is found by 

reflecting y = f(z) in the z-axis. reflecting y = f(z) in the y-axis. 

v y=/(-x | 4 
    

    - 

-
 

    

    

    

    

  

    

    

                                    
        
        

    

  

  

  

=t — ’ > = 

==/f(z) 
-3 3 

v 

EXERCISE 16C 

1 Consider the graph of y = f(z) alongside. YA 

On separate axes, draw the graphs of: 3 

a y=—f() b y=f(-=) 

PaRiDs r % 

  

  

                          
  

2 Copy the following graphs for y = f(x) and sketch the graphs of y = —f(z) on the same axes. 

a y b y c y
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3 

10 

1 

Copy the following graphs of y = f(z) and sketch the graphs of y = f(—x) on the same axes. 

  

    

a AY b Y 

1 

4—:;—2 xT 

v 

Graph y = f(z) and y = —f(x) for: 

a f(z)=3z b f(z)=2%-2 

Graph y = f(z) and y= f(—=z) for: 

a f(zx)=2z+1 b flz)=a22+22+1 

Find the equation of the resulting graph g(z) when: 

a f(z) =5z +7 is reflected in the z-axis b f(z) =2 is reflected in the y-axis 

¢ f(z)=22%+1 is reflected in the z-axis 

d f(z) =a2*— 223 — 322 + 5z — 7 is reflected in the y-axis. 

The function y = f(z) is transformed to g(z) = —f(z). 

a Find the image points on y = g(z) corresponding to the following points on y = f(z): 

i (3,0) il (2, -1) i (=3,2) 

b Find the points on y = f(z) which are transformed to the following points on y = g(z): 

i (7,-1) il (—5,0) ili (-3, -2) 

The function y = f(z) is transformed to h(z) = f(—xz). 

a Find the image points on y = h(x) for the following points on y = f(x): 

i (2,-1) i (0,3) i (-1,2) 

b Find the points on y = f(z) corresponding to the following points on y = h(z): 

i (5 —4) il (0,3) iii (2, 3) 

A function f(z) is transformed to the function g¢(z) = —f(—x). 

What combination of transformations has taken place? 

b If (3, —7) lieson y = f(z), find the transformed point on y = g(x). 

¢ Find the point on f(x) that transforms to the point (-5, —1). 

Let f(z)=z+2. 

a Describe the transformation which transforms y = f(z) to y = —f(x). 

Describe the transformation which transforms y = —f(z) to y = —3f(x). 

¢ Hence draw the graphs of y = f(z), y = —f(z), and y = —3f(x) on the same set of axes. 

Let f(z)=(z—1)? —4. 

a Describe the transformation which transforms y = f(z) to y = f(—=z). 

b Describe the transformation which transforms y = f(—z) to y = f(—3x). 

¢ Hence draw the graphs of y = f(z), y = f(—z), and y = f(féz) on the same set of axes.
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12 Graph on the same set of axes y =22, y=—2?, and y= —(z+2)? +3. 

  

  

Describe the combination of transformations which transform y = 2% to y = —(z +2)% + 3. 

1 1 1 
13 Graph on the same set of axes y=—, y=——, y=— + 2. 

T T r—3 

. L . . 1 1 
Describe the combination of transformations which transform y = - to y = — 3 + 2. 

x xr — 

For which combinations of two transformationson y = f() is the order in which the transformations 

are performed: 

e important e not important? 

A summary of all the transformations is given in the printable concept map. CONCEPT MAP 

[ LR ORI L) 

  

Consider f(z) = 3z + 1. On separate sets of axes graph: 

    

    

    

    
  

    

  

  

    

  

            

a y=f(z) and y = f(z +2) b y=f(z) and y=f(z)+2 

¢ y=f(z) and y=2f(z) d y=f(z) and y=—f(z) 

a b 

c d 
      
    

    

    

    

        
  

                                      
  
               



TRANSFORMATIONS OF FUNCTIONS  (Chapter 16) 439 
  

EXERCISE 16D 

1 Consider f(z) =22 - 1. 

a Graph y = f(z) and state its axes intercepts. 

b Graph each function and describe the transformation which has occurred: 

i y=f(z)+3 il y=f(z-1) il y=2f(z) v y=—f(z) 

2 For the graph of y = f(x) given, sketch the graph of: 

a y=2f(x) b y=3f(x) 

¢ y=fz+2) d y=f(2z) 

e y=f(zz) 

  

3 In each graph, f(z) is transformed to g(x) using a single transformation. 

i Describe the transformation. il Write g(z) in terms of f(x). 

  

4 For the graph of y = g(x) given, sketch the graph of: 

a y=g(@)+2 b y=—g(z) 
¢ y=g(-=) d y=g(z+1) 

  

5 For the graph of y = h(z) given, sketch the graph of: 

a y=h(z)+1 b y=1h() 

¢ y=h(-x) d yzh(%) 

  

Consider the function f(z) = (z+1)(z—3) where 8> 0. 
A sketch of the function is shown alongside. 

a Determine the axes intercepts of the graph of y = f(x). 

Sketch the graphs of f(z) and g(z) = —f(x —1) on 
the same set of axes. 

¢ Find and label the axes intercepts of y = g(z). 
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Ao 

Consider a function f(z). 

a  What function results if y = f(z) is reflected in the z-axis, then translated through ( _31 ), 

then stretched vertically with scale factor 2? 

  

b Fully describe the transformations which map y = f(z) onto y =3f(2z —1) —2. 

. . 3 . 
reflection translation < 1 ) vertical stretch 

in x-axis scale factor 2 

—f@) —————— fle-3) -2 fz-3) - 1) 

  

a f(z) 

The resulting function is —2 f(z — 3) — 2. 

. . 1 . 
vertical stretch translation ( ) horizontal stretch 

—2 1 

scale factor 3 scale factor 5 

b f(e)—— 3f(z) ————— - 3f(z—-1)-2——— - 3f(2z—1) -2     
  

7 Consider a function f(z). Find the function which results if y = f(z) is: 

a translated through ( _41 ) then reflected in the y-axis 

b reflected in the y-axis then translated through ( :11 ) 

¢ translated through ( 712) then stretched vertically with scale factor 3 

d stretched vertically with scale factor % then translated through ( 712) 

e translated through ( 35 ) then stretched horizontally with scale factor 4 

f stretched horizontally with scale factor 4 then translated through ( _35 ) 

8 Fully describe the transformations which map y = f(z) onto: 

a y=—f(z+1)+3 b y=f(3a)-7 ¢ y=f(Bx—1) 

d y=-1+2f(4z-1) e y=5+2f(3(z—1)) fy=—4f(3@@+3)-1 

9 The function f(z) has domain {z |2z > 1} and range {y|—2 <y <5} 

Find the domain and range of: 

a glz)=flz+4)-1 b g(z) = —-2f(32) ¢ glz)=3f(2x—5)+4 

3 

Tg be a reflection in the y-axis, and 

Tc be a vertical stretch with scale factor 5. 

10 Let T, be a translation through ( 2 ) N 

Find the resulting function when f(z) = /= has the following transformations applied: 

a T, then Tg then T¢ b Tc then Ty then Ty ¢ Tc then Ty then Ta. 

In each case state the domain and range of the transformed function.
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11 The graph of y =22 is transformed into y = a(z — h)? + k using three transformations: 

e a vertical stretch with invariant z-axis 

. . h 
e a translation with vector ( k) 

e a reflection in the z-axis. 

Discuss what you know about: 

  

  

  

  

a the transformations b the function. 

. 10z + 11 . b 
12 a Write L0z + 11 in the form a + , where a and b are constants. 

2z +3 2z + 

. . . . 1 10x + 11 
b Hence describe the combination of transformations which map y = — onto y = =3 

xT T T 

Y - f(z) 

. . . . 1 
The reciprocal of a function y = f(z) is the function y = @ 

xr 

INVESTIGATION 4 

In this Investigation we will examine the reciprocals of various functions using GRAEHING 

technology. 

What to do: 

1 Sketch each pair of functions on the same set of axes. Include all axes intercepts and asymptotes. 

a y==x and y:l b y=2+2 and y= 1 
a x+2 

1 1 
- d y=3z+4 and Y=mra 

  

    ¢ y=x—2 and y= 

What do you notice regarding intercepts and asymptotes? 

2 a Sketch each pair of functions on the same set of axes. Include all axes intercepts and 

  

    

asymptotes. 

- 2 1 . _ 9 - 1 
i y=2° and y=— il y=—(z—1)% and y—f(w71)2 

_ .2 _ 1 _ 2 _ 1 
ili y=2°+4 and y—z2+4 iv y=—(22—-4) and y= = 

1 
vV y=(z—1)(z—3) and yfm 

b How can the vertical asymptotes of y = % be established from f(z) without first 
xT 

viewing its graph? 

¢ What other observations can you make about the graph of y = L 
fla)”



From the Investigation, you should have observed that: 

1 . 
When y = —— is graphed from y = f(z): Y=y s eep y=f(z) 

e the zeros of y = f(z) become vertical asymptotes of y = % 
x 

e the vertical asymptotes of y = f(z) become zeros of y = % 
x 

e the local maxima of y = f(z) correspond to local minima of y = % 
x 

o the local minima of y = f(z) correspond to local maxima of y = fi 

1 1 
e when f(z) >0, — >0 and when f(z) <0, — <0 1@ >0 7 @ <0 75 
e when f(z)—0, ! +oo and when f(z) — £oo, L o     

@ 

  

For the graph of y = f(z) alongside, draw the graph 

  

1 
of y=——. ) 

y = f(z) has z-intercepts —7 and 1, so y = % has 
x 

vertical asymptotes x = —7 and = = 1. 

y = f(z) has a local minimum at (=3, —2), so 

Y= @ has a local maximum at (—3, 7%) 

  

      
EXERCISE 16E 

Graph on the same set of axes: 

  

B 1 - -1 y=x+3 and y—x+3 y=—2° and y = 22 
1 

1 yf\/a_candyffi y=(zx+1)(z—3) and y*—(x+1)($73)
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  2 Show that if y = f(z) is transformedto y = %, invariant points occur at y = £1. 
xT 

Check your results in question 1 for invariant points. 

3 Copy the following graphs for y = f(z) and on the same axes graph y = % 
xT 

      (3’ _2) 

  

(13.-2) 

4 Copy the graph of y = f(x) alongside, PRINTABLE 
1 GRAPHS 

and graph y = —— — 3 on the same set 
f(z) 

of axes. Clearly show the asymptotes and 

turning points. 

  

5 Let f(z) =22 +4z+3. 

a Find the axes intercepts and vertex of f(x). 

1 
b Sketch y = f(z) and y = @ on the same set of axes. 

. 1 _ 4 ¢ Solve for z: @ "= 

6 The sign diagram of f(x) is shown alongside. L . P _ 

Draw the sign diagram of L -5 1 4 oz 
f(z) 

7 If possible, find the domain and range of % given that: 
xr 

<6 andrange 2 <y 

8 

a f(x) has domain —1 < <5 

T y < 3. b f(z) has domain 2 < 

REVIEW SET 16A 

1 For the graph of y = f(z), sketch graphs of: 

a y=f(-z) b y=—f() 
c y=f(z+2) d y=f(z)+2 

z < 

< 8 and range —3 < 
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Consider the function f: 2 — z2. 
On the same set of axes, graph y = f(z), y =3 f(z), and y =3 f(z—1)+2. 

Find the equation of the resulting graph g(z) when: 

a f(z) =4z — 7 is translated 3 units downwards 

b f(z) =22 +6 is vertically stretched with scale factor 5 

¢ f(xz) =7— 3z is translated 4 units to the left 

d f(z) =2z2% — 2 +4 is horizontally stretched with scale factor 3 

e f(x) =a3 is reflected in the y-axis. 

Sketch the graph of f(z) = 22+ 1, and on the same set of axes sketch the graph of: 

a y=—f(z) b y=f(2x) ¢ y=f(z)+3 
The function f(z) has domain {z | —2 <z <3} andrange {y|—-1<y< T} 

Find the domain and range of g(z) = f(x + 3) — 4. Explain your answers. 

The graph of the function f(x) = (z+1)%+4 is translated 2 units to the right and 4 units up. 

a Find the function g(z) corresponding to the translated graph. 

b State the range of: i f(z) ii g(z) 

Show that the discriminant of a quadratic function is unchanged when the graph of the function is: 

a reflected in the z-axis b reflected in the y-axis 

¢ translated i units to the right. 

The graph of f(z) = 3z% —x +4 is translated by the vector ( 3 ). Write the equation of 

the image in the form g(z) = ax? + bz +c. 

Consider a function f(z). Find the function which results if y = f(z) is: 

a reflected in the z-axis then translated through ( _32) 

b translated through ( :ll ) then vertically stretched with scale factor 2. 

The point A(—2, 3) lies on the graph of y = f(z). Find the image of A under the 

transformation: 

a y=f(z—-2)+1 b y=2f(z—-2) ¢ y=f(2x-3) 

Suppose the graph of y = f(x) has z-intercepts —5 and 1, and y-intercept —3. What can you 

say about the axes intercepts of: 

a y=f+4) b y=3f() < y=/(%) d y=—f(z)? 

The function g(z) results when y = L is transformed by a translation through (;1) 
xT 

followed by a reflection in the y-axis. 

a Write an expression for g(x) in the form g(z) =   
  

b Find the asymptotes of y = g(z). 

¢ State the domain and range of g(z). 

d Sketch y = g(x).
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13 Graph on the same set of axes y =22, y =122, and y=1(z—-2)2 -1 

Describe the combination of transformations which transform y =22 to y = (z —2)> — L. 

1 
14 Sketch y = (z—2)(z+3) and V= GT9eTd) 

axes intercepts and asymptotes. 

on the same set of axes. Clearly label all 

  REVIEW SET 16B 

1 Consider the graph of y = f(z) alongside. Ay 

On separate axes, draw the graphs of: 

a y=f(z-1) b y=f(22) 

  

  

  

  

  

  

¢ y=f(z)+3 d y=2f() ~ 

e y=/f(-=) fy=—f(=) 

PRINTABLE 
GRIDS   

  

                          

2 Find the equation of the resulting graph g(«) when: 

a f(x) =2® — 3z is reflected in the z-axis 

b f(z) =14 — z is translated 2 units upwards 

¢ f(z) =3z +2 is horizontally stretched with scale factor 4. 

3 The graph of f(x) =22 is transformed to the graph 

of g(x) by a reflection and a translation as illustrated. 

Find the formula for g(z) in the form 

g(z) = az® + bz +c. 

  

y=g(z) 

& Sketch the graph of f(z) = —z%, and on the same set of axes sketch the graph of: 

a y=f(-x) b y=—f(z) ¢ y=f(2) d y=[f(z-2) 

5 The graph of a cubic function y = f(z) is shown 

alongside. 

a Sketch the graph of g(z) = —f(z —1). 

b State the coordinates of the turning points of 

y = g(x). 
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The graph of f(z) = —2x2 +x + 2 is translated by the vector ( 712 ) 

Write the equation of the image in the form y = az?® + bz + c. 

The graph of y = f(z) is shown alongside. 

The z-axis is a tangent to f(x) at z =a and 

f(z) cuts the z-axis at = =b. 

On the same diagram, sketch the graph of 

y=f(zx—c) where 0 <c<b—a. 

Indicate the z-intercepts of y = f(z — c). 

  

Find the combination of transformations which maps f(x) = 222 + 8z — 3 onto 

g(z) = —222 + 22+ 7. 

The point (—1, 6) lies on the graph of y = f(z). Find the corresponding point on the graph 

of y=12f(z—2)+3.   
Fully describe the transformations which map y = f(z) onto: 

a y=2f(x+1)+3 b y=—f(32)-6 ¢ y=1f(-z+2) 

The quadratic function f(z) = 2% + bx + ¢ is reflected in the y-axis, stretched horizontally 

—10 
with scale factor %, then translated through ( 2 ) . The resulting quadratic function has the 

same z-intercepts as f(z). Find b and c. 

  

  

  

1 1 1 1 
a Graph on the same set of axes y=—, y=——, y=——, and y= — — 

P Y @ Y @ Y 2z Y 2(z+ 1) 
. L . . 1 . 

b Describe the combination of transformations which transform y = — into 
x 

1 
=— —2. 

Y 2(z + 1) 

¢ Write the resulting function in the form y = T b, and state its domain and range. 
CT +   

a Sketch the graph of f(z) = —2z + 3, clearly showing the axes intercepts. 

b Find the invariant points for the graph of y = N 
fz)” 

¢ State the y-intercept and vertical asymptote of y = % . 
T 

d Sketch the graph of y = L on the same axes as in part a, showing clearly the 
f(z) 

information you have found. 

c 

z+c 

On a set of axes like those shown, sketch the graphs of 

y= f(z) and y = L Clearly label any points of 
f(=@) 

intersection with the axes and any asymptotes. 

Let f(z) =   , T#—c, ¢>0. 
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  OPENING PROBLEM 

  

A Ferris wheel rotates anticlockwise at a constant 

speed. The wheel’s radius is 10 m and the bottom 

of the wheel is 2 m above ground level. From his 

viewing point next to the ticket booth, Andrew is 

watching a green light on the perimeter of the wheel. 

He notices that the green light moves in a circle. It 

takes 100 seconds for a full revolution. 

  

Click on the icon to visit a simulation of the Ferris 

wheel. You will be able to view the light from: 

e in front of the wheel DEMO 

e a side-on position 

e above the wheel. 

  

You can then observe graphs of the green light’s position as the wheel rotates at a constant rate. 

Things to think about: 

a Andrew estimates how high the light is above ground level at two second intervals. What will 

a graph of this data look like? Assume that the light is initially in the position shown. 

b Andrew then estimates the horizontal position of the light at two second intervals. What will a 

graph of this data look like? 

What similarities and differences will there be between your two graphs? 

d Can you write a function which will give the: 

i height of the light at any time ¢ seconds 

ii horizontal displacement of the light at any time ¢ seconds? 

EAVIOUR 

Periodic phenomena occur all the time in the physical world. For example, in: 

  

e seasonal variations in our climate 

e variations in average maximum and minimum monthly temperatures 

e the number of daylight hours at a particular location 

e tidal variations in the depth of water in a harbour 

e the phases of the moon 

e animal populations. 

These phenomena illustrate variable behaviour which is repeated over time. The repetition may be called 

periodic, oscillatory, or cyclic in different situations. 

In this Chapter we will see how trigonometric functions can be used to model periodic phenomena.
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OBSERVING PERIODIC BEHAVIOUR 

The table below shows the mean monthly maximum temperature for Cape Town, South Africa. 
  

  

  

  

  

  

  

  

  

    

Month Jan | Feb | Mar | Apr | May | Jun | Jul | Aug | Sep | Oct | Nov | Dec 

Teperan 70 
On the graph alongside we plot the temperature 7" on T(°C) 

the vertical axis. We assign January as ¢ =1 month, 30| 5 

February as ¢ = 2 months, and so on for the e o . ° ° 

12 months of the year. 20 ° o U 
°o 5 © 1 (10,213) 

10 

t (months) 
< - - - - = 

+ 3 6 9 121 
JAN JAN 

The temperature shows a variation AT (°C) 

from an average of 28°C in 30( 4 < 

January through a range of values e o o® ‘o o ° ° 

across the months. The cycle will 20 ° L L ° o . ° 

approximately repeat itself for each 10 ° ° 

subsequent 12 month period. By the ¢ (months) 

end of the Chapter we will be ableto < ; ‘ 3 ‘ 6 9 1=2 ; 1'5 ‘ 1:8 ‘ 2’1 + 2o4 > 

establish a periodic function which YIAN JAN 

approximately fits this set of points. 

HISTORICAL NOTE 

lines of 

magnetic 
force 

directionf/) 
of rotation 

  

     

In 1831, Michael Faraday discovered that an electric current was generated by rotating a coil of 

wire at a constant speed through 360° in a magnetic field. The electric current produced showed a 

voltage which varied between positive and negative values in a periodic function called a sine wave. 

TERMINOLOGY USED TO DESCRIBE PERIODICITY 

A periodic function is one which repeats itself over and over in a horizontal direction, in intervals of 

the same length. The period of a periodic function is the length of one repetition or cycle. 

f(z) is a periodic function with period p if f(x + p) = f(x) for all z, and p is the smallest 

positive value for this to be true.
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A cycloid is an example of a periodic function. It is the curve traced out by a point on a circle as the 

circle rolls across a flat surface in a straight line. 
DEMO 

  

  

N L\AIR @ 

Use a graphing package to examine the function f(z) =z — [z] s 
where |z| is “the largest integer less than or equal to z”. 

  

In the graphing package, you type |z| as floor(z). 

Is f(x) periodic? What is its period? 

WAVES 

In this course we are mainly concerned with periodic phenomena which show a wave pattern: 

      

principal axis 

A wave oscillates about a horizontal line called the principal axis or mean line. 

A maximum point occurs at the top of a crest, and a minimum point at the bottom of a trough. 

If the maximum and minimum values of the wave are max and min respectively, then the principal 

max + min 

2 

The amplitude is the distance between a maximum (or minimum) point and the principal axis. 

axis has equation y = 

max — min 
amplitude = B 

maximum point 

  

  

     

  

principal axis I amplitude 
D XS e oo Yoo 

et . 

/ 

minimum point
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EXERCISE 17A 

1 Which of these graphs show periodic behaviour? 

a Ay b 

  
e Ay f 

T 

5 10 15 20 

v 

9 Ay h 

< 
xT 

v 

  

2 Paul spun the wheel of his bicycle. The following tabled values show the height above the ground 

of a point on the wheel at various times. 

  

(e o [oa[oi oo o] ol il o 1o 7] 
Hezght above ground (cm) | 0 
  

  

Time (seconds) 22(241]26)|28 32343638 

  

(g s gty ] 5 | 570 | [ [ [ar s 0] 5] 
a Plot the graph of height against time. 

b s it reasonable to fit a curve to this data, or should we leave it as discrete points? 

¢ Is the data periodic? If so, estimate: 

i the equation of the principal axis ii the maximum value 

i the period iv the amplitude. 

3 Plot the points for each data set below. Is there any evidence to suggest the data is periodic? 

aflafol1[2[3]4[5[] 6 [7[8]o9[10][1]12] 
7 e e R R A    
  

cJo[2]3Jaf[s]e6[7][8 o9 iw]i 

CALCULATOR 
INSTRUCTIONS 
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L [ THE SINE AND COSINE FUNCTIONS 
A trigonometric function is a function which involves one of the trigonometric ratios. 

Consider the point P(cosf, sinf) on the unit circle. 

As 6 increases, the point P moves around the unit circle, and 

the values of cos# and sin @ change. 

We can draw the graphs of y = sinf and y = cosf by 

plotting the values of sin # and cos § against 6. 

  

THE GRAPH OF y = sin6 

By considering the y-coordinates of the points on the unit circle at intervals of %, we can create a table 

of values for sin 6: 

  

AY 

1   

  

  

       -1   

  

v 

Once we reach 27, P has completed a full revolution of the DEMO 

unit circle, and so this pattern repeats itself. 

THE GRAPH OF y = cos @ 

By considering the z-coordinates of the points on the unit circle at intervals of %, we can create a table 

of values for cos 6: 

  

      
  

™ s ™ 27 5w T 4w 3r 5w 

n 0|5 |s|2|%| % “‘ s |3 ‘7 3| % |27 
V3|1 1 V3 V3 1 1 V3 

cosf | 1| 5| 5|0 5|5 |-1|-%|-3][0]z]|%|1   
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Plotting cos 6 against 0 gives: Tk i oF g=Gcas( 

AY shows the z-coordinate 

of P as P moves around 

the unit circle. 

  

  

  

  

       1   
v 

EXERCISE 17B 

1 Below is an accurate graph of y = sin6. 

1?! 

0:5 

—0:5 

1 

  

Find the y-intercept of the graph. 

b Find the values of § on 0 < 0 < 47 for which: 

1 i sinf=0 ii sinf = -1 iii sinf = iv sinf = “&
 

ol
 

¢ Find the intervals on 0 < 6 < 47 where sin is: 

i positive il negative. 

d Find the range of the function. 

2 Below is an accurate graph of y = cos®6. 

1?! 

0:5 

—0:5 

1 

  

a Find the y-intercept of the graph. 

b Find the values of 8 on 0 < 0 < 47 for which: 

i cosf=0 il cosf=1 iii cosf =— iv cosf =— 

o
=
 

S
 

¢ Find the intervals on 0 < 6 < 47 where cosf is: 

i positive i negative. 

d Find the range of the function.
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I3 [ GENERAL SINE AND COSINE FUNCTIONS 
Now that we are familiar with the graphs of y =sinf and y = cosf, we can use transformations to 

graph more complicated trigonometric functions. 

Instead of using #, we will now use x to represent the angle variable. This is just for convenience, so 

we are dealing with the familiar function form y = f(x). 

For the graphs of y =sinz and y = cosz: 

e the period is 27 e the amplitude is 1 e the principal axis is the line y = 0. 

+y it:sinz 

  

  

  

    
                                            

  

    

We immediately notice that y = sinz is a horizontal translation of y = cosz by 5 units to the right. 

For all z, sinx = cos (z — %) 

ar, 
2 and cosx = sin (:1: + 

  INVESTIGATION 

What to do: CRARHING 

1 a Use the graphing package to graph on the same set of axes: 

i y=sinz il y=2sinz i y=1sinz 

iv y=—sinz v y=—%sinm vi y=—%sinz 

b For graphs of the form y = asinz, comment on the significance of: 

i the sign of a il the size of a, or |a|. 

2 a Use the graphing package to graph on the same set of axes: 

i y=sinz ii y=sin2z iii y= sin(%x) iv y=sin3z 

b For graphs of the form y = sinbz, b > 0, what is the period? 

3 a Graph on the same set of axes: 

i y=sinz ii y=sin(x—%) i y=sin(z+%) 

b What translation moves y =sinz to y = sin(z — ¢)? 

4 a Graph on the same set of axes: 

i y=sinz il y=sinz+2 iii y=sinz—2 

b What translation moves y =sinz to y =sinx + d? 

¢ What is the principal axis of y = sinz + d? 

5 What sequence of transformations maps y =sinz onto y = asinb(z — ¢) + d?
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From the Investigation you should have observed the following properties of the general sine function: 

For the general sine function 

y =asin(b(x —¢)) +d 

=) 
affects affects affects affects 

amplitude period horizontal translation vertical translation 

e the amplitude is |a| 

e the period is 2% for b>0 

e the principal axis is y =d 

e y = asin(b(x —c)) +d is obtained from y = sinz by a vertical stretch with scale factor a 
. . 1 . . . 

and a horizontal stretch with scale factor 7 followed by a horizontal translation of ¢ units and a 

vertical translation of d units. 

The properties of the general cosine function y = acos(b(z —¢)) +d are the same as DEMO 

those of the general sine function. 

Example 1 LR (R (TS 

    

      

  

Sketch the graphs of the following on 0 < z < 27: 

     a y:sin(:cfg) b y=cos3z < y:cos(er%)Jrl d y=—sinz 

         

     

  

a We translate y = sinz horizontally b We stretch y = cosz horizontally with 
5 % units to the right. scale factor % 

— cos g 2m y = cos 3z has period 5. 

  

  

p 13_r) y = cos 3x 

2 
- - > > 

-1 y:sina?"-" 

¢ We translate y = cosz horizontally 

% units to the left, and 1 unit upwards. 

1442 

> 
x 

-         
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EXERCISE 17C 

1 State the transformation which maps y = sinz onto: 

) a y=sinzx—1 b y:sin(wf I3
 

d y=sindz e y=sing 

2 State the transformation which maps y = cosz onto: 

a y=%cosz b y=—cosz 

3 State the period of: 

a y=sinbdx b y =sin(0.6x) 

d y=cos3z e y=cosig 

4 Find b given that the function y = sinbxz, b > 0 has period: 

a b b %" ¢ 127 d 

5 State the maximum and minimum value of: 

a y=4cos2zx b y=3cosz+5 

6 For the function y = 4sin3z + 2, state the: 

a amplitude b period 

7 The general cosine function is y = acos(b(z — ¢)) + d. 
State the geometrical significance of a, b, ¢, and d. 

8 Sketch the graphs of the following for 0 < x < 4m: 

a y=sinzx—2 b y=sinz+3 

d y=sin(z—2) e y=sin(z+2) 

g y=sin(z—%)+1 h y=sin(z—-1) -2 

i y=3sinz k y=%sinm 

m y=sin3z n y=sing 

9 Sketch the graphs of the following for —27 < z < 27: 

a y=-cosx+2 b y:cos(zfg) 

d y=%cosz e y=—coszT 

g y=cos(a:+%)—1 h y=cos2z 

10 a Sketch the curve y =4sinz for 0 <z < 27 

b Find the value of 3 when: i x=5 i z=1 

Mark these points on your graph in a. 

11 For what values of d does the graph of y = 3cosz +d lie: 

a entirely above the z-axis 

b entirely below the z-axis 

¢ partially above and partially below the z-axis? 

4 

y=2sinx 

y=sin(az—§)+2 

y=cos(z+%)—2 

y =sinnz 

y = cos &g 

e 100 

y=—2cos(x —3)—4 

range. 

y=sinx —0.5 

y = sin(m — %) 

y=sin(m+%)+2 

y= %sinx 

y = sindx 

y:cos(er%) 

y=cos(z—%)+1 

y = cos g



TRIGONOMETRIC FUNCTIONS  (Chapter 17) 457 
  

  

Sketch the graph of y =3 cos2z for 0 <      

      a =3, so the amplitudeis |3|= 3. 
y=3cos2x 

b =2, so the period is 

We stretch y = cosz vertically with scale 

factor 3 to give y = 3cosz, then stretch 

y = 3cosz horizontally with scale factor 

  

% to give y = 3 cos2x. 

  

    
12 State the transformations which map: 

a y=sinz onto y=2sin3zx b y=cosz onto y=—2cosx 

¢ y=sinz onto y =3sinz—5 d y=cosz onto y=cos(2(z+%)) 

13 Sketch the graphs of the following for —27 < z < 2m: 

a y=—3sinz b y=cos2z+1 cy=3 sm(z+ )—% 

d y=3 cos(z+ )+1 e y=3sin(z—§)—1 f y——cos( (z——)) 

14 Consider the general sine function y = asin(b(z — ¢)) + d. State which of the variables a, b, c, 

and d can be changed to always produce a change in: 

a the z-intercepts of the function b the y-intercept of the function 

¢ the range of the function. 

Example 3 o) Self Tutor 

Find the unknowns in this function: 

  

  

  

f(3)=8, so asinZ+d=38 f(ZE)=4, so asinZ +d= 

at+d=8 .. (1) o —latd= 

So, we have at+d=8 {(1)} 

—a+2=1 {2x2)} 
Adding, 3d=9 andso d=3 

Substituting d =3 into (1) gives a+3=8 

L a=5 

     



458  TRIGONOMETRIC FUNCTIONS (Chapter 17) 

15 Find the unknowns in each function: 

f(z)=asin2z+d B Y    f(x)=acosz+d 

   

  

Example 4 LR AR (T8 

Find the equation of this Y 

sine function. 

  

  

The amplitude is 1, so a = 1. 

The periodis 7, so — =7 and .. b=2. 

There is no horizontal translation, so ¢ = 0. 

The principal axisis y =1, so d=1. 

The equation of the function is y = sin 2z + 1.     
16 Find the equation of each sine function: 
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I3 I MOBELLING PERIODIC BEHAVIOUR 
The sine and cosine functions are both referred to as sinusoidal functions. They can be used to model 

many periodic phenomena in the real world. In some cases, such as the movement of the hands on a 

clock, the models we find will be almost exact. In other cases, such as the maximum daily temperature 

of a city over a year, the model will be less accurate. 

The average daytime temperature for a city is given by the function D(t) =5 cos(%t) +20 °C, 

where ¢ is the time in months after January. 

a Sketch the graph of D against ¢ for 0 < ¢ < 24. 

b Find the average daytime temperature during May. 

  

  

¢ Find the minimum average daytime temperature, and the month in which it occurs. 

a For D(t) = 5c0s(%t) + 20: 

e the amplitude is 5 

o the period is 2r 9 months 
(%) 

o the principal axis is D = 20. 

b May is 4 months after January. 

When ¢t =4, D =5x cosF+20 

=5x(—-1)+20 

=175 

So, the average daytime temperature during May is 17.5°C. 

  

¢ The minimum average daytime temperature is 20 — 5 = 15°C, which occurs when 

t=6 or 18. 

So, the minimum average daytime temperature occurs during July.     
EXERCISE 17D 

1 The temperature inside Vanessa’s house ¢ hours after midday is given by the function 

T(t) = 6sin({5t) +26 °C. 

a Sketch the graph of T against ¢ for 0 < ¢ < 24. 

b Find the temperature inside Vanessa’s house at: 

i midnight i 2pm. 

¢ Find the maximum temperature inside Vanessa’s house, and the time at which it occurs. 

2 The depth of water in a harbour ¢ hours after midnight is D(t) = 4 cos (%t) +6 metres. 

a Sketch the graph of D against ¢ for 0 <t < 24. 

b Find the highest and lowest depths of the water, and the times at which they occur. 

¢ A boat requires a water depth of 5 metres to sail in. Will the boat be able to enter the harbour 

at 8 pm?
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The tip of a clock’s minute hand is H (t) = 15 cos(;—ot) +150 cm above 

ground level, where ¢ is the time in minutes after 5 pm. 

a Sketch the graph of H against ¢ for 0 < ¢ < 180. 

b Find the length of the minute hand. 

¢ Find, rounded to 1 decimal place, the height of the minute hand’s tip 

at: 

i 5:08 pm il 5:37 pm iii 5:51 pm iv 6:23 pm 

  

  

On a mini-golf hole, golfers must putt the ball through a 

castle’s entrance. The entrance is protected by a gate which 9? H 

moves up and down. 

The height of the gate above the ground ¢ seconds after it 

touches the ground is H(t) = 4sin(%(t —2)) +4 cm. 

a Sketch the graph of H against ¢ for 0 <t < 16. L L 

b Find the height of the gate above the ground 2 seconds Jl | | |X’ 
after the gate touches the ground. . 

  

  

  

    
  

  

  

  

    

  

  

    
                          

                  

¢ Eric is using a golf ball with radius 2.14 cm. He putts 

the ball 1 second after the gate touches the ground, and 

the ball takes 5.3 seconds to reach the castle’s entrance. [ ) 
Will the ball pass through the entrance? 

  TR, 

  

On a hot summer day in Madrid, Antonio pays careful attention to the temperature. The maximum 

of 41.8°C occurs at 3:30 pm. The minimum was 27.5°C. Suggest a sine function to model the 

temperature for that day. 

The mean temperature = EECE dEr 34.65°C, so d =34.65. 

The amplitude = A8=275 _ 7 150¢ 

a=7.15 

The period is 24 hours, so b= 2% = & 

The maximum occurs at 3:30 pm, so we assume the temperature passed its mean value 6 hours 

earlier, at 9:30 am. 

The day begins at midnight, so the function is shifted 9% hours to the right, thus ¢=9.5. 

If ¢ is the number of hours after midnight, the temperature 7" is modelled by 

T(t) = 7.15sin (% (t — 9.5)) -+ 34.65 °C.   
On a September day in Moscow, the maximum temperature 15.8°C occurred at 2 pm. The minimum 

was 5.4°C. Suggest a sine function to model the temperature for that day. Let 7" be the temperature 

and t be the time in hours after midnight. 

The ferry operator at Picton, New Zealand, is studying the tides. High tides occur every 12.4 hours. 

The first high tide tomorrow will be at 1:30 am. The high tide will be 1.36 m and the low tide will 

be 0.16 m. Find a cosine function to model the tide height for the day. Let H be the tide height 

and ¢ be the time in hours after midnight.
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7 Answer the Opening Problem on page 448. 

8 Some of the largest tides in the world are observed in Canada’s Bay of Fundy. The difference 

between high and low tides is 14 metres, and the average time difference between high tides is 

about 12.4 hours. On a particular day, the first high tide is 16.2 m, occurring at 9 am. 

a Find a sine model for the height of the tide H in terms of the time ¢. 

b Sketch the graph of the function for that day. 

9 On an analogue clock, the hour hand is 6 cm long and the minute hand 

is 12 cm long. Let ¢ be the time in hours after midnight. 

a Write a cosine function for the height of the tip of the hour hand 

relative to the centre of the clock. 

b Write a sine function for the horizontal displacement of the tip of 

the minute hand relative to the centre of the clock. 

I ITING TRIGONOMETRIC MODELS TO DATA 
Suppose we have data in which we observe periodic behavior. In such cases, we usually cannot fit an 

exact model. However, we can still apply the same principles to estimate the period, amplitude, and 

principal axis from the data. 

  

You can check your models using your graphics calculator. Click on this icon 

for instructions. 
) 

GRAPHICS 
CALCULATOR 
INSTRUCTIONS 

Example 7 o) Self Tutor 

The mean monthly maximum temperatures for Cape Town, South Africa are shown below: 

Month (t) 

  

Temperature (T °C) 

We want to model the data with a trigonometric function of the form 7' = asin(b(t — ¢)) + d 

where Jan = 1, Feb = 2, and so on. 

a Draw a scatter diagram of the data. 

b Without using technology, estimate: 

i b ii a iil d iv ¢ 

¢ Check your answers using technology. 

  

  

  

  

  

  

  

                              

a 40 T(°C) 

30—, I 

20 T o o o ° 

10 

0 >     Jan Mar May Jul Sep Nov
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b | The period is 12 months, so 2% =12 and .. b= 3. 

il The amplitude = R — i 23 ; B 6.5, so a=~6.5. 

ili The principal axis is midway between the maximum and minimum, so 
i 28415 215 
  

iv. The model is 7'~ 6.5 sin(%(t = c)) +21.5 for some constant c. 

On the original graph, point A is the first point shown at which the sine function starts 

a new period. Since A is at (10, 21.5), ¢ = 10. 

¢ From b, our model is 7'~ 6.5sin (% (¢ — 10)) +21.5 

~ 6.55in(0.524¢ — 5.24) + 21.5 
NORMAL FLOAT AUTO REAL DEGREE MP [ I L A 1] NORMAL FLOAT AUTO REAL DEGREE MP 1] 

Iterations:3 g=axsin(bx+c)+d 
Xlist:lLi a=6.292150004 
Ylist:lLz2 b=0.5247075375 
Period: c=0.9671239289 
Store RegEQ: d=21.44562989 
Calculate 

Using technology, 

T ~ 6.29sin(0.525¢ + 0.967) + 21.4 sin(z + 2kr) =sinz 

   
~ 6.295in(0.525¢ + 0.967 — 2) + 21.4 el (S 
~ 6.29in(0.525¢ — 5.32) + 21.4 

  

    
  

EXERCISE 17E 

1 Below is a table which shows the mean monthly maximum temperatures for a city in Greece. 

Jan | Feb | Mar | Apr | May | Jun | July | Aug | Sept | Oct | Nov | Dec 

Temperature (°C) | 15 14| 15 | 18| 21 25| 27 | 26 | 24 |20 18 | 16 

a Draw a scatter diagram of the data. 

b What features of the data suggest a trigonometric model is appropriate? 

¢ Your task is to model the data with a sine function of the form 7' =~ asin(b(t —c))+d, where 

Jan = 1, Feb = 2, and so on. 

Without using technology, estimate: 

ib ii a ili d iv ¢ 

d  Use technology to check your model. How well does your model fit?
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2 The data in the table shows the mean monthly temperatures for Christchurch, New Zealand. 
  

Month Jan | Feb | Mar | Apr | May | Jun | July | Aug | Sept | Oct | Nov | Dec 

Temperature (°C) | 15 | 16 | 143 [ 12 [ 10 | 75 | 7 | 73 | 8% | 104 | 128 | 14 

a Find a cosine model for this data in the form 

T =~ acos(b(t—c))+d without using technology. m ‘ 

Let Jan =1, Feb = 2, and so on. - »oe 

r‘\ 

  

  

ol           
  

b Draw a scatter diagram of the data and sketch the 

graph of your model on the same set of axes. 

¢ Use technology to check your answer to a. 

3 At the Mawson base in Antarctica, the mean monthly temperatures for the last 30 years are: 

Jan | Feb | Mar | Apr | May | Jun | July Aug Sept Oct | Nov | Dec 

Temperature (°C) | 0 0 4 ) 14 17| —18 13 

a Find a sine model for this data without using technology. 

Use Jan =1, Feb =2, and so on. 

b Draw a scatter diagram of the data and sketch the graph of 

your model on the same set of axes. 

  

  

¢ How appropriate is the model? 

L4 An object is suspended from a spring. If the object is pulled below 

its resting position and then released, it will oscillate up and down. 

The data below shows the height of the object relative to its rest 

position, at different times. 

  

(o Comanio | o[ o1 [ o7 [ o3 [ o7 [os os [o7 o5 o0 
  

  

  

Tme(tseconds 1.1 1.2 1.3 1.4 |15 1711819120 

Height (H cm) | —7.5 | —13 | —15 | —13 13115 | 13 |75 

a Draw a scatter diagram of the data. 

b Find a trigonometric function which models the height of the object over time. 

¢ Use your model to predict the height of the object after 4.25 seconds. 

d  What do you think is unrealistic about this model? What would happen differently in reality? 

  RESEARCH 

1 How accurately will a trigonometric function model the phases of the moon? 

2 Are there any periodic phenomena which can be modelled by the sum of trigonometric functions?
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ACTIVITY 2 

In this Activity you will work in small groups to model the behaviour of a pendulum. 

You will need: string, sticky tape, a ruler, a stopwatch, and a AA battery. 

What to do: 

1 Cut a piece of string of length 75 cm. Attach one end 

of the string to the battery, and the other end to your 

desk. 

2 Hold the battery to one side, then release it, causing 

the battery to swing back and forth like a pendulum. 

3 Using your stopwatch and ruler, measure the 

maximum and minimum horizontal displacement 

reached by the battery, and the times at which they 

occurred. You may need to repeat the experiment 

  

: - horizontal 
several times, but make sure the battery is released displacement 

from the same position each time. 

4 Use your data to find a trigonometric function which models the horizontal displacement of the 

battery over time. 

What part of the function affects the period of the pendulum? 

6 Repeat the experiment with strings of different length. Explore the relationship between the 

length of the string and the period of the pendulum. 

I e TN FkCTION 
We have seen that if P(cos6, sinf) is a point which 

is free to move around the unit circle, and if [OP] is 

extended to meet the tangentat A(1, 0), the intersection 

between these lines occurs at Q(1, tan6). 

  

      . tan 6 
This enables us to define the tangent function 

0 x 

sin - > 
tan g = . -1 (1,0) 

cos 6 

We have also seen that tan 6 is: 

e positive in quadrants 1 and 3 

e negative in quadrants 2 and 4 tangent 

e periodic with period 7. 

  

What happens to tan # when P is at: 

a (1,0) and (—1,0) b (0,1) and (0, —1)?



TRIGONOMETRIC FUNCTIONS  (Chapter 17) 465 
  

THE GRAPH OF y = tanx 

tanz is zero whenever sinz =0, so the zeros of y = tanxz are km, k € Z. 

tanz is undefined whenever cosz = 0, so the vertical asymptotes of y = tanz are = = 3 + k7w 

for all k€ Z. 

tan has period = 7 and range y € R. 

  

  

Click on the icon to explore how the tangent function is produced from the unit circle. TANGENT FUNCTION 

THE GENERAL TANGENT FUNCTION 

The general tangent function is y = atan(b(z —c¢))+d, a#0, b> 0. 

Example 8 

  

Without using technology, sketch the graph of y = tan (x + %) for 0 <z < 3m. 

y = tan (ar + %) is a horizontal translation 

of y=tanz to the left by F units. 

y = tanz has vertical asymptotes = = 

_ 3 _5 T=3, v= 

0, 7, 2, and 3. 

¢, and its z-intercepts are 

y=tan(z+ Z) has vertical 

asymptotes x = 

and z-intercepts 2%, IF and 4T, 

The principal axis is y = d. DYNAMIC TANGENT 
. FUNCTION 

The period of this function is 3 

The amplitude of this function is undefined. 

There are infinitely many vertical asymptotes. 

LR AT 

s 
2> 

  

s _ 57w _ 97 
T T=7 T= 

  
4 4>  
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Ao 

Without using technology, sketch the graph of y =tan2z for —7 <z < 7. 

  

  

y = tan2z is a horizontal stretch 

of y =tanz with scale factor % 

Since b =2, the period is Z. 

y = tan 2z has vertical asymptotes 

z==+2, =43 and   

      

  

  

    z-intercepts 0, &5, £   

  

  
EXERCISE 17F 

1 State the transformations which map y = tanz onto: 

a y=tan(z—%) b y=4tanz c y=tan(%x) 

d y=tan2z—1 e y=—1tanaz f y=tan(z+m)+2 

2 State the period of: 

a y=tan3z b y=tang ¢ y=tannw 

d y=—tan(Zz) e y=tan(Z 1) f y=tannz, n#0 

3 For each function, write down the: 

i zeros i vertical asymptotes. 

a y=tan2z b y=tan(z+ %) ¢ y=4tan(g(z—%)) 

L Sketch the graph of the following for —27 < z < 2m: 

a y=tan(z—%) b y=%tan% < y=3tan(z—%) 

5 Find p and ¢ given the following graph is of the function y = tanpt + q.    
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6 Find the possible values of a and b given the following graph is of the function y = tana(xz — b). 

S 
7 a Describe the sequence of transformations used to transform y = tanz into 

y= 2tan(z + %) -1 

b Sketch y=2tan(z+§) —1 for —27 <z < 2. 

  

8 Show that the general tangent function y = atan(b(z —¢)) +d, a # 0, b > 0, has asymptotes 

= le(2k+1)+c for all k € Z. 

9 Consider the functions f(z) = tanz and g(z) =2x — 3. 

  

a Find: 

i (fog)(x) it (go f)(x) 
b Find the value of: 

i (fo9)(3) i (go f)(m) 
¢ Write down the period and vertical asymptotes of: 

i (fog)(=) it (gof)(x) 
d  Sketch the graphs of (fog)(z) and (go f)(z) for —27 <z < 2m. 

ACTIVITY 3 

Click on the icon to run a card game for trigonometric functions. R 

[ I TRIGONOMETRIC EQUATIONS 
Trigonometric equations will often have infinitely many solutions unless a restricted domain such as 

0 << 3m is given. 

In the Opening Problem, the height of the green light after ¢ seconds is given by H(¢) = 10 sm( ) +12 

metres. So, the green light will be 16 metres above the ground when 10 sln(m ) +12 = 16. 

This trigonometric equation has infinitely many solutions provided the wheel keeps rotating. For this 

reason we would normally specify a time interval for the solution. For example, if we are interested in 

the first three minutes of its rotation, we specify the domain 0 < ¢ < 180.
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We will examine solving trigonometric equations using: 

e pre-prepared graphs e technology e algebra. 

GRAPHICAL SOLUTION OF TRIGONOMETRIC EQUATIONS 

If we are given a graph with sufficient accuracy, we can use it to estimate solutions. 

ORI 

Solve cosxz = 0.4 for 0 < x < 10 radians using the graph of y = cosz. 

  

o 

- 

  

y=0.4 meets y=cosx when z~1.2,5.1,0r7.4. 

The solutions of cosz = 0.4 for 0 <z < 10 radians are 1.2, 5.1, and 7.4.     
  

EXERCISE 17G.1 

  
Use the graph of y =sinx to solve, correct to 1 decimal place: 

15 a sinx=0.3 for 0<x<15 b sinz=-04 for 5<x < 

<z <27 

X <X 

¢ sinz =03 or 0<x<27 d sinz=-0.6 for 7
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Use the graph of y = cosz to solve, correct to 1 decimal place: 

10 b cosz=-0.3 for 4 12 

2 d cosz=-08 for % 

< 

<y 
a cosx=04 for 0<z< <z 

¢ cosz =05 for m<xz < <z 

3 Y 

y=sin 2z 

  

Use the graph of y =sin2z to solve, correct to 1 decimal place: 

a sin2x =0.7 for 0 <z <16 b sin2z = —-0.3 for 

¢ sin2x =02 for 7 <z <27 

4 Use the graph of y = tanx to solve, 

correct to 1 decimal place: 

a tanx =2 for 0 <x <8 

b tanz=-14 for 2<z <7 

¢ tanz =35 for 0 <z <27 

d tanz=-24 for 3 <o <  
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SOLVING TRIGONOMETRIC EQUATIONS USING TECHNOLOGY 

Trigonometric equations may be solved numerically using either a graphing package or GRAPHING 

  

a graphics calculator. In most cases the answers will not be exact, but rather a decimal PACKAGE 

approximation. 

When using a graphics calculator, make sure that the mode is set to radians. 

Example 11 ) Self Tutor 

Solve 2sinx —cosx =4 —x for 0 < x <27 

We graph the functions Y; = 2sinX — cosX and Yz =4 — X on the 

same set of axes. 

. L . GRAPHICS 
We use window settings just larger than the domain: CALCULATOR 

INSTRUCTIONS 

Xmin = —Z Xmax = 8% Xscale = Z 

Casio fx-CG50 TI-84 Plus CE TI-nspire 

CALC INTERSECT 

4 TNTSECT. 
X=1.816721316 ¥=2.183278684 

Intersection 
%=3.2750811 ¥=0.7249189 

The solutions are x ~ 1.82, 3.28, and 5.81.   
EXERCISE 17G.2 

1 Solve for x on the domain 0 < z < 12: 

a sinz = 0.431 b cosz = —0.814 ¢ 3tanz—2=0 

2 Solve for x on the domain —5 < x < 5: 

a bcosx—4=0 b 2tanz +13=0 ¢ 8sinz+3=0 

3 Solve for 0 <z < 27 

a sin(z + 2) = 0.0652 b sin’z+sinzr—1=0 

  4 Solve for z:  cos(z — 1) +sin(z + 1) = 6z + 522 —2® for —2 <z <6.   

5 A goat is tethered by a rope to the edge of a circular This problem was 
grass field. The ratio of the rope length to the radius solved for a “hypergoat” 
of the field is =, where 0 <z < 2. in n-dimensional 

a Write a function P(z) for the proportion of the “hyperspace” by Jean 

field which the goat can graze. Jacquelin in 2003. 

b Sketch P(z). 

¢ Find, to 3 decimal places, the value of z such that 

the goat can graze exactly half of the field. 

B [EXE]:Show coordinates LU U G WAL LED LI GR [ 1. *Unsaved v 
Y1¥®sin x-cos x 
vota- 

] 
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SOLVING TRIGONOMETRIC EQUATIONS USING ALGEBRA 

Exact solutions obtained using algebra are called analytic solutions. We can find analytic solutions to 

some trigonometric equations, but only if they correspond to angles for which the trigonometric ratios 

can be expressed exactly. 

We use the periodicity of the trigonometric functions to give 

us all solutions in the required domain. Remember that sinz 

and cosz both have period 27, and tanz has period 7. 

For an equation such as sin2z = % on the domain 

0 < z < 27, we need to understand that if 0 < z < 27 

then 0 < 2z < 47. So, when we consider points on the unit 

circle with sine %, we need to consider angles from 0 to 4. 

  

  
Example 12 

Solve for x on the domain 0 < z < 27 

a cosxzfé b 2sinz—1=0 

  

When solving trigonometric 

equations, you must find all 

of the solutions in the 

required domain. 

  

  

b 2sinz—1=0 
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EXERCISE 17G.3 

TRIGONOMETRIC FUNCTIONS  (Chapter 17) 

1 Solve for x on the domain 0 < x < 27: 

a cosz:% b sinx:—% c tanz:% 

d sinz=-1 e cosz =0 f tanz =0 

2 Solve for z on the domain 0 < z < 27 

a 2sinz =43 b 3cosz+3=0 ¢ 2tanz—2=0 

3 Solve for z on the domain 0 < = < 47 

a 2cosx+1=0 b 2sinz=1 ¢ tanz =1 

4 Solve for x on the domain —27 < z < 27 

a 2sinz++3=0 b V2cosz+1=0 ¢ tanz = —1 

Example 13 

Solve cos®z = 

on 0<x< 27 

  

LR AR (T8 

  

  

5 Solve forz on 0 <z < 27 

  

  

  

    

      
    

   

a cos’z=3 b sin’z = ¢ tan’z =3 

I R, 
Solve exactly for 0 <z < 3m: 

o1 : _ 1 1 a sinz=—35 b sin2z=—3 =5 

The three equations all have the form sinf = —3. 

a 0<z<3m 
7 11w 

T=7% o 
b In this case 6 is 2z. 

If 0<x <37 then 0 <2z < 67. 

_ 7n lx 197 237 3lx 35 
2=, 5 6 6 e TG 

__ Im 1llm 197 23w 31w 357 
T=13> 12> 12> 12 12T T3 
. . _ = 

¢ Inthis case 0 is = — §. . Start at —& and work 

If 0<z<3m then -2 <z—%Z <& 
ST 6 = 6= 6 around to UT”, recording 

r— L —_x In o 1l . 
6 6> 6° 6 the angle every time 

=0, %", or 21 you reach points A and B.         
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6 If 0 <z < 2w state the domain of: 

a 2 b % cz+Z d z-% e 2(z—%) f —a 

7 If —7m <ax <, state the domain of: 

a 3z b % cz—% d 2+ % e —2z f m—x 

8 Solve exactly for 0 <z < 37 

a cosz=1 b cos2z=1 ¢ cos(z+3)=1% 

9 Solve forzon 0 <o < 2m: 

a sin2z=—% b cosSx:@ ¢ tan2z —v3 =0 

d sin%z% e 2cosf+1=0 f 3tang —3=0 

10 Solveforz on 0<x < 27: 

a 0052390:% b sin?2z=1 c tanz(%)z% 

  

e TICR ] LR (R (L) 

Find the exact solutions of v/3sinz = cosz for 0 <z < 2. 

  

V3sinz = cosz 

  

  

  

== {dividing both sides by V3 cosx} 
cosT 

= tanz = 73 

_ 7 z =% or & 

11 Find the exact solutions for 0 <z < 27: 

a sinz = —cosz b sin3xz = cos3x ¢ sin2z =+/3cos2z 

  

Example 16 

Solve ficos(z—%")+1=0 for 0 <z < 6m.      
Start at —3:1—" and work 

around to 2‘11—”, recording 

the angle every time 

you reach points A and B. 
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12 Solve exactly: 

  

a cos(zf%”):%, —or <z <2 b fisin(wf§)+1:0,0<z<37r 

c Sin(4(m—%)) =0, 0<x<n d 2sin(2( —%)):—\/3, 0<x <2 

13 Find the unknowns in each function: 

a y y=3sinbr+d b 

V6 

< d 

  

p—T y:SCos(b( T ))+d 

  

14 Find the exact solutions of tanz = /3 for 0 < z < 27. Hence solve the following equations 

for 0 <z <2m: 

) b tandz = /3 ¢ tan’z =3 r— I a tan( G 

Solve forz on 0 <z 

  

< 27, giving your answers as exact values: 

a 2sin’z4sinz =0 b 2cos?z+cosz—1=0 
  

2sin’z +sinz = 0 

sinz(2sinz + 1) =0 

. sinz =0 or — 

| 0 

z=0,m, %’, 11T",0r27r   
  

2cos?z + cosz —1=0 

(2cosx — 1)(cosz +1) =0 

b 

  

    

15 Solve for 0 <z <27 giving youl 

a 2sin’z —sinz =0 

2cos?z = cosx 

2cos?x —cosx —1=0 

b 

< 

d 2sin’z+3sinz+1=0 

r answers as exact values: 

   

  

    
    

   
In a we cannot simply divide through 

by sin z, or we will lose the solutions 

corresponding to sinz = 0. 

 



TRIGONOMETRIC FUNCTIONS  (Chapter 17) 475 
  

[N USING TRIGONOMETRIC MODELS 
Having studied trigonometric equations, we can now apply them to the trigonometric models studied in 

Section D. 

Example 18 

The height of the tide above mean sea level on January 

24th at Cape Town is modelled by h(t) = 3sinZt 

b 

< 

d 

  

metres, where ¢ is the number of hours after midnight. 

  

6 

Graph y = h(t) for 0 <t <24 

When is high tide and what is the maximum height? 

What is the height of the tide at 2 pm? 

A ship can cross the harbour provided the tide is at 

least 2 m above mean sea level. When is crossing 

possible on January 24th? 

  

  

h(0) = 0 
h(t) = 3sin & has period = QTfl =27 x & =12 hours 

© 

) A 

-+ 

3 6 9    
High tide is at 3 am and 3 pm. The maximum height is 3 m above the mean as seen at points 

A and B. 

At2pm, t=14 and h(14) = 3sin 4T ~ 2.60 m. 

So, the tide is 2.6 m above the mean. 

  

We need to solve h(t) =2, so 3sinZt =2. 

Using a graphics calculator with Y; = 3sin % and Yy =2 

we obtain t; ~ 1.39, to &~ 4.61, t3 ~ 13.39, t4 ~ 16.61 

Now 1.39 hours = 1 hour 23 minutes, and so on. 

So, the ship can cross between 1:23 am and 4:37 am or 1:23 pm and 4:37 pm.  
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EXERCISE 17H 

1 The population of grasshoppers after ¢ weeks is P(t) = 7500 + 3000 sin %‘ for 0 <t <12 

a Find: 

i the initial population il the population after 5 weeks. 

b What is the greatest population size over this interval and when does it occur? 

¢ When is the population: i 9000 ii 60007 

d During what time interval(s) does the population size exceed 10000? 

2 The model for the height of a passenger on a Ferris wheel is H (t) = 20 — 19 cos %, where H is 

the height in metres above the ground, and ¢ is in minutes. 

a Where is the passenger at time ¢ = 0? 

b At what time is the passenger at the maximum height in the first revolution of the wheel? 

¢ How long does the wheel take to complete one revolution? 

d  Sketch the graph of the function H (t) over one revolution. 

e The passenger can see his friend when he is at least 13 m above the ground. During what times 

in the first revolution can the passenger see his friend? 

3 The population of water buffalo is given by P(t) =400 + 250 sin It 

where ¢ is the number of years since the first estimate was made. 

a What was the initial estimate? 

b What was the population size after: 

i 6 months il two years? 

¢ Find P(1). What is the significance of this value? 

d Find the smallest population size and when it first occurred. 

e Find the first time when the herd exceeded 500. 

  

L Over a 28 day period, the cost per litre of petrol was modelled by 

C(t) =9.2sin(Z(t —4)) +107.8 cents L~1. 

a True or false? 

i “The cost per litre oscillates about 107.8 cents with maximum price $1.17 per litre.” 

i “Every 14 days, the cycle repeats itself.” 

b What was the cost of petrol on day 7, to the nearest tenth of a cent per litre? 

¢ On which days was the petrol priced at $1.10 per litre? 

d  What was the minimum cost per litre and when did it occur? 

5 A paint spot X lies on the outer rim of the wheel 

of a paddle-steamer. The wheel has radius 3 m and X 

rotates anticlockwise at a constant rate. X is seen ~ § 

entering the water every 4 seconds. T 

H is the distance of X above the bottom of the 

boat. At time t =0, X is at its highest point.       water level 

a Find a cosine model for H in the form 

H(t) = acos(b(t — ¢)) +d. bottom of the boat 

b At what time ¢ does X first enter the water?
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REVIEW SET 17A 

1 Which of the following graphs display periodic behaviour? 

b 

   
2 State the minimum and maximum values of: 

a 1+sinx b —2cos3z 

3 State the period of: 

z g b y=—2cosdz a y=4sin 

€ y=4cos§ +4 d y=%tan3z 

4 Copy and complete: 

Function Period | Amplitude | Range 

y=—-3sin+1 
  

Yy = 3cosmx 

  

5 a Draw the graph of y =cos3z for 0 <z < 27. 

3n b Find the value of y when x = =F. Mark this point on your graph. 

6 Sketch the graphs of the following for —27 < z < 27: 

a y=4sinx b y=sin(z—%)+2 ¢ y=sin 

d y:cos(ac+§) e y:%cosx f y=cosdx 

7 State the transformations which map: 

a y=sinz onto y=3sin2x b y =cosz onto y:cos(acfg)fl 

¢ y=tanz onto y = —tan2z d y=sinz onto y=2sin(%—%)+3 

8 Find the cosine function represented in each of the following graphs: 

) 

   
9 Sketch for 0 < z < 4m: 

a y=tan2 b y=;tang
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1 

12 

13 

14 
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a Describe the sequence of transformations which maps y = tanz onto y = tan3xz + 2. 

b State the period of y = tan3z + 2. 

¢ Sketch y =tan3z+2 for —7 <z < 7. 

The graph of f(z) = asin(b(z — ¢)) + d is shown 

alongside. 

a Find the values of a, b, ¢, and d. 

b The function g(z) is obtained by translating f(z) 

2 units right and 3 units down, followed by a 

vertical stretch with scale factor 2. 

Find g(x) in the form g(z) = psin(q(z—7))+s.    (=3,3) 

The proportion of the Moon which is illuminated each night is given by the function 

M(t) = 3 cos(#t) + 3, where ¢ is the time in days after January 1st. 

a Sketch the graph of M against ¢ for 0 < ¢ < 60. 

b Find the proportion of the Moon which is illuminated on the night of: 

i January 6th ii January 21st ili January 27th iv February 19th. 

How often does a full moon occur? 

Q 
n 

On what dates during January and February is the Moon not illuminated at all? 

On an April day in Kyoto, the maximum temperature 

14.1°C occurred at 2:30 pm. The minimum was 6.7°C. 

a Suggest a sine function to model the temperature 

for that day. Let 7" be the temperature and ¢ be the 

time in hours after midnight. 

b Graph T'(t) for 0 <t < 24. 

     

A robot on Mars records the temperature every Mars day. A summary series, showing every 

one hundredth Mars day, is shown in the table below. 

  

  

  

  

a Find the maximum and minimum temperatures recorded by the robot. 

b Use the data to estimate the length of a Mars year. 

¢ Without using technology, find a sine model for the temperature 7" in terms of the number 

of Mars days n. 

d Draw a scatter diagram of the data and sketch the graph of your model on the same set of 

axes. 

e Check your answer to ¢ using technology. How well does your model fit?
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Use the graph of y = cosz on the domain 0 < z < 47 to solve, correct to 1 decimal place: 

a cosx=-04 b cosz=0.9 

16 Solve for 0 <z < 8: 

a sinx = 0.382 b tan$ = —0.458 

17 Solve: 

a cosx =0.4379 for 0 <z <10 b cos(z —2.4) =—-0.6014 for 0<z <6 

18 Solve for 0 <z < 27 

a 2sinx=-1 b V2cosz—1=0 € 2cos2x+1=0 

19 Solve algebraically for 0 < = < 27, giving answers in terms of 7: 

a tan?2r=1 b sin’z—sinz—2=0 ¢ 4sinz=1 

20 Find the exact solutions of: 

a 2cos(z+%)—1=0,0§z<47r b tan2z—v3=0, 0< 2 <21 

21 An ecologist studying a species of water beetle estimates the population of a colony over an 

eight week period. If ¢ is the number of weeks after the initial estimate is made, then the 
mt population in thousands can be modelled by P(t) =5+ 2sin &t where 0 <t < 8. 

a What was the initial population? 

b What were the smallest and largest populations? 

¢ During what time interval(s) did the population exceed 6000? 

REVIEW SET 17B 

1 Consider the graph alongside. 

a Explain why this graph shows periodic 

behaviour. 

b State: 

i the period 

ii the maximum value 

ifi the minimum value. 

 



480 

1 

12 

TRIGONOMETRIC FUNCTIONS  (Chapter 17) 

State the transformation which maps: 

a y=-cosz onto y=cos(a:—§)+1 b y=sinz onto y=sin3z. 

State the period of: 

2z a y=4sing b y=tandx 

Find b given that the function y =sinbz, b > 0 has period: 

a 6m b & <9 

State the minimum and maximum values of: 

a y=5sine—3 b y=2cosz+1 

Find the principal axis of: 

a y=—§sin(z—%)+5 b y=2coss—4 

Sketch the graphs of the following for 0 < x < 27: 

a y=2cos3z b y:2sin(z7§)+3 < y:7COS($+ 

S 
El
 

) 
d y=2sinz—3 e y=32tan(z— %) f y=2tanZ 

a Find the sine function shown in this graph. 

b Write down the equivalent cosine function for this 

graph. 

  

Draw the graph of y = 0.6cos(2.3z) for 0 <z < 5. 

Find a and b given the graph of ; i Y 

y =tanaz +b shown. i 

  

ol
 

|
y
 8 

State the transformations which map: 

a y=tanz onto y = —tan2z 

b y=sinz onto y=2sin(3(z—3)) +3. 

As the tip of a windmill’s blade rotates, its height above ground is 

given by H(t) =10 cos(%t) -+ 20 metres, where ¢ is the time in 

seconds. 

a Sketch the graph of H against ¢ for 0 <t < 36. 

b Find the height of the blade’s tip after 9 seconds. 

¢ Find the minimum height of the blade’s tip. 

d 

  
How long does the blade take to complete a full revolution?
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13 A steamroller has a spot of paint on its roller. As the 

steamroller moves, the spot rotates around the axle. 

The roller has radius 1 metre and completes one full 

revolution every 2 seconds. 

a What does the graph of the spot’s height over 

time look like? 

b What function gives the height of the paint spot 

over time? 

  

14 The table below gives the mean monthly maximum temperature for Perth Airport in Australia. 
  

Month (t) Jan | Feb | Mar | Apr | May | Jun Aug | Sep | Oct | Nov 

  

Temperature (°C) | 31.5 [ 31.8 | 29.5|25.4|21.5 | 18.8 | 17.7|18.3 | 20.1 | 22.4 [ 25.5 | 28.8 
  

a A sine function of the form 7'~ asin(b(t — ¢)) + d is used to model the data. 

Find good estimates of the constants a, b, ¢, and d without using technology. 

Use Jan = 1, Feb = 2, and so on. 

b Draw a scatter diagram of the data and the graph of your model on the same set of axes. 

¢ Check your answer to a using technology. How well does your model fit? 

z 15 Consider y =sin % on the domain —7 < x < 7. Use the graph to solve, correct to 1 decimal 

  

  

  

  

  

  

                                                      

place: 

a sing =-09 b sin%:% 

i | i i 
EEEEEEEEEEEEEE) 0:5 

| | 
=T =5 =4 =3 =20 =1 1 2 3 4 5 6 T[T 

—0:5 

L | | 
16 Solve for 0 <z < 27 

a cosx=0.3 b 43 + 8sinz = 50.1 

17 Solve for 0 <z < 10: 

a tanz =4 b tanf =4 ¢ tan(z —1.5) =4 

18 Solve for 0 <z < 27 

a 2sin3z=—3 b fitan%:—l ¢ cos2z = +/3sin2z 

19 Suppose f(z)=cosz and g(z)=2z. Solve for 0 <z < 2m: 

a (fog)(z)=1 b (g0f)(z)=1 
20 Find exact solutions for z given —7w < x < 7 

a tan(er%):f\/?_) b tan2z = —/3 ¢ tan’z—3=0
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21 Find the z-intercepts of: 

a y:2sin3x+\/§ for 0 <z < 2m b y:\/isin(er%) for 0 <z <3m 

22 In an industrial city, the amount of pollution in the air 

becomes greater during the working week when factories 

are operating, and lessens over the weekend. The number 

of milligrams of pollutants in a cubic metre of air is given 

by P(t) = 40 + 12sin (35 (¢t — 3%)) where ¢ is the 
number of days after midnight on Saturday night. 

a What is the minimum level of pollution? 

  

b At what time during the week does this minimum 

level occur?
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EXERCISE 1A B e 

1 a 

< 

e 

2 a 

d 

3 a The gradient is —10 which means that the balance in the 

account decreases by $10 each year. 

The y-intercept is 90 which means that the initial balance was 
2 a 

$90. 

b y=—-10z+ 90 ¢ 9 years 

23 _ _ 23 4 a -2 boy=-222+46 
5 a 150 metres 

b The height of the helicopter above sea level increases by 

120 metres each minute after taking off. 

¢ 390 metres d 4 minutes 10 seconds 

6 adrty=6 b Sz—y=3 ¢ 3z +4y=>5 
< d 2N 

d 3z—-5y=1 

_ _ 3 2 _ 7 ay7;5z+24 by=-32z-3% cy=2x-6 S oot sy 15 

dy= 50+13 . J le N & 

8 ax + by = d can be written as y = 7335 + 3 which has the z 
v 

form y =mzx +c. .. mzf2 
b e f AY 

9 adzt+y=6 b z—2y=13 ¢ br+3y=28 22 

d Tz —6y =17 > 

10 ay=2z2+5 by=-z+9 cy=ZIz- 4 
dy:—%x+% Ta + 4y =42 

M a2x—y=-2 b 3z + 10y = ¢ 8¢ +5y=—13 

_3._5 _5 < > 12 ay=3z—3 b —2 

13 ay=3z+1 b 2—y=7 cy=da+ U Y 
d2z—-y=-3 3 am:—%,c:Q b i yes Qi no iii yes 

14 Line I: y:%:c-%—%, Line 2: y:—%:c—4 < 

15 a yes b no ¢ yes d yes 

16 ac= b m=11 ¢ t= 

17 a k=-3 b k=-51 ¢ k=-12 

18 az—y+2=0 b -2 19 126 units? 

EXERCISE 1B 

1 a b AY                   

  

      

  

  

4 a zx-intercept 9, y-intercept —6 

b i yes il no cc 

d 

  

  

                Il | 3     

  

  

  

  

  

      
      

      

      

      

Y&
 

      

      
      
                                                                  

  
   



5 a x serves of nigiri at $4.50 each and y serves of sashimi at 

$9 each adds up to a total of $45. . 4.5z + 9y = 45 

b 3 serves of sashimi d 
  

    
  

¢ 8 serves of nigiri 5 
  

  

  

                  
00 10 =z 

EXERCISE 1C B 

1 

2 

9 

a (44 b3 ¢ -1 d z+3y=16 

a2c—y=3 b 3z—y=2 cr—y=>5 

d2c—y=2 ex=3 f 8z +6y =35 

a2z —3y=2 b 2(1)-30)=2 v 
¢ PR = QR = /26 units 

a AB=BC=CD=AD= \/fiunits .. ABCD is a rhombus. 

by=—x ¢ B 2=—-(-2) v D -1=-(1) Vv 

a i3 i —2 b 22+3y—21=0 

_%,1) 

o
 

o 

The perpendicular bisector of the line joining the two hospitals 

is 10z +12y = 7. An ambulance crew should be sent from 

A to locations below this line, and from B to locations above 

this line. 

a Hint: Start by finding the gradient and midpoint of [AB]. 

b We can find the perpendicular bisector of any two points 

A(z1, y1) and B(za, y2) by substituting in the values of 

z1, T2, y1, and ya2. 

a iz4+y=6 il z—3y=0 il z4+3y=9 
  

  

  

  

  

  

  

  

      
    

  

                        
The perpendicular bisectors all intersect at (% 

A, B, and C are all equidistant from this point. 

¢ The perpendicular bisectors of each pair of points will meet 
at a single point. As the three points are equidistant from 

the point of intersection, a circle centred at the point of 

intersection that passes through one of them will pass through 
all of them. 

a i 9z+1ly=-37 il 3z+y=-10 

il 3z —Ty=-3 

  

   

  

  

  

  

e & 

| 

  

  

  

  

  

  

  

  

  -t 
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EXERCISE 1D B 

  

  

  

  

  

  

        

  

              
  

1 az=-2 y=-4 brz=1 y=-3 

cr=6 y="7 dz=3 y= 

e =06 y= foe=2 y=-12 

2 ax=3 y= br=1 y=— 

cr=-1 y=8 dz=5 y=8 

ex:74,y:7% fxzflé—i,y—ffi 

g x=-3 y=31 ho=-21 y=3 

i 1 _3 Pfrz=4 y=% 

3 az=2 y=1 bxz=3 y=-1 

cx=3 y="7 d :%,y:él 

1 _q1 _ erx=g, y=13z fao=5 y=-2 

g x=-3 y=—4 hz:74%,y:72% 

i x=-282 y=-172 

a 124 units? b 15 units? 

5 a ¢ no solutions 

- 

The lines are parallel. 

6 a Ay ¢ infinitely many 
solutions 

  

  

  

                  

  

  

The lines are coincident. 

7 a %andm 

b m= %, in this case the lines are coincident and hence there 

are infinitely many solutions. 

cx=0 y=-6 

4 
8 a —and2 - 3 

b ¢ =6, in this case the lines are parallel and hence there are 

no solutions. 

    

  

  

  

  

  

  

  

  

  

  

                  

18 + 3¢ 24 
¢ xr= s Y= 

6—c 6—c 

REVIEW SET 1A NS 

1 a y b Yes, the variables are 

20 linearly related as the 
points all lic on a 

16 straight line. 

. ¢ gradient is —3, 
12 y-intercept is 20 

8 d y=-3z+20 

e y=-1 

4 

€T 

0 — 
012345
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2 a 

3 a 

5 a 

< 

6 a 

a 

b 

8 a 

9 a 

10 a 

11 a 

b 

    

    

    

    

    

  

  

  

                          

  

  

  

  

  

  

                        

ANSWERS 

y=-3z+4 b a+3y—12=0 

3z —2y =12 b 4 & a yes b yes 

AY b AV 

- 247 
x| 

3z —4y=T72 

=18 

Y Y 

AY 

v 

y=-—1 b 3z—-2y=9 

i Tz +5y=—-6 il bz —Ty=1 

ABCD is a square. 

r=-2 y=-5 brz=4 y=-2 

r=1 y=17 bz=-1y=2 

r=3 y=-1 bao=-4 y=3 
1 1 —5 and —3 

i k#4 i k=4 

If k # 4, the lines are parallel and hence there are no 

solutions. 

If k = 4, the lines are coincident and hence there are 

infinitely many solutions. 

REVIEW SET 1B IS 

n
 

o 
o 

o 
O 

The gradient is 10 which means that the speed increases by 

10 ms~! cach second. 

The y-intercept is 5 which means that the initial speed was 

5ms~1 

1 y=10x +5 ¢ 85 ms™ 

y=3z+1 b 5z —2y=-3 

k=7 b k=-11 
    

b 
  

  

  

  

  

  

  

  

  

  

  

  

  

          

  

                
  

  

    

  

  

  

  

  

  

                  
  
  

6 

8 

  

  

  

  

  

  

  

  

  

  

                  

  

            

m=2 c 

b i yes 

ii no 

1084 wnits> 7 a i L Qi -5 b bsz+y=22 

a i2z4+y="7 il z+3y=11 iii z—2y=—4 
  

  

  

  

  

  

    
      

  

                  
All three perpendicular bisectors intersect at (2, 3). 

A, B, and C are all equidistant from this point. 

    

az—%.y:4 bz=-2 y=4 

ax=3 y=-% b z=14, y=-33 

a —% and % 

b a = —2, in this case the lines are parallel and hence there 

are no solutions. 

2 a+3 
¢ z= TR 

a+2 a+2 

EXERCISE 2A B 

1 a A={1,24,8}, n(A) =4 
b A={4,6809, 10,12 14, 15, 16, 18}, n(A) =10 
¢ A={A,R D, V,K}, n(4)=5 
d A= {41,43,47}, n(A)=3 
a finite b infinite < infinite 

a i6 i 3 

b i true i false il true iv true v true 

a subsets of St @, {1}, {2}, {1, 2} 

subsets of T @, {1}, {2}, {3}, {1, 

{1, 2,3} 

b yes < % 

2}, {1, 3}, {2, 3}, 

Each of the four elements can be included or not included in a 

subset. 

the set has 2 X 2 X 2 x 2 = 16 subsets. 

r=3 

If A C B, then all elements of A are in 

If B C A, then all elements of B are in 

B. 

A. 

This is only possible if A and B contain exactly the same 

clements. 

A=B. 

EXERCISE 2B W 

a i AnNB={9} 
i AUB={5,6,7,8,9,10,11, 12, 13} 

b i ANB=9o i AUB =11 .2,3,4,5,6,7, 8}



   
¢ i ANB={1,3,57} 

AUB={1,2,3,4,5.6,7.8,9} 
d ANB = {5,8} 

i AUB=1{0,1,3,4,5,8, 11, 13, 14} 
2 a disjoint b not disjoint 

3 a True, RNS = o tells us that R and S have no elements 

in common, and hence are disjoint. 

b True, every element of AN B is an element of A, and every 

clement of AN B is an element of B. 

¢ True, if AN B = AU B then there are no elements that 

are inonly Aoronly B. ... A=B. 

d False, consider A = {1, 2,3, ...} and 

B ={-1, -2, —3, ...} which arc infinitc but ANB =& 

which is finite. 

4 Not necessarily, consider A = {1, 2}, B = {3, 4}, and 

C={1,6}. ANB=@ and BNC =@, but 

ANC = {1}, so Aand C are not disjoint sets. 

5 a n(ANB)=0,1,2,34,56,70r8 
b n(AUB) =11, 12, 13, 14, 15, 16, 17, 18, or 19 

6 Each elementin A U B must be in A or B, or both. It is not 

possible that n(A U B) > n(A) + n(B) 
n(AU B) < n(A) + n(B) 

EXERCISE 2C NN 

1 a A ={1,4,509} 
b No, since 1 is neither prime nor composite. 

2 a A={10,12, 15, 20} b B = {12, 15, 18} 
¢ A’ ={11, 13, 14, 16, 17, 18, 19} 

d B’ = {10, 11, 13, 14, 16, 17, 19, 20} 
e AnB={12, 15} f AUB = {10, 12, 15, 18, 20} 
g A'NB = {18} 
h A’UB = {11, 12, 13, 14, 15, 16, 17, 18, 19} 

i AnB = {10, 20} 
i AUB = {10, 11, 12, 13, 14, 15, 16, 17, 19, 20} 

k A'N B = {11, 13, 14, 16, 17, 19} 

I A"U B’ ={10, 11, 13, 14, 16, 17, 18, 19, 20} 

3 a iv7 ii 3 iii 4 iv 4 v 3 

b For any set S within a universal set U, 

n(S) +n(S’) = n(U). 

h a9 b 11 

5 As P C Q, then all elements of P are in Q. 

. if an element is not in @ then it is not in P. 

6 Let U={23,4,..} and P = {primes}. 

P’ = {composites} which is an infinite set. 

Let U=1{0,1,2.3 ..} and P={1,23,..}. 
P’ = {0} which is a finite set. 

EXERCISE 20 IS 

H
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2 a false b true ¢ false d true 

e false f true g true h false 

3 a true b true ¢ false d true 

e false f true g true h false 

4 a finite b infinite < infinite d infinite 

5 7= u{o} 

EXERCISE 2 NN 

1 a i The set of all & such that x is an integer between —1 

and 7, including —1 and 7. 

i A={-1,01,2,3,4,56,7} ii 9 

b i The set of all  such that z is a natural number between 

—2and 8. 

i A=1{0,1,2,3,4,5,6, 7} i 8 

¢ i The set of all real  such that = is greater than or equal 

to 0, and less than or cqual to 1. 

ii not possible 

iii A is an infinite set, n(A) is undefined. 

d i The set of all = such that x is a rational number greater 
than or equal to 5, and less than or equal to 6. 

ii not possible 

iii A is an infinite set, n(A) is undefined. 

2 a b 
bbbl Tty 
0 4 5 T 3 7 T 

< —» d «——o 
- - 

3 T 6 T 

€ —o f —o 
4—'—‘—» 4—‘—‘—» 

2 6 E3 3.6 10.2 T 

g o ° h ° ° 

< l 1 > - | 1 > 
5 9 T -1 6 T 

i D —— I +—o 
- - 

2 T ) T 

K —o o——> I — o——> 
- | | - - | I 

3 6 E3 2 4 T 

m <«—o0 o—o n 
B A <Losesseioede» 

3 7 12 0 5 10 R 

O <«—e —> P «—0 o—e 
L L -« 1 

0 4 T -1 5 8 T 

3 a{zeZ|-100<z<100} b {zeR|z> 1000} 
c {reQ|2<z<3} 

4 a {z|z>8} b {z|-1<z<4} 

c{zeZ|-3<z<4} 

d {reN|z<4} U {zeN|z=6} 

5 axe[-32 b z €3, oof czelo, 2 

d ze[l,4 U [6, 0 

6 a ACB b A¢B ¢ ACB d ACB 

e AZB f AZB 

7 a A=1{2,3,4,567 b A ={0,1,8} 
¢ B={56,78} d B’ ={0,1,2,3,4} 
ANB = {5617} f AUB ={2,3,4,5,6,7, 8}
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ANB ={2,3,4} 
P={1,2,4,714,28}, Q=1{1245,8,10,20,40} 
PnQ={1,24} 

PUQ = {1, 2,4,5,7, 8,10, 14, 20, 28, 40} 

n(P) +n(Q) —n(PNQ)=6+8—3=11 

C={-4,-3 -2, -1} 
=n(PUQ) 

D ={-7,-6, =5, —4, =3, —2, —1} 

CAD={-4 -3 -2 -1} 
CUD ={-7,-6, -5, —4, =3, -2, —1} 

d n(C)+n(D)—n(CND)=4+7—-4=7 

A={6,12,18,24,30}, B={L2,3,5,6,10, 15, 30}, 

=n(CUD) 

C =1{2,3,5,7, 11, 13, 17, 19, 23, 29} 
i AnB = {6, 30} 
ANC=o    

v AUBUC ={1,2,3,5,6,7,10, 11, 12, 13, 15, 17, 

i BnC=1{235} 
v ANBNC=2 

18, 19, 23, 24, 29, 30} 

n(A)+n(B)+n(C) —n(ANnB) —n(BNC) 

—n(ANC)+n(ANBNC) 
=54+8+10-2-3-0+0 
=18 
=n(AUBUC) 

EXERCISE 2F W 

  

5 

b 
A 

    

  

  
  

        

  

  

      Ul     

i A={a, b c d h,j} 

iii C={a,be f,il} 

  

il B={a,c de f, gk} 

iv AnNB =/{a,c, d} 

v AUB={a,bcde f g h j k} 

vi BNC = {a, e, f} 

=12 

=n(AUBUC) 

vii ANBNC = {a} 

vii AUBUC ={a,b,c,d, e, f, g, h, 4,4,k I} 

b n(4)+n(B)+n(C)—n(ANB) —n(ANC) 
—n(BNC)+n(ANBNC) 

=6+7+6-3-2-3+1 
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| @ | A B 
C c 

@ 

  

  

  

        
  

Ul ¢ Ul ¢ 

EXERCISE 2G e 

1 asb b6 ¢ 17 d 8 e 3 f 2 

2 a ia ii 3a iil 2a+4 v 4a+4 

v 3a—5 vi ba—1 

b ia=6 i a=32=64 

It is not possible to have a non-integer number of clements, 
as we have in ii. 

n(U) can be equal to 29, but not equal to 31. 

3 an(A)+nB)—n(AnNB)=(a+b)+(b+c)—b 

  

  

=a+b+c 

=n(AUB) 

b n(A)—n(ANB) = b)—bfafn(AfiB’) 

4 )+n(B)=a+b 
=n(AUB) 

U 

5 a5 4 a7 b 23 

EXERCISE 2H 

1 a L o b i 9 cavies 

ii 3 cavies 

iii 3 cavies 

v ® 

2 a & Umb b i 4 days 

@ il 2 days 

v ® 

3 20 people 4 a 4 stalls b 27 stalls 

5 a 10 movies b 4 movies 

6 a b i 16 students 
B, C 

i 33 students 

@ iii 14 students 

@(@7@ iv 7 students 

U P (14)  
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7 a 29 students b 6 students ¢ 1student d 11 students 

8 a b i 2 students 

ii 4 students 

iii 4 students 

iv 16 students 

9 a b i 3 farms 
Ca L 

ii 4 farms 

iii 9 farms 

S (2 

1 0 a 5 

(12) 

b Yes, n(U) —n(LUSUI) =100 — 88 = 12 nations. 

¢ i 8 nations i 30 nations iii 7 nations 

REVIEW SET 2A 

1 a A={V,E,N}, B={D, LA, G, R, M} 
b n(A)=3, n(B)=6 

¢ ANB =@, “VENN”and “DIAGRAM” have no letters in 

common. 

d i false i true i true 

2 A’ = {12, 18, 24, 30, 42, 48, 54, 60} 
3 a true b false < true d false 

4 a b &——o 

bbb déo s -« L 
0 6 T -3 2 T 

< —e ~—> 
-l 

0 4 10 T 

5 a i P={1,23468, 12 24} 
i Q={1.2 356,10, 15, 30} 
PNnQ=1{1,2,3,6} 

iv PUQ={1,2,3,4,5,6,8,10, 12, 15, 24, 30} 
b n(P)+n(Q)—n(PNQ)=8+8—-4=12 

= n(PUQ) 
6 a b 

( . 

U U 

< 

M, 

U 

7 As P C @, then all elements in P are also in Q. 

An element which is not in ) must not be in P either. 

5. PNQ'=, Pand Q are disjoint. 

8 a P={1,305"79} Q=1{24,6,8, 10} 

b P and Q are disjoint. < 
  

P 

  

      

  

9 a 56 members < 

b i 8 members 

il 25 members 
  

iii 5 members 

d 11 members 

    

  

  

  

  

  

U 

10 a b i 72 students 
S H . 

39 students 

iii 268 students 

v (296) 

11 8 dishes 

12 a 9 students b 7 students ¢ 17 students 

REVIEW SET 2B B 

1 @, {1}, {3}, {5}, {1 3}, {1.5}, {3,5}, {1,3,5} 

  

2 asSnNnT=o b s+t 

3 a {zeR|5<x<12}, infinite 

b {ze€Z|-4<z<T}, Cnite 

¢ {z e N|z > 45}, infinite 

4 a ze]2 5 b ze 4, oof 

¢ xz€]-o0, 3] U [1, 00] 

5 a S={34,567} b 
2 7w 

c5 

6 a ACB b ACB ¢ AZB d ACB 

7 a X’ = {orange, yellow, green, blue} 

b X' ={-5 -3 -2,01,25} 
¢ X'={zcQ|z> -8} 

8 a A={1,2,4,58, 10,20,40}, B={1,2, 4,5, 10,20} 
b BCA 

< 

4 B 36 7 911 
12 13 14 15 16 

17 18 19 21 

22 23 24 25 26 

40 27 28 29 30 31 
8 32 33 34 35 36 

37 38 39 

Ul   

9 a P=1{3,45,6,738,9} b7 ¢ finite 

d i 2and 15 are in Q, but not in P 

il R={3,6,9}, all thesc clements arc in P, but R # P 

e i {9} i {9} i {2,3,6,9,15}



       

  

  

  

10 a b 1 27 members 

8 members 

iii 14 members 

11 4 students 

12 a 1 delegate b 7 delegates ¢ 15 delegates 

EXERCISE 3A 

1 a1l b V15 ¢ /30 d 42 
e 45 f /90 g —/640  h /288 

2 a6 b V6 c 2 d 

e V3 15 s % hog 
3 a2V/3 b 25 ¢ 3V3 d 3v6 

e 52 f 45 g 4/6 h 6V3 

5 a 5V/2 b —2 ¢ 25 d 85 

e —2v5 f9V3 g -3V6 h 3v2 

5 a 2V3 b 82 ¢ 5V6 d 103 

e 3V3 f -2 

6 a 3v2-2 b 12— 14V6 ¢ —84+10v2 

d —12v2+436 e 22+9V2 f 224147 

g —7—3 h 34 —30V2 i 30V5 — 47 

7 a 11+6V2 b 39123 ¢ 46 + 65 

d 89 — 2810 e 2 f —23 

g7 h 218 i 10+6v3 

EXERCISE 38 NN 

3 11v3 6 1 a ASC b is c AQC d 6v2 

. VB . 211 3 
5 i 3VT =7 ! A9£ 

2 a 8- V2 b 6+2v2 ¢ 2V6+2 
7 7 

d \,21;2\/5 e —3-2V2 t 2244 

- 111 e —7—3V5 38t [ 74+V5 
6 11 

i 28 +/2 i 17+ 77 ) Vi1 

23 3 5 
3 a3-2/2 b B L2 € 3-2V2 

11 6 T 2 d 2+5v2 e 3—2V2 f-L-ZV2 
T 17 45 29 

3 s teeY2 h R+ V2 
EXERCISE 3¢ N 

1 a 

b 

2l =2 22=4, 23=38 2%=16, 2° =32, 26 =64 

31=3, 32=9, 33=27 3%=281 3%=243, 

36 =729 
41 =4, 42 =16, 43 =64, 4% =256, 45 = 1024, 

45 = 4096 

-1 b1 c1 d -1 el f -1 

-1 h -32 i -32 | —64 k 625 I —625 

16384 b 2401 ¢ —3125 d —3125 

262144 f 262144 g —262144 

902.4360396 i —902.4360396 | —902.436 0396 

4 

5 

7 

0T b 0.027 

1 
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¢ 0.012345679 

Notice that a=™ = — and a® = 1. 

3 

an 

6 7 

a 21 +23+25+27+29 =125 =5% 
b 43 +45+47 +49 4+ 51 + 53 + 55 = 343 = 73 
€ 133 + 135 + 137 + 139 + 141 + 143 + 145 + 147 + 149 

+151 4 153 4 155 = 1728 = 123 

d1 

EXERCISE 3D W 

1 

10 

1 

12 

13 

a 

e 

=
 

-
 

E N
 

- 

    

  

    

  

  

  

k6 b 08+m c Tll d 75 

mfi f xSa—Z g 76d h mSt 

th i 76—n k xfis 1 313 

j12z n z7—4t o 1350(1 P w7p—1 

k5t—3 r xSm—n 

4% b 6w’ ¢ 4p? d 30c'! e d* f 3ab? 
. 3xy? 

and h £ 120824 | KU Kk xzy [ 

22 b 272 ¢ 23 d 273 e 2° f 275 

21 ho2=t 26 j 276 k27 | 277 

32 b 372 ¢3 d33 e 3! f3! 
3 h37* Q30 i3 k3P 
21+a b 22+b < 23+f, d 22m+2 e 2"—1 

«2c—2 g 22m, h 21+n i 21 i «231:71 

32+p b 33a < 31+2n d 33+d e 32+3t 

3y—1 g 3l—y h 32—3t i 33u—1 l 33 

25 b 56 c 2% d 59t2 
25n § 93m—dn g 52p—4 h 32t+4 

210—5r j 33V Kk 22k | 54-3a 

1 1 6 1 1 b 3 € 75 d = e ¢ (or 1%) 

1 g 2 h 6 i i3 (or2d) 

7 151 1 55 I == (or 30%) 

372 b 274 ¢ 573 d 3! x5! 
22 x 373 f 2¢73 x 372 

3%k x 271 x5°1 h 2P x 3P~ 1 x572 

4a? b 9n? ¢ 125m3 d m?n3 
3 4 2 9 t a f = g h = 

8 m2 q* 25 

4a%b? b 4a? ¢ 36b% d —8d* 
—27mSnS  f 16a*b!6 g1 (a0, b#0) 
m* z3yg ] —8ab X 1648 | % 

81n4 8 b6 b2 q° 

x4 2® b 2% — 223 + 322 ca®—z 

z° — zt 4 223 — 222 e z6 — 22* 4 2 

23— 222 + g 2?2 +z—1 

z4 42z + 272 izt -2 

a 1 4a? 1 
— b ¢ — d 
b2 a?b? b2 25m* 

%> f L g @ h a’e? 
at 27x3y12 be? b 

b3 2 
3 i 3 a i = k e I 12amv
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14 a o™ b 5a™™ c b d 28" 
e 3n—2 f 3qgm—4 g a"b™ h q2n—2 

15 a z72 b 2z7! ¢zt ! da?-2073 
e a7l +3z72 f 4z~ — 5273 

g Tx—4x~! + 5272 h 3271 —2¢~2 4 524 

16 a 1+3z! b 3z71 -2 ¢ 5z72 — g1 

d z7242z73 e 45z 1 fot+l—201 

g 2z —3+4z ! h o—3c 14522 

ibrl—1-2 i 8z7 45— 222 
k 16272 -3z 14z | 522 — 3+ +6272 

17 a 4z +2z2 b 522 — 423 ¢ 623 + 3z 

d 23 +3z e z*+4a2®— 422 f 26— 3z% + 623 

g x° — 623 4 1022 h @5+ 423 + o2 

EXERCISE 3 NN 

1 Cand D 

2 a 259 x 102 b 2.59 x 10° ¢ 2.59 x 10° 

d 2.59 x 100 e 259 x 1071 f 2,59 x 10~* 
g 4.07 x 10! h 4.07 x 103 i 4.07x 1072 

i 4.07 x 105 k 4.07 x 108 1 4.07x 1075 

3 a 4.745 x 107 kg b 3x107%m 

¢ 2.599 x 10% hands d 47x 107" m 

4 a 4000 b 380000 ¢ 86 d 43300000 

e 0.004 f 0.000038 g 0.86 h 0.000000433 

5 a 7400000000 people b 0.0112 kg 

¢ 0.0000005 m d 7300000 kg 

6 a 4.5x 107 =45000000 b 3.8 x 10~ = 0.00038 

¢ 2.1 x 10° = 210000 d 4x 1073 = 0.004 

e 6.1 x 103 = 6100 f 1.6 x 1076 = 0.000001 6 

g 3.9 x 10* = 39000 h 6.7 x 1072 = 0.067 

7 a 4964x10 b 4x10°8 ¢ 343 x 10710 

d 1.6416 x 1010 e 4.12164 x 1073 f ~5.27 x 10718 

g ~1.36x102 h ~263x10°% i 1.728 x 109 

8 7.5 x 107 peanuts 9 261x 107 %m 

10 a 1.15x10%m 
b We have assumed that we will always be on the side of the 

planet that is closest to the next planet, at the time when the 

planets are closest. It could take a very long time for these 

ideal conditions to occur. 

1M1 a i ~1.80x109m il ~2.59x 108 m 

b ~9.46 x 10" m ¢ ~3.99 x 1016 m 

d i ~9.27x10%'m i A 5.46 x 1022 
ili A~ 9.46 x 102 hours (= 1.08 billion years) 

12 a It allows us to write very small numbers without having to 

write and count lots of zeros. 

b i & 1839 times 

¢ 47 electrons, 60 neutrons 

REVIEW SET 3A B 

il A 1836 times il ~ 1.001 times 

d = 2.18 x 102! electrons 

1 a4/5 b —V6 ¢ 20V/3-15 

d 4432 e 86— 60v2 f4 

2 a-1 b2 % 

3 aa® b 277 (or k) ¢ afbl® 
b . s at bl 2 5 a3 bax 2w 

x a 

  

1 313 6 a y_2 b ]—7 ¢ 3g°h 

t 6,2 7 a 6153 b1l (m#0, n#0) ¢ 25p°¢ 

8 axz+8 ! b 4z?+a3+ad ¢ k206 
5 2 

9 a a7 b — L 
3z 5 

10 a 460000000000 b 19 < 0.0032 

11 a 1.274x 10" m b 1.2x107%m 

12 313 sheets 13 2.8 x 10% km 

REVIEW SET 3B B 

  

  

  

1 a —/II b V2 ¢ 17-11V3 d 28 

47 2 a 2B b /3 c6-3V3 d 9‘/_ 
2 

3 a m? b1 0 ¢ 2 m (y #0) 2 

4 a k*2 b 1174 c 32+ 

a ab—2 b jkil—e ¢z 3 —2g70 

6 a 274 b 3kt ¢ 5la—b 

6 1 3 
7 az—5+— b 264227+ — ¢ g3 -2z = 

€T €T x 

al® 25 
8 a b — c 224 6466 & z 

1 2 2a 
9 a = b 5 < = 

10 a 33—2a b 36—8: 

11 a 143000 km b 0.000000082 m 

12 a ~1.96x 107%s b ~0.0110s 13 7500 sheets 

EXERCISE 4A W 

  

1 azx==+4 b =47 ¢ no real solutions 

dz=0 e z==+5 f no real solutions 

2 azx=3 b z=+42 ¢ no real solutions 

d z=Y-13 e x=-2 t =137 

sz:i% hz:% iz:i% 

jz=3/T ko= Y6 | z=43 

3 ax=7T7or—1 b norealsolutions ¢ z=—4++13 

—1++14 
dz=7 e x=4or—1 fm:T 

3+V2 —1£V7 
g z=00r2V2 hng .x:T\/_ 

4 az=1+VI7T b a=-4 ¢ x=2%+ V20 

d no real solutions e x = —4+ ¢—12 fm:Oor% 

3+ V15 
s o=—— hz=-1 i r=4- 22 

5 az=2 bao=1£VIl ¢a=-2 

ax==6 b z=43 cx=-3 da:::t% 

e r==42 fzzfi g no real solutions 

54+ V5 
h z= 5 

EXERCISE 4B NS 

1 az=0 ba=0o b=0 

da=0o0r b=0or c=0 

cxz=0o0 y=0



2 axz=0o0rb b z=0o0r—-3 cx=—lor3 

dz=0o0r7 czzffiorg fzzféor% 

3 azxz=0o0r-5 b ax=5 cx:% dszor—% 

e x=0,—-1,0r2 fa::72,—4,0r% 

4 aa=0 b#0 bz=0ory=0, 2#0 

¢ no solutions dz=0, y#0 

EXERCISE 4C.1 W 

1 az:Oorfi bz:Oorfé cz:Oor% 

d:tcfoorl—21 QCL‘:OK)T% lszor% 

2 azxz=2o0r3 baz=1 ¢ x=—4or2 

dz=-30r—-4 e xz=-2o0r4 faz=3o0r7 

g z=3 h z=—-4o0r3 iz=-11lor3 

jz=—-4orl k z=—-T7or5 Il z=-2o0r5 

3 am*% bm:7%0r7 ex:7§0r6 

dz—%0r72 ez:%()rl fz:7%0r72 

gz 7§0r4 hm—%orfg ix:7%0r3 

iz—fgorg kz:%orfl I z= 720r§§ 

4 a x=2o0rb b z=-3o0r2 cz:Oorfg 

dz=1lor2 ez:%orfl faz=3 

g x=1or—2 h z=6o0r —4 iz=Tor—5 

EXERCISE 4C.2 W 

1 az=2+V3 bz=-3+V7 c¢z=7+V3 

dz=2+7 ez=-3+vV2 fa=1+7 
gz=-3+VI1 h z=4+6 i no real solutions 

2 ae=-1td bao=3+¥0 cs=-24 

— _ 3 37 __1 NG do= li\/_ ez=3+/T fo=-1+4 
_ 24 V0 _ 1.6 _ _ 5, V13 3 am—E:ET br=—g5+%5F cx=-3+% 

4 —b+ /b2 — dac L 
2a 

EXERCISE 4C.3 

1 az=2+V7 bor=-3+v2 c¢z=2+3 

  

    

1+V7 
dz=-2+V5 ez=2+2 f o= 2‘/- 

5+ 37 7+V33 
gm:T h z=2++10 ix:T 

—5 4+ /57 5+ 13 
2 aaxz=-2+2V2 bm:T ex:T 

—4+7 —7+/97 1++/145 
drzr=—— e z=——0-— p=— 

9 4 8 

1£V7 1£V5 . 3+ V17 
gz h z= ix= 

2 2 4 

EXERCISE 4C.4 M 

1 a A=13 b 2 distinct irrational roots ¢ z = % + % 

2 a A=0 b 1 root (repeated) cz= % 

3 a z2=-5, no real roots b A=-20 

4 a 2 distinct irrational roots b 2 distinct rational roots 

¢ 2 distinct rational roots d 2 distinct irrational roots 

e no real roots f a repeated root 
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5 a,¢,d,and f 

6 a A=16—4m + - - m 

im=4 i m<4 i m>4 

b A=9-8m + L - " 

3 

im=2 im<2 m#£0 i m>2 
c A=9—4m + L — " 

1 

im=2 im<2 m#£0 Qi m>2 

7 For k= —8+47, repeated root is x =1 — 4 

For k:—8—4\/7, repeated root is x:1+4. 

EXERCISE 4C.5 NSS————————— 

1 a i sum= —4, product = —21 ii roots are —7 and 3 

b i sum =5, product=5 ii roots are gi-‘é 

¢ i sum =3, product = % ii roots are % and é 

d i sum:%, product:—§ ii roots are —:(: ‘/_ 

—_3 1 2 kffg, roots are —1 and 3 

6 -2 
3 a3a=-, 22=2 

a a 

b a =4, rootsare + and 1; or a = —2, roots are —1 and —2 
2 

k = 4, roots are 75 and 3, or k = 16, roots are 7% and % 

b z2—4x4+1=0 

b 322 44z —16=0 

a x2+2x—-15=0 

a 322 -22-4=0 

a 202 13z +17=0 
b k(822 -10z—-1)=0, keR, k#0 

8 k(z2 +7z—44) =0, kR, k#0 

9 k(4z? —6lz +81), kE€R, k#0 

10 722 — 482+ 64 =0 
11 k(822 — 70z +147) =0, k€R, k#0 

EXERCISE 4D W 

N
 

o 
v
 

1 az=—-2o0r—-7 bz=4 

¢ z~1.29o0r —1.54 d z=150r—25 

e x~ 1.18 or 2.82 f no real solutions 

9 x ~ 0.360 or 1.39 h z~ —599or4.18 

2 ax=-3or—4 b z~1.85or —4.85 

¢ x~0.847 or —1.18 d no real solutions 

3 az=-30,0r3 bazx-113 ¢ z=3,2 0 4 

dz=1 e x=0.5,~0.618, or ~ —1.62 

f =~ 4.36, 0.406, or —2.26 

4 a no real solutions b z~1.340r —3.17 

¢ z=1or—1 d norealsolutions e =z~ —2.27 or2.43 

f 2~ —3.36, —1.65, 0.192, or 2.82 

5 axz=0,~1.73 0or—-1.73 b z~ —-0.811 

6 a2®—622+20-6=0 b x~583 

EXERCISE 4E NS—————————— 

1 az=—-2o0r3 b rz=-2o0r3 

2 axz~321 b zx~0387or—1.72 

d z~517 e x~~1.520r283 

¢ xR 246 

f z ~3.56 or —1.30
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a z~ —1.59 b z~ —0.861, 1.24, or 16 

¢z~ —2.62 d z~ —0.572 or 0.821 

e xz~—2240r234 f z~ —0.577 or 0.577 

a ixz=1lord i z=3 i no real solutions 

b ik>-7 il k=-7 il k<7 

REVIEW SET 4A B 

1 az==/19 baz=-30r7 ¢ a=0o0r2/2 

2 a no real solutions bz:% cz=1+ 2 

3 azxz=0o0r—-2 bx:—Sor% ¢ x=-5,—1,0r6 

4 ax:OOrg b z=50r -1 ¢ x=-3 

dz=1lor3 ex:%or—Q faz=—-6o0r9 

5 ax=-5o0r4 bxz=2o0r3 :m:fgor7 

TEv4l . -1+/37 
6 a x:T b no real solutions ¢ CL‘:T 

7 a A =49, 2 distinct rational roots b zzfé or% 

8 A= -7 .. noreal roots 

9 am:% bm<% <m>% 

10 k(222 +52—3)=0, kER, k#0 

11 42243z —-2=0 12 k=3, roots arc —% and 3 

13 az=2%1lor—2 baz=22%o0r0 

¢ x=4,30r—5 d z =~ 1.84 or —6.92 

14 a z~281 b z~1.73 ¢z~ —1.84 

REVIEW SET 4B B 

1 az=0 b:c:—g cz=+3+4 

2 az:i% b z= {—18 :z:%or% 

3 ap=0 qg#0 baz=0or 2=0, y#0 

¢ no solutions 

4 ax:OOr% b az=0or4 cz=1lor6 

d z=-2 e x==6or—2 fzzfgorZ 

5 aax2-9=0, z==+3 

b 222 +z-3=0 z=1lor—% 

¢ 3z2—z—-2=0, x:lorfg 

—5++13 —11++/145 
6 az=—"7"HH— boe=——— 

2 6 
— — 3 =_3 7 az=3+VF bae=-2+5 cao=-For2 

8 a A =0, 1root (repeated) 

b A =41, 2 distinct irrational roots 

¢ A = —11, no real roots 

9 a ixz=26 

ii r=—6o0r6 

y=8(x+9) 

¢ i k>0 il k=0 iii k<0 

   
k = 8v/2, roots are —v/2 and —3v/2; or 

k = —8V/2, roots are v/2 and 3v/2 

12 k(64x — 1350 —27) =0, k€R, k#0 

13 a z=5,0,0or -3 b z =~ 4.93,0.814, or —1.74 

¢ =~ 2.39 or 0.449 

14 a x~281 b xx1.85 ¢z~ —2.150r3.58 

EXERCISE 5A I 

1 a 4,13,22,31 b 45, 39, 33, 27 ¢ 2,6,18,54 

  

  

  

  

  

  

  

  

d 96, 48, 24, 12 

2 awu=3 b us =11 ¢ ug =29 

3 a We start with 4 and add 3 each time. 

b uy =4, ug =13 c ug =25 

4 o a ur =T u2=9, b14u 

uz =11, uqg =13 19 * 

10 * 
o 

8 
o 

6 

4 

2 
T 

0               > 
012345 

5 awu=1 b us =13 ¢ uz7 =79 

6 a B b usg = 390 

7 a The sequence starts at 8, and each term is 8 more than the 

previous term. The next two terms are 40 and 48. 

b The sequence starts at 2, and each term is 3 more than the 

previous term. The next two terms are 14 and 17. 

¢ The sequence starts at 36, and each term is 5 less than the 

previous term. The next two terms are 16 and 11. 

d The sequence starts at 96, and each term is 7 less than the 

previous term. The next two terms are 68 and 61. 

e The sequence starts at 1, and each term is 4 times the previous 
term. The next two terms are 256 and 1024. 

f The sequence starts at 2, and each term is 3 times the previous 

term. The next two terms are 162 and 486. 

g The sequence starts at 480, and each term is half the previous 

term. The next two terms are 30 and 15. 

h The sequence starts at 243, and each term is one third of the 

previous term. The next two terms are 3 and 1. 

i The sequence starts at 50 000, and each term is one fifth of 

the previous term. The next two terms are 80 and 16. 

8 a Each term is the square of the term number; 25, 36, 49. 

b Each term is the cube of the term number; 125, 216, 343. 

¢ Each term is n(n + 1) where n is the term number; 
30, 42, 56. 

9 a 79,75 b 1280, 5120 ¢ 625, 1296 

d 13,17 e 16,22 f 6,12 

10 a 2,4,6,8,10 b -1,1,3,57 

¢ 13,15,17, 19, 21 d 1,5,9, 13,17 
333 3 

e 2,4,8,16, 32 £33, 4.5 15 

g —2,4, 8,16, —32 h 17,11, 23, —1, 47 

EXERCISE 5B.1 NS 

1 a iwu =19, d=6 i up=06n-+13 1iii u;s =103 

b i u =101, d=-4 il up =105 —4n 

uis = 45     
¢ Pur=8d=13 i up=13n+6% i us=29 
d i wu=31,d=5 il u,=5n+26 iii us=101 

e iwu =5 d=-8 il up =13 —8n 
  

il w1y = —107



f i u=a d=d 

il w5 =a+14d 

il up=a+(n—1)d 

  

2 awu =6, d=11 b up=11n-5 

¢ usg = 545 d yes, ugg =325 e no 

3 a u =87, d=—-4 b u, =91 —4n 

¢ ugo = —69 d ugy 

4 bu =1 d=3 ¢ us7 = 169 d uiso = 448 

5 bu=32,d=-1 ¢up=-227 dn>68 
6 u7e92 = 100006 7 b wugpo = 1381 ¢ no 

8 a k=174 b k=4 ¢ k=5 d k=2 
e k=7 fk=-4 gk=-203 hk=-1lor3 

9 ak:%or72 b For k:%,d:75 

For k= -2, d=15 

10 a up,=6n-1 b un:—%n+% 

¢ up =—5n+ 36 d unzfgni»% 

11 b uzg =815 12 5, 6%,7%,8%,10 

13 1,32, 82,134, 178, 224 272, 32 

14 a 50,483,47, 454, 44 b ugs =—1 

3n—8 

2 

Since = >y > 2z >0, then l<l<l. 
T Yy z 

17 No, such a sequence would require u; = some prime p, and 

d € ZT. Butthen u,i1 must be a multiple of p. 

18 a Month 1: 5 cars Month 4: 44 cars 

Month 2: 18 cars Month 5: 57 cars 

Month 3: 31 cars Month 6: 70 cars 

b The total number of cars made increases by 13 each month. 

So, the common difference d = 13. 

¢ 148 cars d 20 months 

19 a Week 1: 2817 L  Week 3: 2451 L 

Week 2: 2634 L Week 4: 2268 L 

b The amount in the tank decreases by the same amount 

(183 L) cach week. 

¢ in the 17th week 

EXERCISE 5B.2 I 

15 a k=2 b u, =   

16 Hint: 

1 a 140.75¢g b up = 140.75n 

2 a 5925¢g b up =32+ 59.25n c0<n<12 

3 a up =580 — 16n b u, = 9850 — 850 
4 a 5.75 online friends per week b u, =28.25+5.75n 

¢ No, the model is only intended to estimate the number of 

online friends. We can simply round to the nearest whole 

number. 

d 143.25 ~ 143 online friends 

5 a u, =1950+ 100n 

b i Catering is €100 per guest. 

ii The venue hire is €1950 (with O guests). 

¢ €10450 

EXERCISE 5¢ NN 

  

1 a iwu=3r=2 ii up=3x2""1 iii ug="768 

b Tur=2 r=5 i up, =2x 571 

ug = 781250 

¢ Pup =512, r=4% i up=512x2"" 
il ug =2 
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d iwu=1r=3 il up, =371 il ug = 6561 

  

fu =12, r=% i u, =12x ($)n! 

i ug = 30 _ 19683 

26 64 

foiu= 1_16’ r=-2 i uy = 1—16(—2)"’1 

il ug =16 

au =5 r=2 b up =5x2""1, ujz = 81920 

3 2w =12 r=-1 

b u, =12 x (7%)"_1, U3 = fi 

=12 ¢ k=414 d k=42 6 ak=6 b k=22 

e k=+36 f k=48 g k=2 h k=-2o0r4 

7 ak=-3o0r4 b For k= —3, nextterm is 2—27 

For k =4, next term is 24. 

8 a u,=3x2""1 b ou, =32 x (—4)nt 

€ up =3 x (£V2)" 1 d uny =10 x (£V2)17" 

9 awu =352 r=3 b ujg = 1366% 

10 a ug=13122 b uig = 2916v/3 ~ 5050 
— 3 ~ ¢ w1y = gy ~ 0.0000916 

d o =845~ 192 
11 2 primes 

Consider w3 =2, r= % 

12 ar=2+2 
b For r=2+ \/5, geometric to arithmetic is 2 + 22 1. 

For r =2 — \/5, geometric to arithmetic is 2 — 2\/5: 1. 

EXERCISE 5D I 

The only other prime is ug = 3. 

1 a i ~1553ants il ~4823 ants b =~ 12.2 weeks 

2 a ~278 b year 2057 

3 a i ~T73deer i =~ 167 deer b & 30.5 years 

4 a i =~ 2860 il &~ 184000 b & 14.5 years 

5 a~336¢g b ~ 10.2 more years 

6 a €3971241pa. b €54599.05 pa. 

EXERCISE 5E.1 I 
1 £9367.58 2 a €2233.58 b €233.58 

3 $716.38 L a $20977.42 b $23077.89 

5 a €37305.85 b €7305.85 

6 $11222.90 7 Bank A 8 £14977 

9 $11478 10 $22054.85 11 ¥3000340 

EXERCISE 5E.2 I 

1 a $8487.20 b $16229.84 ¢ $27672.16 

2 a $1218.99 b $1485.95 ¢ $1811.36 

3 $16236.48 

EXERCISE 5E.3 I 

1 a $5567.55 b $5246.43 

2 a €23651.79 b €20691.02 

3 a $4782.47 b $782.47 ¢ $3958.90 

d The investment has not been effective. The real value of 

the investment after 6 years is less than what was originally 
invested.
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4 a Real interest rate = 1005 ~ 1,003 996 ~ 4% 

  

1.001 
b $6602.66 

100 + 14 \*¥ 
5 uo( ) 

100 + 7 

EXERCISE 5E.4 B 

1 €1280 2 a €26103.52 b €83896.48 

3 a ¥30013 b ¥57487 4 24.8% 

EXERCISE 5E.5 B 

1 74614.60 pesos 2 $6629.65 

3 a $9452.47 b $12482.59 

4 a €6705.48 b €1705.48 

5 a 2.82% pa. b €4595.67 6 $1997.13 

7 $80000 8 $108.69 9 2 years 9 months 

10 13 years 3 months 11 15 years 12 14.5% p.a. 

13 6.00% p.a. 14 5.15% p.a. 15 21.2% p.a. 

EXERCISE 5F I 

  

1 a S3=18 b S5=37 ¢ S;o=153 2 us =7 
n 

3 a i S=)(8k—5) i S5=095 
k=1 

b i S,= (47—5k) ii S5 =160 
k=1 

¢ 0 Sy =)0 12(5)k ! il S5 =231 
k=1 

n 
d |Sn:22(%)’“*1 i 5’5:26% 

k=1 

Sp = o~ L i S5 =11 e 1 ”*EZk—l o5 =115 
k=1 

f iSn:ZkS il S5 =225 
k=1 

4 a 24 b 27 c10 d25 e 168 f 310 
20 

5 Sa0 =y (3k—1) =610 
k=1 

7 al+ 2 4+ 3 4..+Mm-1)+n 

n+m—-1)+n-2)+...+ 2 +1 

1 
b s, =0t 46 b3 

n 
8 Sp=> (2k—1) 

k=1 

9 b (0+1)%=0%+3(0)2+30)+1 
A+1)°2 =12 4+31)2+31)+1 
2+1)°2=224+32)%+302) +1 
(3+1)2=3%+3(3)2+3(3)+ 1 

(n+‘1)3:n3+3n2+3n+1 

10 fj (k+1)(k+2) = w 
k=1 

i (k+1)(k+2) =570 
k=1 

EXERCISE 5G W 

®
 

N
 

O
 
W
D
 

1 

14 

16 

17 

21 

22 

24 

25 

a 160 b 

e —150 f 

a 1749 b 184 

a 160 b —630 

—115% 5 18 layers 

a i 38laps 

a $450 

820 

—740 

¢ 30873 d —1460 

¢ 2115 

¢ 135 

d 14103 

ii 78 laps 

b $4125 

a 65 scats b 1914 scats ¢ 47850 seats 

a 14025 b 71071 < 3367 d 89870 

a k=5 b So5 = 2800 

uy = 56, ug =49 12 S0 =310 13 8 terms 

ad=3 b n=11 15 15 terms 

b 1470 laps 

Hint: S, = gaul + (n —1)d) 

:%(2x1+(n—1)x1). and so on 

a up=2n-1 

b Snzg(u1+un):§(l+2nfl):n2 

10,4, -2 or —2,4,10 19 ug = 32 
2,58 11,14 or 14,11,8,5,2 
au =7 uz=10 b ugo =64 

Sgo = —80 d=2 

a Aun 

12 

  

  

  

      
    
  

                        n 
0 1 2 3 4 5 

b S, is the sum of the areas of the first n rectangles. 

¢ i The left side of each rectangle increases in length by 

2 units from the previous rectangle, wup41 = up + 2. 

il The arca of the (n + 1)th rectangle is 1. 

Sn+1 is the sum of the areas of the first n rectangles 

and the (n + 1)th rectangle, Sp41 = Sn + Unt1. 

15d 

EXERCISE 5H I 

6 

7 

  

a 6560 b 5115 ¢ 2089 ~ 240 
~ 32769 ~ d ~ 189134 e 32709 ~4.00 f ~058 

3+V3 n n a Sn=— (V3" =1) b Su=24(1-(3)") 

¢ S, =1-(0.1)" d S,=2(1-(-1H") 
2 

b 499 ~ 400 a 3069 e 
¢ $26361.59 

a The number of grains of wheat starts at 1, and each square 

has double the number of grains of the previous square. 

¢ up, =271 d (264 — 1) ~ 1.84 x 10'? grains of wheat 

a $5790 b S, =100000((1.05)" —1) ¢ ~ $40710 
£18413.84 

¢ —134217732



31 
32 

1 
    

‘271 

das n—o0, Sp,—1 

As n — oo, the sum of the fractions approaches the area 

ofa 1 x 1 unitsquare. 

9 u4:%0r54 

ug0 =39 or 7% 10 Arithmetic: 

Geometric:  ugp = 319 or (%) 

12 n=5 13 n=11 

14 a In 3 years she will earn $183 000 under Option B, compared 

with $126 100 under Option A. 

b i A, =40000x (1.05)""! 
¢ ~ 13.1 years 

il Bp = 5900041000 

e i graph 1 represents T4, graph 2 represents T'g 

ii P(22.3, 1580000) i 0<n<22 

15 a Az = $8000 x (1.03)® — (1.03)2R — 1.03R — R 

b Ag = $8000 x (1.03)® — (1.03)"R — (1.03)°R 
— (1.03)°R — (1.03)*R — (1.03)°R — (1.03)?R 
— (LO3)R—R 

=0 

¢ R =81139.65 

EXERCISE 5| IEENNNNNNN————— 

1 a Itis geometric with u; = 1—% and r = 1—10, and we are 

adding all the terms. 

series. 

Therefore it is an infinite geometric 

  

  

  

  

  

  

  

                            

b Usinga, S=—r-=3=4 03=13% 
10 

T_4 TG _ 16 379 — lo4 2 a04=3 b 0.16 = g3 € 0312 = 533 

4 a 54 b 14.175 

5 al b 42 6 u=9 r=2 

7u1:8,7:% and u1:2,r:% 355:% 

9 b S,=19-2000.9)" ¢ 19 seconds 10 70 cm 

11 a 09 = %+T+ 1000+ which is geometric with 

ulz% and r:% 

2 
09=5=—10—=1 

1— L 
10 

< Au,/S, o 
1 n 

Un 
0 n 

0o 1 2 3 4 5 6 7 8 9 10 

12 x:% 

13 wy +u2 +us +ug +.... has commonratior, 0 <r <1 

a uy —u2 + uz — u4 + .... has common ratio —r 

-l<-r<1 and so the series is convergent. 

\/_+\/_+\/_+,/ + ... has common ratio /7 

—1 < /r <1 and so the series is convergent. 
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b 5 

REVIEW SET 5A B 

1 au=9 b ug =19 ¢ S4 =37 

2 k=-4 3 bu=6 r=1 ¢ ue~0000183 

b oy, = % x2n=1 or —% x (—2)n1 

5 23,21,19,17, 15,13, 11,9 

6 a =~45.7mL b u, ~45.7n ¢ =~ 594 mL 

7 a 108 b 16+8V2 8 a 1272 b 3023 
9 a 2011: 630000 sheets, 2012: 567000 sheets 

b ~ 5630000 sheets 

10 a 14+4+9416+ 25+ 36+ 49 = 140 

biririi-g 
11 a up=3n+1 12 a £15425.20 b £15453.77 

13 $4800 14 a €6622.87 b €13313.28 

15 a $24076.91 b $22822.20 

16 up = 33— 5n, 571:2(61—571) 

131071 -, 955 998 17 a 17 terms b =5 

or wuy =150, r=-2 = =2 18 w3 =54, r= 5 £ 

|7] <1 in both cases, so the series will converge. 

8 =162. 
For w1 =150, r=—2, S=107%. 

19 a The number of cigarettes Tim smokes decreases by 5 each 

week, with 115 in the first week. The common difference 

For u; = 54, r:%, 

d=—5. 

b 24 weeks ¢ 1380 cigarettes 

20 a 3V2 
b i Sio=2310+155v2 i =320+ 160v2 

21 w3 =3 22 r=4 

23 =3, y=-1, z:% or x:%, y=-1, z=3 

24 a $192000 

b i $1000, $1600, $2200 i $189600 

¢ i $500, $600, $720 

d Option 3 e $636.97 

25 z = % (xz = —g gives a divergent scries) 

i $196242.12 

REVIEW SET 5B B 

1 a3, 4,4, L b 17, 22, 27, 32, 37 
32 97 272 817 243 

  

RN 
2 bu1:63,d7— ¢ ugy = —117 d usq = —202 

3 awu,=73—-6n b uzgg=-131 

4 a Sip =432 b Sip = 12285 ~ 480 

5 au,= %Sn — % 

b Stacy makes ~ £4.17 per customer. The setup fee for the 

stand ~ £44.17. 

¢ ~ £105.83 

6 wuio = 10240 7 27 metres 

8 a $8337.11 b $8369.33 ¢ $8376.76 

10 a 35.5km b 1183 km
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11 a2 $338~0634 b ¥x653 

12 w1y = 15555 ~0.000406 13 3.80% pa. 
14 182 months (15 years 2 months) 

15 a $10069.82 b $7887.74 16 $2174.63 
17 a 70 b 241 ¢ 12 ~0.0341 

18 a up =3 x 277! b S15=245754 

19 a = 3470 iguanas b year 2029 

20 a 0<z<1 (werequire |2z —1|<1) b 352 

21 a The sequence is 2“1, guitd guit2d 

or 2u1, 2dgur  (9d)2u1 
which is geometric. 
32 
T b 

22 a $82539.08 

b 

  

  

N w 

0 112360|119101.60 

¢ V, =100000 x (1.06)™ dollars 

d S, = 6000n dollars 

e 

  

  

n (years) 0 1 2 3 4 

  

f 19 years 
1 

9 _ 9nFT 
2% S, =" 

9m+T 1 

  

6 1 23 472 or 31z 

25 ar=4 

b Hint: Ifwuy is the first term of the arithmetic sequence, show 

that (uy + 7d) x 4 = uy + 23d. 

EXERCISE 6A W 

1 a =57.2mm b ~33.5cm ¢ ~40.5m 

d ~ 138 cm 

2 =~ 41.4 cm 3 ~68.5 mm 

4 a ~133cm? b ~9.62 m? ¢ ~ 58.5 cm? 

d ~ 192 cm? 

5 ~5.26 cm 6 ~21.5cm 

7 a ~191m b ~6.04 ms~! 

8 a 8/2~11.3mm b 8n(1 +v/2) ~ 60.7 mm 

¢ 128 mm? 

9 ¢ r=098m, 60~585 d ~1.29m 

EXERCISE 6B.1 I 

1 a 5.7802 m? b ~ 112 cm? ¢ ~14.9 cm? 

2 a 1440 cm? b ~51.6 cm? ¢ ~ 181 m?2 
3 a 23814 cm? 

b |:| 34cm 

8lcm 

219 cm 

Clsen 
75cm 

V27297 cm 

area = 2754 cm? 

area = 7446 cm? 

area = 2550 cm? 

arca &~ 5617 cm? 

¢ ~ €540 

4 a 26940 cm? b ~ 407 m? 5 ~ 2310 cm? 

6 a (1022 + 12z) em? b (1+V3)z? em? 

EXERCISE 6B.2 I 

1 a ~1005.3cm®> b ~ 63.6 km? ¢ ~ 188.5 cm? 

d = 549.8 m? e ~1068.1 cm?  f = 84.8 cm? 

2 a ~ 2210 cm? b ~ 66.5 m? ¢ ~ 14800 mm? 

d ~12.1 cm? 

3 a s~5.39 b ~ 46.4 m? ¢ ~ $835.24 

4 a ~50.3m? b ~ $1166.16 ¢ ~150.8 m? 

d = $2789.73 e ~ $3960 
5 a0 266 cm? 6 a SA=d4nr? b ~540m 
7 a SA=3nr? b i ~450cm il ~4.24 cm 

  

8 a SA=6mrz?cm? b SA =372 cm? 

¢ SA=nz2(1+4V5) cm? 

9 adcm b ~25.1cm ¢ ~84.1 mm 

10 a ~34.7m? b ~ 285.4 m? ¢ ~62.8 cm? 

11 ~ 24600 km 12 2 2 b =300 
180 s 

EXERCISE 6C.1 IESS——————— 

1 a 25.116 cm® b 373 cm® € 765.486 cm? 

d = 2940 cm? e ~3.13m3 f 1440 cm? 

2 a 648000000 mm? b ~11.6m® ¢ 156 cm® 
3 a 05m b 0.45m ¢ ~0.373m? 

4 a 7.176 m? b $972 

5 a b ~40.8 m? 

¢ ~4.08 m? 

Im 

6 =~ 81.1 tonnes 

7 a 2 trailer loads b $174.60 

¢ i 2loads i $95.90 d $270.50 

8 a 100cm b 1500000 cm® (or 1.5m3) ¢ 95000 cm? 

9 a % ~ 2.67 cm b &~ 3.24 cm ¢ ~1.74 cm 

10 ~ 12.7 cm 

EXERCISE 6C.2 IESS————— 

1 a ~463 cm® b ~4.60 cm® ¢ ~26.5 cm® 
d ~ 1870 m® e ~155m? f ~ 226 cm® 

2 a ~29000m3 b 480 m? ¢ A 497 cm? 
3 a~119m®> b 58m ¢ ~ 1.36 m® more 

e The hemispherical design, as it holds more concrete and is 

shorter. 

4 a ~4.46 cm b ~2.60m ¢ ~5.60 cm 

6 a i ~67.0cm? il ~ 113 m? 

b V= %m‘:‘ This is half the volume of a sphere because 

when h = r, the cap is a hemisphere. 

EXERCISE 6D N 

1 a 12.852 kL b ~61.2kL ¢ ~ 68.0 kL 

2 a 12200 cm? b ~122L 3 594425 kL 

4 a ~954mL b 492kL ¢ 5155tins d $18042.50 

5 ~0.553m (or =~ 55.3 cm) 

6 a 1.32m? b 1.32kL ¢ =~ 10.5cm 7 ~7.8cm



8 a ~252mL b i ~189mL i 3.25 cm 

9 35 truck loads 

10 a ~ 110000 mm? 
b The external surface area and internal surface area of a 

container may be different. 

¢ i 1870000 mm? il 1.87L i =~ 502000 mm?3 

REVIEW SET 6A I 

1 a ~183cm b ~38.3cm ¢ ~ 91.6 cm? 

2 ~10.4 cm 

3 a =~377.0 cm? b =~ 339.8 cm? ¢ a2 201.1 cm? 

4 a 71m? b $239.25 

5 a ~4.99m? b 853 cm? ¢ ~0.452 m? 

6 ~3.22m? 7 = 82400 cm?® 8 ~ 1470 m3 

9 a 734.44 mL b ~ 198 L 10 ~ 68.4 mm 
11 a heigt =33m — 1.8m — 0.8 m = 0.7m = 70 cm 

b ~1.06 m ¢ ~15.7m? 

d Hint: Volume of silo 

= volume of hemisphere + volume of cylinder 

+ volume of cone 

e ~5.2kL 

REVIEW SET 6B IS 

1 a 0°~76.6° b ~14.3 cm? 
2 a ~29.1cm b &~ 25.1 cm? 

3 a =~ 84.7 cm? b ~ 7110 mm? ¢ ~8.99 m? 
4 ~23.5 m? 5 ~ 434 cm? 

6 a ~164cm? b 120 m? ¢ ~ 10300 mm? 

7 a 052m® b 508m> 8 ~5680L 9 ~1.03m 

10 a ~6.08 x 10'® m? b~ 1.41 x 102" m? 

11 a ~56.5cm? b 3cm ¢ ~ 96.5 cm? 

EXERCISE 7A I 

  

. oq L 
1 a ig ii 

b i 2 ii 

¢ i ii 

d i 75T ii 

2 a XY=x49cm, XZ=x~33cm, YZ=59cm 

b i =083 il ~0.56 il ~1.48 

3 a Hint: Base angles of an isosceles triangle are equal, and 

sum of all angles in a triangle is 180°. 

b AB=+2~14lm 
o1 1 

¢ i 0.707 i -~ 0.707 i 1 

4 The OPP and ADIJ sides will always be smaller than the HYP. So, 

the sine and cosine ratios will always be less than or equal to 1. 

. a b a0 b a . b 
5 a i-— i - i — iv - v - vi — 

c c b c c a 

b A=90°-B 

¢ i sin® = cos(90° — 0) il cos® = sin(90° — 0) 

iii tanf = ; 
tan(90° — 0) 

6 a =~750m b ~ 7.82cm ¢ =~ 4.82 cm 

d ~517m e ~6.38 m f ~4.82cm 

7 a x=398 b i y=x4.98 il y=4.98 

8 a r=~287 y=x4.10 b z~16.40, y ~ 18.25 

¢ xz~10.77, y =~ 14.50 
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9 a perimeter ~ 23.2 cm, area ~ 22.9 cm? 

b perimeter ~ 17.0 cm, area ~ 10.9 cm? 

10 = 21.7cm 

EXERCISE 7B W 

1 a 0~53.1° b 0~ 45.6° ¢ 0~ 13.7° 

d 0~ 524° e 0~76.1° f 0~36.0° 

2 a 0=56.3° b i ¢=~33.7° il ¢~ 33.7° 

3 a 0~39.7° ¢=~50.3° b a~389° B=~51.1° 

¢ 0~ 61.5° ¢~ 285° 

4 a The triangle cannot be drawn with the given dimensions. 

b The triangle cannot be drawn with the given dimensions. 

¢ The result is not a triangle, but a straight line of length 9.3 m. 

5 a x=~265 60~37.1° 

b z~6.16, 0 ~50.3°, y=~13.0 

6 =~ 135° 7 ax~6.92 

EXERCISE 7C NN 

1 a z=~4.13 b o~ 755° ¢ B~ 41.0° 

d z~6.29 e 6~ 51.9° f z~12.6 

2 ~2224° 3 ~11.8 cm 

4 a =~ 27.2cm? b ~ 153 m? 5 ~119° 

6 =~ 36.5 cm 7 a x=454 b z~224 

8 arz~344 b a~51.5° 

9 a ~12.3cm? b ~14.3 cm? 
10 a b ~9.33m 

¢ ~71.3° 

8m 

11 a ~259cm b ~8.46 cm 

12 a 0~ 36.9° b r~11.3 ¢ a~61.9° 

13 ~7.99cm 14 ~89.2° 15 ~47.2° 16 ~6.78 cm? 

EXERCISE 7D W 

1 ~183m 2 a ~464m b ~259m 

3 =~ 1.58° 4 a =264° b ~ 26.4° 

5 =142 m 6 6~12.6° 7 ~9.56 m 

8 ~46.7m 9 B =~129° 10 =109 m 

11 =104 m 12 ~ 962 m 13 ~3.17 km 

14 =~ 438 m 15 a ~ 184 cm b ~ 35.3° 

16 a ~108cm b ~365° ¢ ~949cm d ~40.1° 

17 a =824 cm b ~777TL 

18 a i2m il ~20lm b ~6.84° 

19 a ~102m b no 20 a ~734m b x16.2° 

21 =~ 67.0° 

22 a ~149m® b ~0.331 m3 ¢ ~88.9cm® 
23 a Hint: Consider 

  

e 
d 

I e L 
b = 0.285 arc seconds 

EXERCISE 7E W 

1 a 

 



500 ANSWERS 

   

  

< d 

a 126° b 245° ¢ 152° d 308° 

3 a 072° b 252° ¢ 162° d 342° 

113° f 293° 

4 =~ 125° 5 a~224m b ~333° ¢ ~153° 

6 a I;I b ~1.20 km ¢ ~0.903 km 

7 ~2.41 km 8 ~ 12.6 km 

9 a ~84m b ~203° 

10 = 73.3 km on the bearing ~ 191° 

11 = 17.8 km on the bearing ~ 162° 

12 a =~ 046.6° b ~4.22 km 

EXERCISE 7F I 

  

1 a i [EH] i [EF] ii [EG] iv [FH] 

b i [MR] i [MN] 

2 a i AFE ii BMF i ADE iv BNF 
b i BAM i BN\NM i EAN 

3 a i ~36.9° il =~ 25.1° ~56.3° v ~29.1° 

b i ~33.7° i ~33.7° i ~25.2° v ~30.8° 

¢ i ~59.0° i &22.0° iii ~226° 

d i ~64.9° i~ 71.7° 

4 ~31.7° 

REVIEW SET 7A B 

1 a 10cm b 5=2 ¢ E=2%2 d8=3 

2 azxz~351 b zxx5l1 ¢z~ 562 

3 & 43.4 cm? 4 0 =33° x~390, y~T7.15 

5 0=~8.19° 6 ~ 124° 

7 a x~28 b zrx42 ¢ z~52 

8 ~13.5m 9 a 118° b 231° ¢ 329° 

10 13 km on the bearing & 203° from the helipad. 

11 ~8.74° 12 ~0.607 L 13 a ~53.1° b =~62.1° 

REVIEW SET 7B B 

1 a ABx45cm, AC~22cm, BC~5.0cm 

b i ~044 il ~0.90 il ~0.49 

2 a 0~ 34.8° b 0~ 39.7° ¢ 0~ 36.0° 

3 AB=~ 120 mm, AC ~ 111 mm 

h x 257, 0~53.6° o= 364° 

5 

7 

a 200 cm b~ 1500 cm? 6 ~2.54 cm 
~ 204 m 8 a 90° b ~33.9° 

9 ~ 3.91 km on the bearing &~ 253° from his starting point. 

10 ~ 5.46 km 11 ~ 485 m® 

12 a =~ 14.4° b ~18.9° ¢ ~21.8° 

13 a i ~27.6cm il ~23.3cm b 2~ 6010 cm? 

EXERCISE 8A W 

1 a3 b Z <z d % e 35 

f 3 g h 3z iom j 4r 
e 4 23 k & I 37 m n o =& 

2 a ~0.641° b ~2.39° ¢ ~5.55¢ d = 3.83° 

e ~6.92° 

3 a 36° b 108° ¢ 135° d 10° e 20° 

f 140° g 18° h 27° i 210° i 22.5° 

4 a ~114.59° b ~ 87.66° ¢ =~ 49.68° 

d =~ 182.14° e = 301.78° 

  

  

  

  

  

EXERCISE 8B 

1 a 7cm b 12 cm ¢ ~13.0m 

2 a 6cm? b 48 cm? ¢ ~8.21 cm? 

3 a arc length &~ 49.5 cm, arca ~ 223 cm? 

b arc length ~ 23.0 cm, arca ~ 56.8 cm? 

4 a ~0.686c b 0.6° 

5 a 0=0.75° arca = 24 cm? 

b 0 =1.68¢, arca = 21 cm? 

¢ 0~ 2.32° area = 126.8 cm? 

6 a ~315m b ~9.32 m? 

7 a =591cm b ~ 189 cm 

8 a ax0.3218° b 0~ 2.498° ¢ ~ 387 m? 
9 a ~1l7cm b rx117 ¢ =37.7cm d 6~ 323° 

10 ~25.9 cm 11 b ~2h 24 min 12 ~ 227 m? 

13 a a=x>5.739 b 0~ 168.5 ¢ 9o~ 1915 

d =~ 71.62 cm 

14 a 4cm b i ~216cm? i ~29.3 cm? 
15 a Hint: Let the largest circle have radius 71, and use a right 

angled triangle to show that sin § = o 

b 25T 2 3 10— 257 units <3 

EXERCISE 8C   

  

i A(cos26°, sin26°), 

C(cos 199°, sin 199°) 

B(cos 146°, sin 146°), 

i A0.899, 0.438), B(—0.829, 0.559), 
C(—0.946, —0.326) 

b i A(cos123°, sin123°), B(cos251°, sin251°), 

C(cos(—35°), sin(—35°)) 

il A(—0.545, 0.839), B(—0.326, —0.946), 
C(0.819, —0.574)



  

  

     

    

  

  

  

a land4 b 2and 3 <3 d 2 

6 a cos400° = cos(360 + 40)° = cos 40° 

b 51r1577r 75111(!’“ +27r) 7smlgT’r 

¢ tan IST’" = tan(lg" - 377) = tan(fuT"') 

7 Band D 8 Band E 

9 a i =098 il 20985 iii ~0.866 iv ~0.866 

v 0.5 vi 0.5 vii &~ 0.707 viii ~0.707 

b sin(180° — @) = sin @ ¢ sin(m —6) =sin6 

d The points have the same y-coordinate. 
. L g L5 

e i 135° i 129° i ¢ v & 

10 a i ~0.342 il &~ —0.342 iii 0.5 

iv —0.5 v 0.906 vi =~ —0.906 

vii =~ 0.174 vili = —0.174 

b cos(180° — ) = — cos ¢ cos(m—0) = —cosl 

d The z-coordinates of the points have the same magnitude but 

are opposite in sign. 

e 1 140° il 161° i 4 v 3 

11 tan(m —6) = —tan6 

12 a =~ 0.6820 b ~0.8572 ¢ ~ —0.7986 

d ~0.9135 e =~ 0.9063 f ~ —0.6691 

13 a 

  

  

sin(—0) = 

Q has coordinates (cos(—6), sin( 

(cos 0, —sin0) 

cos(—0) = cos@ and 

—sin0, cos(—0) = cos 0 

—0)) or 

(since it is the reflection of P in the z-axis) 

sin(—60) = 

cos(2m — 0) = cos(—0) = cos @ 

sin(27 — 0) = sin(—0) = —sin 0 

tan(2m — 0) = —tan6 

—sinf 

ANSWERS 501 

14 a The angle between [OP] and the positive z-axis is (% - 9). 

Pis (cos(% — 0) B sin(% — 9)) 

XP XP 
b i In AOXP, sinf = — = — 

opP 1 
XP = sin@ 

0X O0X 
il In AOXP, cosl = — = — 

opP 1 
. OX = cosf 

c i cos( 0) = XP = sinf 

i sin(% - 0) = OX = cos0 

d i COS%:SID(%*%)—SID:‘—W"’OsOQ 

i sing :cos(% - %) —cos— ~ 0.383 

1 

  

5 a% b 1 ¢ i d -1 e f V2 

s i ni i2 -1 k=3 1 —V3 

7 a% ¢ b 3 Ix ¢z 4 do,m2r 

9 a60=35 bo=1% 2 co=m 

do=% e g=23r 3¢ fo=2 32 

g 0=0,m2r ho=2% 3% 52 Ix 

o=E M 0= EEF 
10 a 0=k, kEZ b 0=Z+tkm kel 

EXERCISE 8E NS 

1 acost‘):i% bcost‘):i¥ ¢ cosf =+1 

d cosf =0 

2 asinf=23  bsin0=2¥L ¢ sin0=0 
d sinf = +1 

3 asmfl:-‘g bcost‘):f-‘@ :cos():% 

d sing=—-12
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_ 1 _ _ 
4 a tan9—72—\/§ b tanf =26 ¢ tan@-w 

d mw:—@ 

5 a sin@:\/—Zl_3~ cosH:% b sinB:%, 0059:7% 

¢ sinf = 7\/%, 0059:7\/? 

d sinaz—%, cosez% 

—k -1 
6 sinf = ———, cosl = —— 

VkZ +1 VkZ +1 

EXERCISE SF I 

1 a #~76.0° or 256° b 6 ~33.9° or 326.1° 

¢ 0~ 36.9° or 143.1° d 0 =90° or 270° 

e 6= 81.5° or 261.5° f 0~832° or 276.8° 

2 a 0~0.322 or 3.46 b #~1.13 or 5.16 

¢ 0~ 0.656 or 2.49 d 0~1.32 or 497 

e 0~0.114 or 3.26 f 6~0.167 or 2.97 

3 a 0~ 1.82 or 4.46 b 6=0,m or 27 

¢ 6~ 1.88 or 5.02 d 6~3.58 or 5.85 

e 0= 0.876 or 4.02 f 0~0.674 or 5.61 

g 0=0.0910 or 3.05 h 6~219 or 4.10 

4 a 0~ —-95.7° or 95.7° b 0 ~53.1° or 126.9° 

¢ 0~ —56.3° or 123.7° d 6~ —36.9° or 36.9° 

e 6~ —39.8° or 140.2° f 0~ —140.5° or —39.5° 

5 a 6=1.27 or 5.02 

b For 0~ 1.27: sinf = %, tanf = @ 

For 0 ~5.02: sinf = 73%. tanf = 7@ 

EXERCISE 8G NN 

1 ay=+3z by==z cy:77151 

2 ay=+vV3z+2 by=-3z cy:%z—2 

3 af=1.25 b 0~ —0.983 ¢ 0~ —0.381 

4 a 0~232° b 0~ 117° ¢ 0~ —11.3° 

REVIEW SET 8A 

1 a b T ¢ i d 37 6 

2 

  

3 a (0.766, —0.643) b (—0.956, 0.292) 

¢ (0.778, 0.629) d (0.866, —0.5) 

4 12 cm 5 a % b 15° < 84° 

6 a ~0.358 b ~ —-0.035 ¢ ~0.259 d ~1.072 

7 a cos360° =1, sin360° =0 

b cos(—m) = —1, sin(—7w) =0 

2w _ V3 2m 1 2 _ 8 a smT"fT, cos = —3, tanT"f—\/g 

b sin%—f:@, coss—,;'—fé, tan%":—\/g 

9 a i60° ii % b Zcm ¢ Zocm? 

_ 1 ing — +7 10 tanz = —= 11 sinf =+ 

V3 1 2 3 12 a % 0 ¢ 3 13 a el b 75 b 

14 tanf = 5 

16 a 0~0.841 or 5.44 

¢ 0~1.25 or 4.39 

17 ay:%z b y=13z+3 

b 0~3.39 or 6.03 

REVIEW SET 8B IS 

1 a 72° b = 83.65° ¢ 2 24.92° d ~ —302.01° 

2 ~ 111 cm? 3 ~103° 
4 radius ~ 8.79 cm, area &~ 81.0 cm? 5 45cm or 6 cm 

6 acos‘%":O, sin%":—l 

b 005(7’2') =0, sin(fg) =1 

7 a sin(mr—p)=m b sin(p+27) =m 

m 
¢ cosp=+1—m?2 d tanp = ——— b P 

8 a 150°, 210° b 45°,135° ¢ 120°, 300° 

_ _m 2n 4n 5 9 af=mn b 0=3%, 55, 5, 28 

10 a 133° b Ur ¢ 174° 

11 perimeter &~ 34.1 cm, area ~ 66.5 cm? 

T 7 3 13 a 345 b —335 <3 

1 1 1 14 a 25 b 15 < —3 d 3 

17 a 0~0.322 b 0~ 1.95 

EXERCISE 9A W 

1 a ~289cm? b =~ 384 km? ¢ 20 m? 

2 a ~18.7cm? b ~28.3 cm? ¢ ~52.0m? 

3 zx19.0 4 a =166 cm? b ~ 1410 cm? 

5 ~18.9 cm? 6 ~ 137 cm? 

7 a ~71616m%? b ~843m 

8 ~ 374 cm? 9 =~ 7.49 cm 10 ~11.9m 

11 a ~48.6° or ~ 131.4° b ~42.1° or = 137.9° 

12 1 is not covered IS 

13 a =~36.2cm? b ~ 62.8 cm? ¢ ~ 40.4 mm? 

d ~19.3 cm? 

14 =~ 4.69 cm? 

EXERCISE 9B N 

1 a ~288cm b ~3.38 km ¢ ~14.2m 

2 a 0~828° b 0~ 54.8° ¢ 0= 98.2° 

3 BAC ~ 52.0°, ABC ~ 59.3°, ACB = 68.7° 
b a ~112° b ~16.2 cm? 

5 a =~40.3° b ~107° 

6 a cosf=0.65 b z~3.81 

7 a 0=T75.2° b ~6.30m 

8 a DB~ 4.09m, BC=9.86m 

b ABE ~ 68.2°, DBC ~ 57.5° ¢ ~17.0 m2 

9 b z=3+v22 
10 a z~10.8 bz~ 277 ¢z~ 289 

11 z~141 or 7.78 12 BD ~ 12.4 cm 
13 0~ 71.6° 14 ~6.40 cm 
15 axz=2 b 4/6cm? 16 ~63°, 117°, 36°, 144° 

EXERCISE 9C.1 NS 

1 a z=~284 b z~ 134 ¢ x~3.79 

d z~10.3 e x~4.49 fx~707



2 a ax2l3cm b b~ 76.9 cm ¢ ¢~ 5.09 cm 

3 a BAC=74°, AB=~7.99cm, BC A 9.05cm 
b XZY = 108°, XZ ~ 13.5cm, XY ~ 26.5 cm 

4 @177, y=~33.1 5 o=11+4V2 

EXERCISE 9C.2 B 

1 a x2~985 b z~41.3 ¢ x~528 

2 C=621° or C'~117.9° 

3 a BAC ~ 30.9° b ABC ~ 28.7° 
¢ ACB ~ 30.1° d BAC ~ 46.6° 
e ABC ~55.5° or 124.5° f ACB ~ 25.4° or 154.6° 

4 a We find that sinz ~ 1.04 which has no solutions. 

b The triangle cannot be drawn with the given dimensions. 

5 a i ACB~229° ii BAC~127.1° b ~25.1 cm? 
6 No, the angle opposite the 9.8 cm side has a sine of 1.05, which 

is impossible. 

7 a ~69.4° or ~110.6° 

   

   

    

b P ¢ For PQR ~ 69.4°: 
i ~60.6° 

im om I ~ 43.1 m? 

iii = 30.2m 

For POR ~ 110.6°: 
R & i ~19.4° 

16.5 m? 
23.9m 

EXERCISE 9D N 

1 =17.7m 2 ~207m 3 ~10.1 km 

4 ~23.9° 5 =~ 37.6 km 

6 a ~5.63 km b on the bearing ~ 115° 

¢ i Esko il & 7.37Tmin (= 7min22s) d =~ 295° 

7 ~9.38° 8 =69.1m 9 a ~380m b ~940m 

10 a N b ~2.98 km 

A ¢~ 179° 

11 a ~55.1° b ~50.3° 12 ~65.6° 13 =~ 9.12 km 

14 a ~74.9 km? b =~ 7490 ha 15 ~85.0 mm 

16 ~104.2° 

~94.3° 

Area ~ 13100 m? 
~96.8° 

~64.7° 

17 ~ 7400 m? 18 =~ 2.52 km? 

20 ~292m 21 a ~397km 

22 b ~1.467 cm 

REVIEW SET 9A B 

1 a ~26.8cm? b 14 km? ¢ ~33.0m? 

2 ~22.7 cm? 3 a ~10.5cm b ~11.6m 

19 ~ 32.2° and =~ 87.8° 

b ~1.13 km 
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4 oa xx~924 b 0~ 59.2° ¢ x~6.28 

5 ~ 113 cm? 6 ~51.6 cm? 

7 az=3o0rH b Kady can draw 

2 triangles: 8em 

7em 

3cm 

~a 

8 b r~193 ¢ ~43.3 cm 

9 ~T72lcm, ~11.2cm, ~ 12.5 cm 

10 =~ 74.4° 11 2~ 185, y~13.8 12 42 km 

13 a =69.5° or ~110.5° 

b For ABC ~ 69.5°, area ~ 16.3 cm?. 

For ABC ~ 110.5°, area ~ 8.09 cm?2. 
14 ~577Tm 

REVIEW SET 9B B 

1 az~r341 b z~ 189 2 ~47.5° or 132.5° 

3 0 ~ 29.9° b 0~ 103° a 

4 a AC ~12.6 cm, BAC ~ 48.6°, ACB ~ 57.4° 
b PRQ = 51°, PQ~ 7.83cm, QR & 7.25 cm 

¢ YXZ ~ 78.3°, XYZ ~ 55.5°, XZY ~ 46.2° 

5 axz~693 b aoxx114 

6 ~17.7Tm 7 =7.32m 

8 perimeter ~ 578 m, area &~ 15000 m? 

9 ~ 560 m on the bearing ~ 079.7° 

10 BAD = 90.5°, BCD & 94.3°, ADC ~ 70.2° 
11 Q~39.7° 12 a a2 10600 m? b =~ 1.06 ha 

13 a The information 

given could give 

two triangles: 

cxrT716 d x=347 

  

b ~223m? A 8m 

14 a i ~20.8mm i~ 374 mm? b ~ 2270 mm? 

15 a Hint: Let BAC =0, so A= Lbcsinf. 

EXERCISE 10A B 

1 a 7z b   
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f AZ 

2 

5 Y 
3 

X, 

A 4 by 1 rectangular plane All points on and within 

2 units above the XOY a 3 X5 X2 rectangular 

plane (as shown). prism (as shown). 

EXERCISE 10B NS 

1 a 27 units? b 60 units? c 40 units® 

2 a D(—7,0,3), E(—7,4,0) b 42 units3 
Kk 1 ¢ 5 units d 96 units? 

3 a The centre of the base is (3, 3, 0) which is directly below 

+ the apex. 

X 43,-2) (=1, -4, -2)} b 108 units® 

¢ i M(6,3,0) i 3vI0units i 36(1+4+/10) units? 

4 volume = 720 units®, surface area = 564 units? 

2 a i 2v14 units i (3,-2,1) 5 a /41 units b 827 units® ¢ /77 units 

b i 2/5 units i (2,1, -1) d = 305 units® 
¢ i 2/6 units i (3, -2,1) a /238 units b & 15400 units® 

d i /69 units i (-4, % 1) 7 a (-3,4,-3) b /38 units 

¢ volume ~ 981 units®, surface arca A~ 478 units? 
e i 5v2 units i (3.3.3) ) . 

. 8 a 4 units b k=-3+6 ¢ A 88.0 units? 
£ i /83 units i (-2, ¢2,-D) ; 3 

9 a D(—4,-2,2) b 16.8 units ¢ ~ 190 units 

3 a isosceles with AB = AC = /101 units b scalene 10 a i A(10,40,0), B(50, 160,0), C(110, 140, 0), 

4 AB = /342 units, AC = /72 units, BC = /414 units D(70, 20, 0) 

AB2 4 AC? = (v/342)2 + (V/72)2 = 414 = BC? ii (60, 90, 15) 
triangle ABC is right angled. b 40000 m? ¢ ~ 8540 m? 

5 a M(Z,-2,3), N(&, -5 -1) 11 2461200 m? 

b PR = 2v/34 units, MN = /34 units = %PR EXERCISE 10C W 

6 B(~7,11,3) 7 P(—2,5,0), Q(4, —1,3), R(L, 7,6) 1 a ~50.2° b ~48.1° 
8 k=243 2 a M(3,30) b ~254° ¢ ~50.2° 

9 a 224 y?+22 =09, P lies on a sphere with centre (0, 0, 0) 3 a M(4,6,0)0 b =665 ¢ i ~350° ii ~44.1° 
and radius 3 units. 4 a M(2,4,0) b i ~68.2° i =60.5° 

b (z—2)2+ (y—5)%2+ (2 —4)2 =1, P lies on a sphere 5 a M(-4,3,5) b i ~303° i 45° ¢ ~34.4° 

with centre (2, 5, 4) and radius 1 unit. 6 a i 3/3units i 3units il V3Bunis b ~29.1° 
10 b 7 a ~67.3° b ~22.3° 

8 a ~53.6° b ~ 10.8 units? 9 k=-1 
_____ 10 a M(3.,3,5) b i ~668 i ~128° iii =~ 76.0° 

11 a The bird is at (30, 20, 10). 

X b i 10V/6m=~245m il ~24.1° 

A plane parallel to the A line parallel to the 12 a (-3,4, % b ¥ 1201 ~5.02km ¢ 135° d =5.05° 
YOZ plane, passing X-axis, passing through o7 . i 
through (3, 0, 0). ©2, 1), 13 a 2T x709km b Jack, Gabricl, Malina 

¢ i xL71° i & T7.64° 

REVIEW SET 10A N 

1 a    
A circle in the XOY A sphere, centre (0, 0, 0), 
plane, centre (0, 0, 0), radius 3 units. 

radius 2 units. 

 



  

a i 6 units il (—1,-4,1) 

b i 310 units i (-5-39) 

isosceles with AB = AC = /41 units 

a 128 units® b M(8, 4, 0) ¢ 2+/13 units 

d 32(2 + /13) units? ~ 179 units? e ~29.0° 

a /29 units 

b volume ~ 327 units®, surface area ~ 273 units? 

a M(5,4,3) b ~64.9° ¢ i ~43.1° ii ~25.1° 

~ 61.4° 8 ak=2 b ~ 68.9 units? 

a P(2,7,-2.5), Q(8,3, —2.9) b ~7.22m 
¢ ~3.17° 

REVIEW SET 10B NS 

a i /41 units i (-2,3,9) 

b i /83 units ih(-2.5% 

a PQ= /14 units, = \/_5 units, QR = /59 units 

PQ? + PR2 = (\/fi)Q + (v/45)? = 59 = QR? 
triangle PQR is right angled. 

b ~ 60.8° 
k=1++/30 

a 96 units® b 2v/13 units 

¢ (104 + 16v/13) ~ 162 units? 

a (1,0, -1) b 35 units 
¢ volume ~ 1260 units®, surface area &~ 565 units2 

a ~21.4° b ~ 3.53 units? 
a M(6,9,5) b ~T71.6° ¢ i ~54.2° ii ~36.7° 

a H(2, -4, b ~ 4.48 km 

¢ i M(—4,1,3) i ~7.82km iii & 2.20° 

a R(0,0,3) b PRO & 46.5°, QRO ~ 36.7° 

¢ PRQ = 60.6° 

EXERCISE 11A B 

o
 

w
i
 
W
P
 

a ~0.78 b ~0.22 

a ~0.487 b ~0.051 ¢ ~0.731 

a 43 days b i =0.0465 ii ~0.186 iii ~ 0.465 

a ~0.0895 b ~0.126 

a ~0.265 b ~0.861 ¢ ~0.222 

a ~0.146 b ~0.435 ¢ =~ 0.565 

a I =0.171 ii ~0613 b =~0.366 ¢ ~0.545 

EXERCISE 11B B 

a 7510 b i ~0.325 il ~0.653 i~ 0.243 

a 

b 

a i HExo il 5~ 0120 
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& 795 v {555 ~ 0.644 

b 22 ~0.106 ¢ 28~ 0601 

EXERCISE 11C 

1 a {A,B,C D} b {1,2,3,4,5,6,7,8} 

< {MM, MF, FM, FF} 

2 aU=4{1,223,45,6,7,89, 10,11, 12, 13, 14, 15, 16} 

b i A= {4,812, 16} < 

i B=1{1,4,9,16 
{ } e 2 d 5 

10 11 
U 13 14 15 

3 a b Adic2 
6 

5 

4 

coin 3 

T 2 

H die 1 die 1 

123456 123456 

< . d  j spinner 2 
spinner 4 

D 
c 3 

B 2 

A . 1 
die spinner 1 

123456 A BCD 

4 a 5-cent  10-cent b coin ipinner 

H 

<H< ; < A H 
T B < <! 

C  spinner1 spinner 2 d draw1  draw 2 

g 

w = 

N
 
N
N
 

A
\
 

/.
"\
 
Y
A
\
 

Z
W
U
S
W
Y
 
=
W
 

5 A Bill’s number 

| 

  

  

Adam’s number 
123 4567 

6 coinl coin2  coin3
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EXERCISE 11D W 

  

1 1 7 4 1 8 1 ag¢ b 3 < i d = e = f = 

1 2 39 
2 a3 bgxo <y 

1 1 4 1 1 13 3 a g b 5 €35 d e = f 55 

1 1 
95 hg 

1 2 124 237 
4 a sz bz ¢ Tier 9 Tier 

e % {remember leap years} 

5 a {GGG, GGB, GBG, BGG, GBB, BGB, BBG, BBB} 

L1 o1 _— .3 1 .7 
b i3 i g i g v g v 3 vi g 

6 a {ABCD, ABDC, ACBD, ACDB, ADBC, ADCB, 
BACD, BADC, BCAD, BCDA, BDAC, BDCA, 
CABD, CADB, CBAD, CBDA, CDAB, CDBA, 
DABC, DACB, DBAC, DBCA, DCAB, DCBA} 

b i 4 g g w3 

7 &  pbcent b ig i 

T i 1 v 
H 20-cent 

H T 

8 a Acoin b i % ii % 
T 2 3 
u . i £ v g 

spiner 

1.2 3 45 

1 1 5 11 5 25 9 a 55 b 5 -1 d 55 e 5 L 

10 a Both grids show the sample space correctly, although B is 

more useful for calculating probabilities. 

  

  

  

  

    
  

  

  

  

  

  

  

  

  

  

  

                    
  

  

  

                

L 
b3 

o P2 _ 1 11 a die 2 b i 5=1 
A 

6 35910 1112 i 2 
5 8 9 10 11 36 
4 1 iiig%:% 
3 5 89 10 _ 5 2 1 ié V36~ 18 
1 10 5 v 0_ 5 > 

1 2 3 4 5 6 e 12 
die 1 vi 5%5=18 

i S o6 1 
12 a AdleQ b i 5=3% 

6 i & =2 504 ) 36~ 9 
4 18 _ 1 
3 36~ 2 
2 B 6 _ 1 

1 V3 =T35 
> 24 _ 2 

1 2 3 4 5 6 V=3 
die 1 

13 a spinner 1 b i% 

4 -7 3 121 i & 

2 10— i £ =2 
11 
-  » 

1 2 3 4 5 
spinner 2 

3 14 9 4 4 14 a = b 3= 15 a g b g o=z 

17 26 5 37 2 17 16 a5 b5 o5 17 a 55 b s € 5 

  

18 a b i 
F c 

Sl
o 

Sz
 

Sl
e 

      

  

  

  

  

      

  

  

v (12 

19 a 32 b 1 < 2 d 2 e B8 

20 a & b L < Z 

21 a k=5 

boig g W WE v 
vi 2 i & 2 

22 a b i 

i 1—30 

i £ 

v 1 

U ! 2_25 

23 aa=3 b=3 

b i3 ik g w2 v i 

EXERCISE 11E 

1 27 saves 2 =~ 16 times 3 a % b 50 occasions 

4 15 days 5 30 occasions 

6 a i =055 il ~0.29 iii ~0.16 

b i = 4125 people ii & 2175 people 

iii & 1200 people 

EXERCISE 11F B 

1 P(AUB)=055 2 P(B)=06 3 P(XNY)=02 

4 a P(ANB)=0 b Aand B are mutually exclusive. 

5 P(A)=0.35 
6 a yes 

b i P(A):% i P(B):% i P(AUB):% 

1 12 8 7 4 23 7 a3 b 3= € > d = e o f 5 

g not possible h % i not possible i ;—3’ 

8 P(AUB)=1 

Hint: Show P(A’UB’) =2 — P(AUB) 

EXERCISE 11G N 

1 a4 b 2 a i b 1 

3 a 0.0096 b 0.8096 

4 a 0.56 b 0.06 ¢ 0.14 d 0.24 

8 12 27 
oA Ts b 55 ¢ 15 
6 a Rubbish Recycling b i 045 

bin bin i 0.05 

0.5 Q 
P< 

09 03 o 

5 G 

05 Q'



7 a 1st basket 2nd basket b i i—g 

5 
7 R i 20 T i 20 

49 

7 2 TG 

5 
2 7 R 
7 G< 

3 % G 

1 
8 b i & 

o 
n 5 

.13 
m 15 

  

9 a 2p2—pt b pa0.541 
10 Penny - Quentin - Penny 

To win 2 matches in a row, Kane must win the middle match, so 

he should play against the weaker player in this match. 

EXERCISE 11H NSS—— 
  

  

  

7 7 2 4 14 1 
T ag bg 2 a5 by 3 ag g bg 

3 3 2~ & a 15 b 355 X g ~ 0.000 606 

3 2 1. € 155 X 59 X g5 ~ 0.000006 18 

97 96 . 95 . d 355 X 55 X 55 ~ 0.912 

4 2 10 1 5 a3 b 2 6 a 33 b o 

7 a 0.19__» Officer 
Navy < 

0.22 0.81 Other rank 

0.15 Officer 
047 —>  Army 

0.85 Other rank 

0.31 0.21 Officer 
AirForce<: 

0.79 Other rank 

b i 01774 ii 0.9582 iii 0.8644 

8 a 028 b 0.24 

9 a 3 win b L 
1 rain < 
> 1 loss 

3 b win 
5 no rain 

L loss 

9 11 19 10 0.032 1 33 12 a 35 b 5 

187 325 87 L, 13 155 ~ 0.407 14 a §53 =~ 0.390 b 555~ 0.945 

EXERCISE 111 
1 1 1 1 a3 b 3 <0 2 5 

3 a 

U 22 study both     
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b i i 4 

4 a b i2 
B D 8 

1_? 

>
 

  (14) 
  

  

  

  

U 

5 a b0 i 
Sunburnt, Bitten 

32 v 2 
23 14 

v (10) 

z 
6 g 

13 7 11 7 4 1 7 a3 b 55 € 5 d = e = f 

3 2 23 14 8 a gz b 5 9 a b 33 

10 7 7 10 a2l b 1L 

EXERCISE 11) I 

1 P(RNS)=04+05-0.7=0.2 and P(R) x P(S) =0.2 

R and S are independent events. 

2 a i% [N 

b No,as P(A| B) # P(A). 

3 a 035 b 0.85 ¢ 0.15 d 0.15 e 0.5 

4 Hint: Show P(A’N B’) =P(A’) P(B’) 

using a Venn diagram and P(A N B). 

5 P(B)=0 6 0.9 

7 a P(D)=5% b No,as P(D|C) # P(D). 

8 P(AUB)=1 or P(ANB)=0 

EXERCISE 11K 

1 a 00435 b ~0.598 2 a =~0.773 b =~ 0.556 
7 99 10 ~ 15 9! 348 4 ~o0424 500137 6 L8 2 

9 10 ~ 8 a bl 10 2 095 b ~0306 ¢ 06 
11 a 0.104 b ~0267 ¢ ~0.0168 

— 46 _ 46 12 a P(L|T)=4 b P(T|L)=4   

P(L 
¢ Bayes’ theorem tells us that P(L | 7)) = P(T' | L) PET;' 

Our answers to a and b differ since P(L) # P(T'). 

REVIEW SET 11A IS 

1 a =013 b ~0.53 

2 @ jcoin b i3 i 
T o 5 

i 2 
H 

spinner 
A B CD 

3 a Two events are independent if the occurrence of either event 

does not affect the probability that the other occurs. For A 

and B independent, P(AN B) = P(A) x P(B). 

b Two events A and B are mutually exclusive if they have no 

common outcomes. P(AU B) = P(A) + P(B) 

4 0.496 

5 a P(AUB)=gx+0.57 b z=0.16



  

      

  

  

  

   

   
      

  

   

   
      

508 ANSWERS 

6 a Rain Wind b i 0.09 
0.36_» W i 0.52 

R < . 
0.25 Y, , ¢ It is assumed that 

the events are 

independent. 

0.75 R/%:w 

0.64 ™ W/ 

7 ao b 045 ¢ 08 

8 a  pdic2 b Q2 
6 5 
5 13 
4 

3 

2 

1 dic 1 
123456 

9 a b il 
E L 4 

i 3 

i 2 
3 v ®3) 

25 25 7 4 10 4350 seeds 1M a5 bz € 15 d 3 

12 ~0.127 
7 13 a b i 

P 
i 35 

¢ i =0.121 

i ~0.422 

14 82 15 a i b PB|A#APB) ¢ 2 16 2 

REVIEW SET 11B 

1 a b i & 
T M 12 

i % 

v ®) 

2 0.9975 

3 a P(ANB)=0.28 which is not equal to 0. 

. Aand B are not mutually exclusive. 

b P(AUB)=0.82 

4 2 5 a b 2 9 c M 61 

v (24) 

6 a Istgame  2nd game  3rd game 

0.6 

06~ R 
R < 06~ R 

047 < 

0.4 N <-— 

0 
0.6 » R 

4 
0.6~ R < 

N < 04" N <-— 

04 N <— 

10 

1 

13 

15 

16 

b P(N wins) = 0.352 

a 093 b 0.8 c 0.2 d 0.65 

4 3 2 a 255 X T X 158 ~ 0.000000 193 

496 ., 495 ., 494 . b 1— 555 X T95 X 795 ~ 0.0239 

a 0.2588 b ~0.703 

a P(B) =13 b i 2 i 2 

4 12 a ~0.660 b 2 ~143 or 14 picces 
31 21 1 a = b 55 14 3 

a i 100 balloons il 33 balloons 
;19 o 37 b iz i &5 

17 2701 i 25 iy 29 ¢ i3 il 2555 i 22 v 2 

P 17 d i35 i 555 

b ~0.988 ¢ i ~0.547 i ~0.266 d females 

e A 20 year old is expected to live much longer than 30 more 

years, so it is unlikely the insurance company will have to pay 

out the policy. A 50 year old however is expected to live for 

only another 26.45 years (males) or 31.59 years (females), 

so the insurance company may have to pay out the policy. 

g For “third world” countries with poverty, lack of sanitation, 

and so on, the tables would show a significantly lower life 

expectancy. 

EXERCISE 12A NS 

1 This sample is too small to draw reliable conclusions from. 

e The sample size is very small and may not be representative 
of the whole population. 

e The sample was taken in a Toronto shopping mall. People 

living outside of the city are probably not represented. 

a The sample is likely to under-represent full-time weekday 

working voters. 

b The members of the golf club may not be representative of 

the whole electorate. 

¢ Only people who catch the train in the morning such as 

full-time workers or students will be sampled. 

d The voters in the street may not be representative of those in 

the whole electorate. 

a The sample size is too small. 

b With only 10 sheep being weighed, any errors in the 

measuring of weights will have more impact on the results. 

a The whole population is being considered, not just a sample. 

There will be no sampling error as this is a census. 

b measurement error 

a Many of the workers may not return or even complete the 

survey. 

b There may be more responses to the survey as many workers 

would feel that it is easier to complete a survey online rather 

than on paper and mailing it back. Responses would also be 

received more quickly however some workers may not have 

internet access and will therefore be unable to complete the 

survey. 

a Yes; members with strong negative opinions regarding the 

management structure of the organisation are more likely to 

respond. 

b No; the feedback from the survey is still valid. Although it 

might be biased, the feedback might bring certain issues to 

attention. 

EXERCISE 12B W 

1 Note: Sample answers only - many answers are possible. 

a 12,6, 23, 10, 21, 25



b 11,2, 10, 17, 24, 14, 25, 1, 21, 7 
c 14, 24, 44, 34,27, 1 d 166, 156, 129, 200, 452 

2 a 17,67, 117, 167, 217 b 1600 blocks of chocolate 

3 a Seclect 5 random numbers between 1 and 365 inclusive. For 

example, 65, 276, 203, 165, and 20 represent 6th March, 

3rd October, 22nd July, 14th June, and 20th January. 

b Select a random number between 1 and 52 inclusive. Take 

the week starting on the Monday that lies in that week. 

Select a random number between 1 and 12 inclusive. 

Select 3 random numbers between 1 and 12 inclusive. 

e Select a random number between 1 and 10 inclusive for the 

starting month. 

f Select 4 random numbers between 1 and 52 inclusive. 

Choose the Wednesday that lies in that week. 

4 a convenience sampling 

b The people arriving first will spend more time at the show, 

and so are more likely to spend more than €20. Also, the 

sample size is relatively small. 

¢ For example, systematic sample of every 10th person through 

the gate. 

5 a systematic sampling b 14 days 

¢ Only visitors who use the library on Mondays will be counted. 

Mondays may not be representative of all of the days. 

6 a 160 members 

b 20 tennis members, 15 lawn bowls members, 

5 croquet members 

7 1 departmental manager, 3 supervisors, 9 senior sales staff, 

13 junior sales staff, 4 shelf packers 

8 a Itis easier for Mona to survey her own home room class, so 

this is a convenience sample. 

b Mona’s sample will not be representative of all of the classes 

in the school. Mona’s survey may be influenced by her friends 

in her class. 

¢ For example, a stratified sample of students from every class. 

9 a Not all students selected for the sample will be comfortable 

discussing the topic. 

quota sample 

10 All students in Years 11 and 12 were asked, not just a sample. 

0.48 

i Sample too small to be representative. 

i Sample too small to be representative. 

iii Valid but unnecessarily large sample size. 

iv. Useful and valid technique. 

v Useful and valid technique. 

vi Useful and valid technique. 

d v is simple random sampling, while iii and iv are systematic 

sampling, and vi is stratified or quota sampling. 

an
 
C
o
 

O
 

    

EXERCISE 12C I 

Note: Sample answers only - many answers are possible. 

1 a It does not allow for colours which are different from those 

given. 

b What colour is your shirt? 

¢ For example, one person might interpret a colour as blue 

whereas another person may interpret it as purple. A shirt may 
also be more than one colour which could lead to difficulties 

in interpreting the colour. 

2 a The question could be interpreted as: 

e “Do you have any medically diagnosed allergies?” 

e “Do you have any life threatening allergies?” 

e “Do you have any food allergies?” 

ANSWERS 509 

e “Do you think you have any allergies?” 

The question also does not specify if it is a structured yes/no 

type of question or if the respondent should list specific 
allergies. 

“Do you have any food or other type of allergies (medically 

diagnosed or otherwise), and if so, what are they?” 

The question could be interpreted as: 

e “Do you have any animals in your houschold?” 

e “Do you have any animals in your care at home or 

elsewhere?” 

The question does not specify if it is a structured yes/no 
type of question or if it includes livestock or only domestic 

animals. 

“Do you have any domesticated animals in your houschold 
(not including livestock), and if so, what are they?” 

The journalist’s question is misleading as it only mentions the 

proposed cuts to education, not the proposal to move those 

funds to health. This may produce a measurement error as the 

respondents are unlikely to give their views about the whole 

proposal. 

For example, “What are your views about the Government’s 

proposal to move funding from education to health?”. 

Many respondents would not be comfortable giving their 

address to someone they do not know. 

The question could be more specific, asking for the general 

area or suburb only. For example: 

e “Which suburb do you live in?” 

e “Which state do you live in?” 

Giving a reason why this information is needed will also 
improve the response rate. 

i The question contains a double negative which could 

confuse respondents. The word “infectious” suggests 

that not immunising is undesirable behaviour, thus the 

question is biased. 

ii “Have you been immunised against meningococcal 

disease?” 

i The question asks for two things: 

e whether climate change is a major issue 

e the respondent’s political opinion on climate change. 

It is not clear whether the respondent’s response will 

reflect their general or political opinion on the issue. 

The phrase “thrown around by politicians™ is also rather 

emotive, thus the question is biased. 

il “Do you believe that climate change is an important 

issue?” 

i The question uses a positive fact about fair trade cocoa 

to try to persuade the respondent into answering “yes”. 

So the question is biased. 

It is also very long and takes a long time to get to the 

point. 

il “Do you believe that fair trade certified chocolate should 

be more expensive than uncertified chocolate?” 

EXERCISE 12D M 

-
 

T 
w 

e 
a
0
 

discrete; 0, 1, 2, 3, .... 

categorical; red, yellow, orange, green 

continuous; 0 - 15 minutes 

continuous; 0 - 25 m 

categorical; Ford, BMW, Renault  f discrete; 1, 2, 3, .... 

categorical; Australia, Hawaii, Dubai 

discrete; 0.0 - 10.0 i continuous; 0-4L 

continuous; 0 - 80 hours  k continuous; —20°C - 35°C
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| categorical; cereal, toast, fruit, rice, eggs 

m discrete; 0, 1, 2, ... 

2 Name: categorical, Age: continuous, Height: continuous, 

Country: categorical, Wins: discrete, Speed: continuous, 

Ranking: discrete, Prize money: discrete 

EXERCISE 12E I 

1 a the number of goals scored in a game 

b variable is counted, not measured 

« [ R Freguency 

  

  

  

  

      

d ‘fr_mb e 1 goal 

8 

6 

4 

2 

0 0 1 2 3 4 5 6 
goals scored 

f positively skewed, one outlier (6 goals) 9 = 20.8%     

  

  

          

2 a g frequenc 

8 

6 

4 

9 - 

0 [l [, 
0o 1 2 3 4 5 6 7 8 9 

number of students in detention 

b 1and?2 < positively skewed, one outlier (9 students) 

d 121% 

  

  

b 12 frequency 
10   

  

  

  

  

  

5 6 
number of previews 

e ~79.4% 

d 20% 

¢ 3previews d symmetrical, no outliers 

4 a 45people b 1 time 

e positively skewed, no outliers 

¢ 8 people 

EXERCISE 12F B 

1 a 37 businesses b 40 - 49 employees 

¢ negatively skewed d ~37.8% 

e No, only that it was in the interval 50 - 59 employees. 

Frequency | Rel. Freq. People waiting 

0-9 

10-19 

20 - 29 

30 -39 

40 - 49 

  

  

  

  

            
0 10 20 30 40 

people waiting 

  

  

  

e 

3 a 

Hi 
HI I 
HI I 
HITAHT I 
M 
| 

Total 

b   16 frequency 
14 
12 

10 

  

  

  

  

  

        S
 

e
 
>
 
®
 

v   

0 10 20 30 40 50 
number of houses 

¢ 30 - 39 houses d 67.5% 

EXERCISE 12G Wm0 

1 a Height is measured on a continuous scale. 

  

    

b Heights of a volleyball squad 
D 0 requency 

8 

6 

4 

2 

0 
170 175 180 185 190 195 200 205 

height (cm) 

¢ 185 < H < 190 ecm. This is the class of values that appears 

most often.



d slightly positively skewed 

a continuous 

Tally 
WWMWWI 
HTHIT 
AT 

  

c Travel times to school 

0 10 30 40 50 
Travel time (min) 

< t < 20 minutes 

  

d positively skewed e 10 

22 
10<d<20 )(m 

    

  

  

  
  

< d<30 | M 
30 < d<40 | M | 
0<d<50 

< Javelin throwing distances 

10 frequency 
8 
6 
4 (- 
2 | 

0 >         

0 10 20 30 40 50 

distance (m) 

d 20<d<30m e 36% 

a Heights of 6-month old seedlings at a nursery 

504 frequency 

  

    

40 

30 

20 

10 

0 height (mm) 
300 325 350 375 400 425 450 

b 20 seedlings ¢ ~58.3% 

d i ~ 1218 scedlings il ~ 512 seedlings 

100 < w < 125 

125 < w < 150 

150 < w < 175 

175 < w < 200 

200 < w < 225 

225 < w < 250 

250 < w < 275 

275 < w < 300   
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< Weights of laboratory rats 
  

i(ZJ A frequency 

8 

6 

4 

2 

0 

  

    

  

        
100 125 150 175 200 225 250 275 300 

d 50% weight (g) 

REVIEW SET 12A B 

a Students studying Italian may have an Italian background so 

surveying these students may produce a biased result. 

b For example, Andrew could survey a randomly selected group 

of students as they entered the school grounds one morning. 

a It would be too time consuming and expensive. 

Age range 

Sample size 

  

discrete b continuous ¢ categorical 

categorical e categorical f continuous 

continuous h discrete i discrete 

convenience sampling 

Yes, the sample will be biased as people are more likely to 

be drinking on a Saturday night. It is sensible for this sample 

to be biased since drink-driving is illegal. 

a The question could be interpreted as: 

e “Do you consider yourself to be healthy?” 

e “Are you not currently suffering from any health 

conditions?” 

e “Do you ecat a balanced diet and exercise regularly?” 

e “Do you take any medication for any health conditions?” 

b “Do you eat a balanced diet and exercise regularly?” 

b 1 round ¢ positively skewed 

a | Number af tickets Tally 

IH 

o
o
 w
 

Q
o
 

a discrete 

  

      

b Number of Parking Tickets 
frequency 

8 

6 

4 

2 

0 number of 
0 1 2 3 4 5 6 tickets 

¢ The data is symmetric with no outliers. 

a continuous 

Diameter (d cm) Tally 

o
 

N
N
 

1 

2 

3 

4 I
N
I
N
C
I
N
 

u
 N -  
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< Diameters of colonies 

g frequency 
12 

10 

  

  

  

  

    o 
N 

ok
 

o 
® 

  
0 1 2 3 4 5 diameter (cm) 

d 3<d<4cm e slightly negatively skewed 

REVIEW SET 12B B 

a discrete b continuous ¢ discrete 

a systematic sampling 

b A house will be visited if the last digit in its number is equal to 

the random number chosen by the promoter, with the random 

number 10 corresponding to the digit 0. Each house therefore 

has a 1 in 10 chance of being visited. 

¢ Once the first house number has been chosen, the remaining 
houses chosen must all have the same second digit in their 

house number, that is, they are not randomly chosen. For 

cxample, it is impossible for two consecutively numbered 
houses to be selected for the sample. 

a Petra’s teacher colleagues are quite likely to ignore the 

emailed questionnaire as emails are easy to ignore. 

b It is likely that the teachers who have responded will 
have strong opinions either for or against the general 

student behaviour. These responses may therefore not be 

representative of all teachers” views. 

4 Did you learn about our services via: 

5 

7 

e friends/family e the internet e newspaper 

e television e clsewhere? 

a The tone is not neutral and it is a structured question. The 

only responses possible are yes or no. 

b How would you describe your general behaviour when you 

were a child? 

40 ‘Winning margins in rugby games 

A frequency 
  

   

            

30   

20 

10   0 
10 20 30 40 50 

winning margin (points) 

a Mass is measured on a continuous scale. 

Vs G kD 
260 < 

270 < 
280 < 
290 < 

300 < 

310 < 

320 < 

  

€ 300 < m <310 kg   

  

  

  

  

          oA   > 
260 270 280 290 300 310 320 330 

mass (kg) 

e slightly negatively skewed 

a continuous 

10<l<12 

12<1i< 14 

14<1<16 

16 <1< 18 

18<1<20 

20<1<22 

22<1<24 

24<1<26 

26 <1 <28 

O
 

=
 

W
 

N 
R
 
0
0
0
0
 

  

  

  

  

    

    

                        > 
0 18 20 22 24 26 28 

length (m) 

10 12 14 16 

d positively skewed, one outlier (27.4 m) 

EXERCISE 13A I 

1 

2 

3 

  

  

a 1lcup b 2 cups < 1.8 cups 

a i ~561 i 6 iii 6 

b i ~163 i 17 18 

¢ i x248 ii 24.9 iii 23.5 

9 & Ruth 

a data set A: ~ 6.46, data set B: ~ 6.85 

b data set A: 7, data set B: 7 

Data sets A and B differ only by their last value. This affects 

the mean, but not the median. 

a 1 motichoor ladoo: =~ 67.1, 

il motichoor ladoo: 69, malai jamun: 52 

b The mean and median were much higher for the motichoor 

ladoo, so the motichoor ladoo were more popular. 

a Bus: mean = 39.7, median = 40.5 

Tram: mean ~ 49.1, median = 49 

b The tram data has a higher mean and median, but since there 

are more bus trips per day and more people travel by bus in 

total, the bus is more popular. 

a 44 points b 44 points 

¢ i Decrease, since 25 is lower than the mean of 44 for the 

first four matches. 

ii 40.2 points 

malai jamun: =~ 53.6 

€185 604 10 116 11 17.25 goals per game 

r=15 13 a=5 14 37 marks 

~ 14.8 16 6 and 12



EXERCISE 13B B 

1 a mean = $363770, median = $347200 

The mean has been affected by the extreme values (the two 

values greater than $400 000). 

b i the mean i the median 

2 a mode = $33000, mean = $39300, median = $33 500 

b The mode is the lowest value in the data set. 

¢ No, it is too close to the lower end of the distribution. 

3 a mean ~ 3.19 mm, median = 0 mm, mode = 0 mm 

b The median is not the most suitable measure of centre as the 

data is positively skewed. 

¢ The mode is the lowest value. 

d 42 mm and 21 mm e no 

4 a mean ~ 2.03, median = 2, mode = 1 and 2 

b Yes, as Esmé can then offer a “family package™ to match the 

most common number of children per family. 

¢ 2 children, since this is one of the modes; it is also the median, 

and very close to the mean. 

EXERCISE 13C I 

1 a 1 person b 2 people ¢ = 2.03 people 

   

  

  

  

2 a i 2.96 phone calls ii 2 phone calls 

ii 2 phone calls 

b Phone calls in a day 
A frequency, 

12 

8   

  

  

      
4 'j— 
0 —  , 

0o 1 2 3 4 5 6 7 8 9 10 11 

mode, median (Z)T Tmean (2.96) number of phone calls 

            

¢ positively skewed 

d The mean takes into account the larger numbers of phone 

calls. 

e the mean 

i A 2.61 children il 2 children ili 2 children 

b This school has more children per family than the average 

British family. 

¢ positively skewed 

d The values at the higher end increase the mean more than the 

median and the mode. 

4 a | Pocket money (€) 

1 4 

b 29 children 

   ¢ i ~€3.17 
9 . 

i €3 
2 
6 €2 

8 d the mode 

5 10.1 cm 

6 a i $63000 il $56000 iii $66 600 b the mean 

7 az=5 b 75% 

EXERCISE 13D NS 

1 a 40 phone calls b =~ 15 minutes 2 ~31.7 

3 70 service stations 

~ 5870 L 

6000 < P < 7000 L. This is the most frequently occurring 
amount of petrol sales at a service station in one day. 

b = 411000 litres (= 411 kL) 

e 
a 

o 
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v o [ scored | Tall b ~ 148 runs 

  

   

  

¢ = 14.9 runs; the estimate in b was very accurate. 

5 ap=24 b ~ 3.37 minutes ¢ =~ 15.3% 

6 a 125 people b ~ 119 marks < % d 28% 

EXERCISE 13E I 

1 a i13 i Q=9, Q3 =18 16 v 9 
b i 185 il Q1 =13, Q3 =23 19 iv 10 

¢ 0265 i Q1 =20, Q3=235 28 v 15 
d i37 il Q1 =28, Q3 =52 iii 49 iv 24 

2 a Jane: mean = $35.50, median = $35.50 

Ashley:  mean = $30.75, median = $26.00 

b Jane:  range = $18, IQR = $9 
Ashley: range = $40, IQR = $14 

¢ Jane d Ashley 

3 a range = 60, IQR =8.5 b ‘67 is an outlier. 

¢ range = 18, IQR =38 d the range 

4 a Derrick: range = 240 minutes, IQR = 30 minutes 

Gareth:  range = 170 minutes, IQR = 120 minutes 

b i Gareth’s i Derrick’s 

¢ The IQR is most appropriate as it is less affected by outliers. 

5 ag b im-a ii (fl)7(6+d) 
2 2 

6 

  

EXERCISE 13F B 

1 a 35points b 78 points ¢ 13 points d 53 points 

e 26 points f 65 points g 27 points 

2 a i 98,25 marks ii 70 marks iii 85 marks 

iv 55, 85 marks 

b range = 73, IQR = 30 

3 a imn=3 Q =5 med=6, Q3 =8, max =10 

e 
[ S P S S P S SR SRR S S B =y 

23456 789101112 

  

iii range =7, IQR =3 

b imn=0 Q =4, med=7, Q3 =8, max =9 

i — 

012345678910 

  

i range =9, IQR =4 

¢ i min=17, Qi =26, med =31, Q3 =47, max = 51 

T 
15 20 25 30 35 40 45 50 55 

iii range = 34, IQR = 21 

4 a median=16, Q1 =5, Q3 =38 b IQR =3
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< —’— 
. . 

2 4 6 8 10 12 14 
number of beans in a pod 

O — 
32 34 36 38 40 42 

number of bolts 

b range =7, IQR =2 

EXERCISE 13G I 

  

  

  
  

  

  

  

1 al2 b lower = 13.5, upper = 61.5 ¢ 13 

¢ — T 
-l L L L ! L L L L L > 

10 15 20 25 30 35 40 45 50 55 60 

2 a median =10, Q; =8, Q3 =13 b IQR=5 

¢ lower = 0.5, upper = 20.5, 22 is an outlier 

d . . * 
- L ! L L L L > 

0 5 10 15 20 25 

number of birds 

3 aA b D c C d B 

L Houses sold by a real estate agent 

A frequenc; o q Y 

20 

16 

12 

8 

4 

0 
o 1 2 3 4 5 6 7 

houses sold 

b 7 houses appears to be an outlier. 

¢ lower boundary = —2, 

7 houses is an outlier 

upper boundary = 6 

* 

6 7 
> 

number of houses 

EXERCISE 13H NS 

b 
6 36 minimum 

Q1 
median 

Q3 

30 

45 

60 

60 

84 

96 

maximum | 72 

¢ i cannot tell 

Friday: 

  

i Year 9: 

Year 12: 

il Year 9: 

Year 12: 

min = €20, Q; = €50, med = €70, 

Q3 = €100, max = €180 

Saturday: min = €40, Qi = €80, med = €100, 

Q3 = €140, max = €200 

b i Friday: €160, Saturday: €160 

ii Friday: €50, Saturday: €60 

  

66 min 

69 min 

30 min 

36 min 

il true, since Year 9 Q; < Year 12 min 

3 a i class1(96%) il class 1 (37%) iii class 1 

b 18% ¢ 55% d i 25% ii 50% 

e i slightly positively skewed ii negatively skewed 

f ... class 2, ... class 1 

4 

5 

d Emil: 

a Kirsten: min = 0.8 min, Q; = 1.3 min, med = 2.3 min, 

Q3 = 3.3 min, max = 6.9 min 

Erika: min = 0.2 min, Q1 = 2.2 min, med = 3.7 min, 

Q3 = 5.7 min, max = 11.5 min 

b Phone call duration 

Kirsten 

  

- 1y 
o 2 4 6 8 10 12 14 16 

time (min) 

¢ Both are positively skewed (Erika’s more so than Kirsten’s). 
Erika’s phone calls were more varied in duration. 

a discrete 

c 16 

12 

8 

4 

0 

frequency 

  

        

16 

12 

      o 
& 

® 
    

  

goals 

approximately symmetrical 

positively skewed 

e Emil: mean &~ 2.89, median = 3, mode = 3 

Aaron: mean ~ 2.67, median = 2.5, mode = 2, 3 

Emil’s mean and median are slightly higher than Aaron’s. 

Emil has a clear mode of 3, whereas Aaron has two modes 

(2 and 3). 

f Emil: range =6, IQR =2 

Aaron: range =8, IQR =3 

Emil’s data set demonstrates less variability than Aaron’s. 

L 
Emil 

Aaron: 

  
  

      
. Ly 

0 1 2 3 4 5 6 7 8 9 
goals 

h Emil is more consistent with his scoring (in terms of goals) 

than Aaron. 

a continuous (the data is measured) 

b Old type: mean = 107 hours, median = 110.5 hours, 

range = 56 hours, IQR = 19 hours 

New type: mean = 134 hours, median = 132 hours, 

range = 84 hours, IQR = 18.5 hours 

The “new” type of light globe has a higher mean and median 

than the “old” type. 

The IQR is relatively unchanged going from “old” to “new”, 

however, the range of the “new” type is greater, suggesting 
greater variability. 

© — - 
| 

old 
  
  

new 
      

-l 
60 80 100 120 200 

lifespan (hours) 

d Old type: negatively skewed 

New type: positively skewed



e The “new” type of light globes do last longer than the “old” 

type. From ¢, both the mean and median for the “new” type 

  

    

   

     

  

  

  

  

  

      
                          

  

  

     

   

  

  

  

  

                    
     

are close to 20% greater than that of the “old” type. The 
manufacturer’s claim appears to be valid. 

EXERCISE 131 B 

1 a 160, 

140 

0 50 | 615 i65 47 
0 10 20 30 40 50 60 70 80 90 100 

examination scores 

b ~ 61 marks ¢ & 92 students d 76 students 

e & 23 students f = 75 marks 

2 a ~9 seedlings b ~28.3% ¢ ~7.1cm 

d ~24cm 

e 10 cm, which means that 90% of the seedlings are shorter 

than 10 cm. 

3 a 350 cumulative frequency 

300 

0 > 
40 50 70 80 

age (years) 

b ~26years ¢ ~37.7% d i ~054 ii =004 

24< <27 

27< <30 

30<z <33 

33< <36 

36 <z <39 

39< <42 

42< <45 

  

  

- 
b 35 umulative frequency 
  

  

  

  

                        
  
  - 

24 27 30 33 36 39 42 45 48 
trout length (cm) 

¢ median & 35 cm 

d median = 34.5 cm; 

good approximation. 

~ 27 min b 

d ~ 4.3 min e 

ANSWERS 515 

the median found from the graph is a 

~ 29 min ¢ ~ 31.3 min 

A 28.2 min 
  

f | Time (t min) | 21 < 
  

Number of 
competitors 

t <24 24 < t<27127<t<30 

30     

Time (t min) 

Number of 
competitors 

30<t<33|33<t<36 

  

  

  

2004 cumulative freq 
180 

enc) 
  

160   

140   

  120 

100   

80   

  60 

40     
    20                     
  0 

0 1000 

b~ 2280 hours < 

7 a 195<1<20.5cm 

> 
2000 3000 4000 5000 

globe life (hours) 

~ 71% d ~67 

Foot length (cm) Cumulative fi'equency 

19.5 <1< 20.5 

205 <1<215 

215 <1<225 

225 <1<235 

235 <1<245 

245<1<255 

25.5 < 1<26.5 

26.5 <1 <275 

27.5<1<285 

28.5 <1<295 

29.5 <1 <305 

  

  

604 cumulafive freq ency 

  

  

  

20   

10                     0 
Vv 20 22 

d i x~252cm 

> 
24 26 28 30 32 

foot length (cm) 

ii = 18 people 

EXERCISE 13) NS 

1 a Data set A: mean = 

Data set B: mean = 

10+7+5+8+10 

5 

4+124+11+14+1+6 

6 

=8 

=8
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13 

15 

16 

ANSWERS 

Data set B appears to have a greater spread than data set A, 

as data set B has more values that are a long way from the 

mean, such as 1 and 14. 

¢ Data set A: o2 = 3.6, o~ 1.90 

Data set B: o2 ~21.7, o ~ 4.65 

a The data is positively skewed. b o=~ 159 

¢ 0?2~ 254 

a pu=24.25 o~ 3.07 b p=2825 o=~ 3.07 

¢ If cach data value is increased or decreased by the same 

amount, then the mean will also be increased or decreased 

by that amount, however the population standard deviation 

will be unchanged. 

o264, s~2.71 

Danny: = 3.21 hours; Jennifer: 2 hours 

b Danny 

< 

Danny: o ~ 0.700 hours, s~ 0.726 hours; 

Jennifer: o = 0.423 hours, s ~ 0.439 hours 

Jennifer 

Standard deviation      Mean T | Median 
  

  

i boys ii boys 

Tyson could increase his sample size. 

Rockets:  mean = 5.7, range = 11 

Bullets: mean = 5.7, range = 11 

We suspect the Rockets, since they twice scored zero runs. 

Rockets: o = 3.9, s~ 4.11 « greater variability 

Bullets: o =~ 3.29, s~ 3.47 

standard deviation 

i Museum: = 934 visitors; Art gallery: =~ 1230 visitors 

il Museum: o =~ 208 visitors, s ~ 211 visitors; 

Art gallery: o ~ 84.6 visitors, s~ 86.0 visitors 

the museum 

i ‘0’ is an outlier. 

ii This outlier corresponded to Christmas Day, so the 

muscum was probably closed which meant there were 
no visitors on that day. 

iii Yes, although the outlier is not an error, it is not a true 

reflection of a visitor count for a particular day. 

v Museum: mean ~ 965 visitors, o & 121 visitors, 

s /2 123 visitors 
v The outlier had greatly increased the population standard 

deviation. 

sa > sp does not imply that o4 > op. 

Hint: Find a counter example. 

10 p=6, ¢=9 1M1 a=8, b=6 12 b u=487 

o~ 0.775 14 p = 14.48 years, o ~ 1.75 years 

Data set A b Data set A: 8, Data set B: 8 

Data set A: 2, Data set B: ~ 1.06 

Data set A does have a wider spread. 

The standard deviation takes all of the data values into 

account, not just two. 

The female students’ marks are in the range 16 to 20 whereas 

the male students’ marks are in the range 12 to 19. 

i the females i the males 

Females: p~17.5, o~ 1.02 

Males: =~ 15.5, o ~ 1.65 

17 The results for the mean will differ by 1, but the results for the 

standard deviation will be the same. Jess’ question is worded so 

that the respondent will not include themselves. 

18 a T~483cm b o~ 2.66cm, s~2.70cm 

19 a T~ 1745 b o~ 787, sx~791 

20 a T = $780.60 b o~ $31.74, s~ $31.82 

21 a T =40.35 hours, o &~ 4.23 hours, s ~ 4.28 hours 

b T = 40.6 hours, o =~ 4.10 hours, s ~ 4.15 hours 

The mean increases slightly; the standard deviation decreases 

slightly. These are good approximations. 

REVIEW SET 13A IS 

1 a i =467 ii 5 b i 399 ii 3.9 

2 a Number of cats per house 
240 
= 

3 
530 
& 

o S 
= oS     

          

  

0 
0 1 2 3 4 5 number 

of cats 

b positively skewed 

¢ i Ocats ii ~ 0.873 cats iii 0 cats 

d The mean, as it suggests that some people have cats. (The 

mode and median are both 0.) 

+ o [Diwbuion |Gl | Boww | 
median 36 s 34.5 s 

mean 36s 34.45 s 

modal class | 34.5-35.5s | 34.5-35.5s 

  

b The girls’ distribution is positively skewed and the boys’ 

distribution is approximately symmetrical. The median and 

mean swim times for boys are both about 1.5 seconds lower 

than for girls. Despite this, the distributions have the same 

modal class because of the skewness in the girls’ distribution. 

The analysis supports the conjecture that boys generally swim 

faster than girls with less spread of times. 

4L a=8 b=6 

5 b k+3 

6 a We do not know cach individual data value, only the intervals 

they fall in, so we cannot calculate the mean winning margin 

exactly. 

b ~ 22.6 points 

7 a min=3, Q; =12, med =15, Q3 =19, max = 31 

b range = 28, IQR =7 

< 

8 a 1015 b 75 ¢ 100.2 d ~ 759 

9 a A: mn=11s, Q; =11.6s, med =125, 

Q3 =12.6s, max =13 s 

B: min=11.2s, Q; =125, med = 12.6 s, 

Q3 =13.2's, max = 13.8 s 

b A: range=2.0s, IQR=1.0s 

B: range =2.6s, IQR=12s 

¢ i A, the median time is lower. 

ii B, the range and IQR are higher. 

10 a =~585s b x~6s ¢ ~53s



11 a = 88 students < Fie (i) 
20 b m~24 5<t<10 

10<t<15 

15<t<20 

20<t <25 

25 <t <30 

30<t<35 

35 <t <40 

  

12 a 02x63.0, o~ 7.94 b 02~ 0.969, o~ 0.984 
13  a T =~ 49.6 matches, o ~ 1.60 matches, s =~ 1.60 matches 

b The claim is not justified, but a larger sample is needed. 

14 a T~336L b o~ T63L, s~T7.66L 

15 a No, extreme values have less effect on the standard deviation 

of a larger population. 

b i mean i standard deviation 

A low standard deviation means that the weight of biscuits in 

cach packet is, on average, close to 250 g. 

REVIEW SET 13B IS 

e Geconds) 

  

b Yes, Heike’s mean and median times have gradually decreased 

cach week which indicates that her speed has improved over 
the 4 week period. 

2 asb b 352 ¢ 3.5 3 

hp=T7qg=9 (or p=9, ¢g=T7) 

¢ T 
11 12 13 14 15 16 17 18 

axz=7 b6 

5 = 414 patrons 

7 a o117, sx124 b Qi =117, Q3 =130 

  

  

  

  

  

¢ yes, 93 

d 
* LT 

. L L L1 L L 
0 100 110 4 120% 130 0 

117 122 

8 

Brand X 

-— 
870 880 890 900 910 920 930 

¢ 1 Brand Y, as the median is higher. 

ii Brand Y, as the IQR is lower, so less variation. 

9 a 
9 

  
10 a 
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LU 704 cumulative frequency 

60 

50 

40 t 

30 : 

20 

10 | + T 

. i . 
0 5 10 15 20 25 30 35 40 45 50 55 

scores 

b i median ~ 26 ii IQR ~ 11.5 

T~ 26.0 v o~8.31 

12 a 44 players b 90 < ¢t < 120 min 

¢ 504 cumulative fir quenc; 

40 

0[S 

20 ( 

10 [ i 

HI time (min 
0 ¥ Yy Yy > 

0 30 60 90 120 150 180 210 

d i ~98.6 min il ~ 96.8 min iii no 

e “.. between 77.2 and 115.7 minutes.” 

13 a T = €207.02 b o = €38.80, s~ €38.89 

14 a Kevin: T =41.2 min; Felicity: Z = 39.5 min 

b Kevin: o & 7.61 min, s = 7.81 min; 

Felicity: o ~ 9.22 min, s ~ 9.46 min 

¢ Felicity d Kevin 

15 10 data values 

EXERCISE 14A B 
1 ay=a2—-3c+1 

  

    

  

  

2 a no b yes ¢ yes d yes e no f yes 

3 az=—-lor—2 b z=2 cxz=1lorb 

dz=-3 or% e z=—6orl f no real solutions 

EXERCISE 14B.1 

1 
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EXERCISE 14B.2 I 

1 ay=(-1)2%+2 by=(@x+2?2-6 
   

       

      

2 a iy=2@+1)2+3 

i (—1,3) i 5 i (2,-5) i 3 

iv 

   
y=22+4z+5 

    



    

i y=3(—1)? 

(1.2) 

  

iy=—20+5)2+42 
5 49 ) 

v( 5 

EXERCISE 14B.3 WSS 

1 a 

b 

< 

d 

e 

f 

S 

h 

i 

i 
2 a 

  

(2, -2) 
(-1, -4) 
(0, 4) 
(0, 1) 
(-2, —15) 

(=2, -5) 

-3 -9 
3% 
(1. -3%) 
(14, —43) 
2= 

(4, -9) 
z-intercepts 1, 7, 

y-intercept 7 

minimum turning point 

minimum turning point 

minimum turning point 

maximum turning point 

minimum turning point 

maximum turning point 

minimum turning point 

minimum turning point 

maximum turning point 

minimum turning point 

b 

    

iii 5 

49 

iii 3 

) 

T =-3 

(=3.1) 
il z-int. —2, —4, 

y-intercept —8 

V(-3,1) 
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¢ iz=3 i (39 d iz=3% i@&hH 

  

z-intercepts 0, 6, 

y-intercept 0 
il z-intercepts 1, 2, 

y-intercept —2 

    e fiz=2 
szl (5. 3) 

z-int. —1 + /13, 

y-intercept —24 

  

x-intercepts %, 1, 

y-intercept —1 

    
y=-32"+4z -1    

  

S iz=1 

i (3.-9) (1, -9) 
iii z-intercepts 7%, %, 

  

. 1 
z-intercepts 3, 2, 

y-intercept 2 y-intercept —5 

iv 

  

| o= 

(4, 1) 
z-intercepts 2, 6, 

y-intercept —3    
b 

3 Hint: y = az? + bz + ¢ has vertex with z-coordinate —— 
b\2 2a 

and y-coordinate a (—2—) + b(f_) +e. 
a 

EXERCISE 14C W 

1 a A =9 whichis > 0, graph cuts z-axis twice; is concave 

up. 

b A =12 which is > 0, graph cuts z-axis twice; is concave 

up. 

¢ A = —12 whichis < 0, graph lies entircly below the x-axis; 
is concave down, negative definite. 

d A =57 which is > 0, graph cuts x-axis twice; is concave 

up.
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e A =0, graph touches z-axis; is concave up. 5 y=3 

f A =17 which is > 0, graph cuts z-axis twice; is concave 
down. &rap EXERCISE 14E NS 

g A =121 which is > 0, graph cuts z-axis twice; is concave 1 a (1,7) and (2,8) b (4,5) and (-3, —9) 

up. ¢ (3,0) (touching) d graphs do not meet 
h fi):fl 25 which is > 0, graph cuts z-axis twice; is concave 2 a (0.586,5.59) and (3.41, 8.41) 

i A =0, graph touches z-axis; is concave up. b (3, —4) (touching) ¢ graphs do not meet 
2 a concave up o d (—2.56, —18.8) and (1.56, 1.81) 

b A =17 whichis >0 3 a (—1,1) and (2,4) b y=z+2 
cuts z-axis twice cxz<—1ora>2 

¢ z-intercepts 
~ 0.22 and 2.28 

d y-intercept is 1 

3 a A=—12 whichis <0 4 & (—2-3) and 
does not cut z-axis (1,0 

b negative definite, since ’ 
a<0 and A <0 crx<—-2o0r xz>1 

¢ vertex is (2, —3), 
y-intercept is —7 

4 a a=2 whichis >0 and A =—40 whichis < 0 5oLy © rets 
positive definite. cz€ER, z#1 

b a=—2 whichis <0 and A = —23 whichis <0 

negative definite. 

¢ a=1 whichis >0 and A= —15 whichis <0 a? 
positive definite so 22 — 3z +6 > 0 for all z. e 

d a= -1 whichis <0 and A = —8 whichis <0 

negative definite so 4z — 22 —6 < 0 for all z. 6 ax=-dorl b 

¢ < —4 or 

0<z<1 

7 a=3 whichis >0 and A = k?+ 12 which is always > 0 7 ¢c=-9 8 m=0or-8 9 —lorll 

{as k2> 0 forall k} .. cannot be positive definite. 10 ac<-9 

8 k= —2, the graph touches the z-axis in this case. b example: ¢ = —10 

EXERCISE 14D W 

1 

® 
A
 

O
 
n
 

y=2z—1)(z—2) b y=3(z—2)? 

y=(z—1)(z—3) dy=—(z-3)(z+1) 

y=—3(z—1)? fy=—2(z+2)(z—3) 

y:%(ac—Q)(ac—4) b y:—%(a:+4)(9:—2) 

yzf_f;(z+3)2 

  

12 ac>-2 bc=-2 cc< -2 

13 Hint: A straight line through (0, 3) will have an equation of 

  

   
  

a2 _ 2 y73x2—18:c+15 by7—429: +6x+4 the form y = mz + 3. 

y=—a°+6c-9 d y=4a®+16x+16 15 b=8, c=—-14 15 ac=da2 meR b m=2a 
y =322 —6z+ 5 fy=—322422+45 

5 5 EXERCISE 14F B 
y=—(r—2)*+4 by=2xz-22-1 1 
. 324 dy=—2 3248 1 7and —5 or —7and 5 2 5or 3 314 

y*g“”* ) e 4 18and 20 or —18 and —20 
_ 2 _ 2 y=75(c—4°-6 fy=—g(@+2°+5 5 15and 17 or —15and —17 6 15sides 7 ~ 3.48 cm 

y=-2x—-22+3 hy=3@x+4)2+3 8 b 6cmby6cmby7em 9 ~ 11.2 cm square 

y=2x-3)?2-2 10 no 12 ~61.8kmh~! 13 32 clderly citizens
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— 8,2 h 
oy 9x+8. i L 547 + — «— LT 1= 5, 

b No, as the tunnel is only 4.44 m high when it is the same -3 i -1 5 
width as the truck. . 

15 a h=—5(t—2)2+80 b 75m ¢ 6 seconds " L=, 
_2 1 

EXERCISE 14G v 
1 a min. —1, when z =1 b max. 8, when = = —1 5 a 4 + b + 4 

1 1 . 1 1 -« " s - s 
¢ max. 85, when z = 3 d min. 71§,when z=-3 =5 1 

e min. 4%,whcn x:% f max. Gé,whcn x:% < d . . 

2 a 40 refrigerators b €4000 9 o 1 v 

4 500 m by 250 m ; 
e 

5 a41%mby41%m b50mby31%m ‘43;»1 <;‘;>z 

6 bSéunits 7 ay:fi—%m b 3cmby4cm 2 

EXERCISE 14H.2 B 

1 a -5<z<2 b -3<z<2 ¢ no solutions 
—2d (a2 4 p2)p2 2 p2)2 . 

¢ 9 y=at = 2(a+ e+ (a7 — %) dall z€R e —lcacs  f-2caca 
least value = —4a?b? 5 

2 axz<0orz=>1 b—§<:c<0 ¢ xH£ -2 

d 5<z<3 e -2 6 f —4 1 EXERCISE 14H.1 I SES pemzorw> <v< 
1 a b 3 axz<0oraz=>3 b 2<z<2 

1l 1= o «— 1l - 1 * o cx<—vV2 o z>V2 d -3<z<7 
-1 3 0 2 

e x<5 orxz>6 fr<—6o0raxz>7 

— 3 i < _ 4 _ ., d 4 4 . gz<—lorz>s h  no solutions 

1 1 I i —$<a<i jz<—% orz>4 

e f k z#1 Iégzgé mz<7% or z>1 

= 5 P 3 
) z z nxé—% ora:)% ox<%orac>3 

2 a b 4L a T k<-8or k>0 ii k=-8or0 

1l = L+ o, «— = Lt o i —8<k<0 
1 2 -1 s ) B 

b i —-1<k<1l, k#0 iik=—1orl 

< + — + ” d + — + - k<—1or k>1 

o3 -2 0 ‘ ¢ i k<—6or k>2 i k=—6 or k=2 
—6<k<2 

€ -1+ f - L+ - - <—Jl—i—>x <—Jl—g—>a: 5 a ik<—-2o0 k>6 i k=-2 o0 k=6 

? ’ —2<k<6 

S e, M-, b ik<-2B or k>3 i k=2 or k=3 
-3 ;3 <k<3 

i P _4 ik _4 — + L — + v ¢ i —3<k<0, k#-1 i k=—35 or k=0 

3 0 il k<—% or k>0 
3 a 4 4 b 4 L 6 am>3 b m<-1 

-2 ’ 3 ¢ 7 am<-1o m>T7 bm=-1o m=7 

d ¢ —1<m<7 
< 
4444,1 él;,z 8 a a<6-2V10 or a>6+2/10 b a=6+2/10 

¢ 6-2vV10<a<6+2v10 

e _ — ) f - - REVIEW SET 14A B 
T T 

  

        

-4 -5 1 a b 

4 a _ b _ - 
-t L= L oy - + > -3 3 -2 2 

< _ _ d _ 
-— LT L= 5y -t t s 

0 5 1 2 

e f   
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2 (4,4) and (-3, 18) 3 k< -3% 6 

_9 9 9 6 o 5 4 am=g b m<g cm>zg 5 gorg 

6 Hint: Let the line have equation y = ma + 10. 

_ 3y2 _ 15 7 ay=2z+35)P°-3 b 

y=2(z+ 
7 

8 

8 ay:%(a:—Z)z—ZO by:—%(a:—l)(x—fl 

¢ y=2(z+3)? ? 
9 

10 

1 

13 

10 % 

1M1 a i A>0 il a<0 

b i A(-m.0), B(-n.0) i zzy 

13 y=—4z®+4z+24 14 k=3 
14 

15 a c=8 b 3a+b=-3 a—-b=-5 

ca=-2 b=3, y=—222+3c+8 

16 m = —5or19 17 21m 

18 a _ + _ b _ + _ 

_2 4 -3 6 
3 

19 az<-2o0rxz>3 b -1<z<5 

crx<—5 orz>2 

20 a k<6-2V5 or k>6+2V5 b k=6+2V5 
€ 6-2V5<k<6+2V5 

REVIEW SET 14B IS 

1 az=2 d 

b (2, -4) 

< —2 

15 

2 x=4%, V(i 12}) 16 
3 a A =65, the graph b A =97, the graph 17 

cuts the z-axis twice cuts the z-axis twice 18 

b y=—6(x—2)2+25 19 

5 ay=—2@=+5)(z—1) b (-2,3%), =2 

r=—1 d 

b (-1,-3) 
¢ aeint. —1+ 8 

y-intercept —1 

  

V(=1,-3); 

a y:212712z+18 

cy=a2+7r—3 

ac>—-6 

For example, when ¢ = —2, points of intersection are 

(=1, —5) and (3, 7). 

by=—3c2+4z+3 
d y=—222+12z -3 

o
 

      

    

  

  

  

  

                    

a minimum is 5% when x:7§ 

b maximum is 5% when z = 7% 

a y=3z%—3z—18 b —18 ¢ (3, -183) 
am=-2 n=4 b k=7 12 & 13.5 cm square 

ax=—-4o0r0 b =22k 5& + 1 Y 

crx<—4or x>0 

= > 

=|—a 

a iy=(+2)2-1 b 
i y=(z+3)(z+1) 

  

  

  

V(-1,-4) y 

¢ iy=2z-22-18 d 
il y=2(z—5)(z+1) 

i y=—(x—3)2+16 

il y=—(z—7)(z+1) 

m i 
  

       TV(2. -18) 

a k=412 b (0,4) 

b 373 mby 334 m ¢ 1250 m? 

b $60, revenue is $2400 per day 

a + _ + . b _ _ . 

-2 5 ’ -3 ’ 

a0<z<% bzgflorz>% 

1 3 cx< 3 orz Z 35



25 1 _ 25 _1 
20 a77<m<5,m#0 bm—77 or m=gz 

_25 1 cm< 5 or m> 3 

EXERCISE 15A NS 

1 a Is a function, since for every value of x there is only one 

corresponding value of y. 

b Is not a function. When z =2, y =1 or 0. 

2 a Is a function, since for any value of x there is at most one 

value of y. 

b Is a function, since for any value of « there is at most one 

value of y. 

¢ Is not a function. If z2+y? =09, then y = +v/9 — 2. 

So, for example, for © =2, y = ++/5. 

3 a function 

d not a function 

b not a function < function 

4 Not a function as a 2 year old child could pay $0 or $20. 

5 No, because a vertical line (the y-axis) would cut the relation 

more than once. 

6 No. A vertical line is not a function. It will not pass the “vertical 

   

line” test. 

7 a y? =z is a relation but not a function. 

y 2 is a function (and a relation). 

Y x has a horizontal axis of symmetry (the z-axis). 

y =22 has a vertical axis of symmetry (the y-axis). 
B 2 _ oth y2 =z and y = x> have vertex (0, 0). 

2 = is a rotation of y = x2 clockwise through 90° 

about the origin or y? = x is a reflection of y = z2 
the line y = z. 

in 

b i The part of y2 = in the first quadrant. 

ii y=+/z isa function as any vertical line cuts the graph 

at most once. 

8 a Both curves are functions since any vertical line will cut each 

curve at most once. 

b y=z 

EXERCISE 15B s 

    

1 a2 b 2 ¢ -16 d —68 e i 

2 a -3 b3 <3 d -3 e 
R _ 9 

3 a i-3 i -3 il -3 bz=4 cr=z 

4 a 7—3a b 7+3a ¢ —3a—2 d 7—6a 

e 1—-3z f 7—3z—3h 

5 a 2c2+19z+43 b 222 —1lz+13 
¢ 202 -3z —1 d 2244322 -1 
e 1822 + 9z —1 t 222 + (4h + 3)x + 2h2 +3h — 1 

12 

6 a 9z? l-aI ¢ 322 d 222 — 4o+ 7 

1 2 243 2z +1 
7 a —— b — < R d vt 

T T T z—1 

8 f is the function which converts z into f(x) whereas f(z) is the 
value of the function at any value of x. 

9 Note: Other answers are possible. 
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10 f(z)=—2z+5 
11 a H(30) =800. After 30 minutes the balloon is 800 m high. 

b t =20 or 70. After 20 minutes and after 70 minutes the 

balloon is 600 m high. 

c 0<t<80 d 0mto 900 m 

12 a=3, b=-2 13 a=3, b=—-1, c=—4 

14 a V(4) = 5400; V(4) is the value of the photocopier in 
pounds after 4 years. 

b ¢t =6. After 6 years the value of the photocopier is £3600. 

< £9000 do<t<10 

EXERCISE 15C M 

1 a 
  

  

A S 
10 Demerit points (y) 

  

  

    

  

  

  

  

  [T 
- o 1 

mount over spect ll{m»t (zkmh™ ") 

0 10 20 30 40 50 

                        0   

b Yes, since for every value of z, there is at most one value 

of y. 

Domain is {z a x>0}, Rangeis {2,3,5,7,9} 

2 a Atany moment in time there can be only one temperature, so 

the graph is a function. 

  
b Domainis {¢|0 < ¢ < 30}, Rangeis {7"|15 < T < 25} 

3 a Domainis {z|—-1<z <5}, Rangeis {y|1<y<3} 

b Domainis {z |z # 2}, Rangeis {y|y# —1} 

¢ Domainis {x |z € R}, Rangeis {y|0<y<2} 

d Domainis {z |z € R}, Rangeis {y|y < 275} 

e Domainis {z |z > —4}, Rangeis {y|y > —3} 

f Domainis {z |z # +2}, 

Rangeis {y |y < —1 or y >0} 

4 a true b false ¢ true d true 

a{yly>0} 
d {yly<0} 
9 {wly>-9} 

    

¢ 

d {yly=>0} 
7 a Domainis {z |z > —6}, Rangeis {y|y >0} 

b Domainis {z |z # 0}, Rangeis {y|y >0} 

¢ Domainis {z |z # —1}, Rangeis {y |y # 0} 

d Domainis {z |z >0}, Rangeis {y|y <0} 
e Domainis {z |z # 3}, Rangeis {y|y#0} 
f Domainis {z |z <4}, Rangeis {y|y >0}
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8 a b i 

(1,-8) 

fla) = a® -3z -9z + 10 flz) =2 +42° — 162 + 3 f(m):.’n3+$ 

Domain is {z | z € R}, Domain is {x | = € R}, Domain is {x | x # 0}, 

Range is {y |y € R} Rangeis {y |y > —8} Rangeis {y |y < —2 

< d or y > 2} 

k 1 Yy 
(1.44,0.531) 

y=x2"" 

fla)=vaZ+4 

Domain is {z | z € R}, Domain is {z |z < —2 

Rangeis {y |y > 2} or = > 2}, Domain is {z | z € R}, Domain is {z | = € R}, 

Range is {y |y > 0} Range is {y |y > 0} Range is {y |y < 0.531} 

e 9 a (2.53,28.0) 

y=—at+ 2%+ 522+ x+2 

Domain is (4, -12) 
{z | —.3 <z <3}, Domalr} is {z|z#2}, Range is {y | —42 < y < 28.0} 

Rangeis {y|0<y<3}  Rangeis {y|y#1} . 
Yy 

S (~1.06,4.03) (L17.6.21) 

(~0.101, 1.95) * 

(2,-8) 
(—2,-12) y=—22"+522+ 2 +2 

Range is {y|—12 <y < 6.27} 
Domain is {z |z # —1 or 2}, ¢ 

Range is {y |y < or y>3) 
h Y 

      
1 

x+l—_ 

Range is {y\%<y<1} 

10 ak>2 b Rangeis {y|y> \/k— 2} 

Domain is {z | = # 0}, 11 a Domainis {z|—2<z <2} 
Rangeis {y|y< —2 or y>2} Rangeis {y|—-2<y<2} 

b Domainis {-2, —1,0, 1, 2} 

Range is {—2, —/3,0, V3, 2}



EXERCISE 15D.1   
  

  

  

  

  

  

  

  

  

  

  

                          

  

  

  

  

  

  

  

  

  

  

  

  

                          

1 a 

b i As k becomes larger the graphs move further from the 

origin. 

ii quadrants 1 and 3 iii A 

2 a 

b i As|k|becomes larger, the graphs move further from the 

origin. 

il quadrants 2 and 4 iii + - 
-— = 

0 

3 a{z|z#0} b {y|ly#0} cz=0 dy=0 

6 15 _fi 
L oa y=-— b y=— cy= 

x T T 

EXERCISE 15D.2 NS 

1 a i vertical asymptote = = 2, horizontal asymptote y =0 

ii Domainis {z |z # 2}, Rangeis {y|y # 0} 

no z-intercept, y-intercept 7% 

      

iva z—27, f(z) > —o0 

as © — 2T, f(z) — o0 

as ¢ — —oo, f(z)— 0" 

as @ — oo, f(z) — 0T 

  

b i vertical asymptote = = 3, horizontal asymptote y = 2 

il Domainis {z |z # 3}, Rangeis {y|y # 2} 

iii z-intercept 5 y-interceptg 
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ivas z— 37, f(z) > —o0 

  

i vertical asymptote = —1, horizontal asymptote y = 2 

Domainis {z |z # —1}, Rangeis {y|y # 2} 

z-intercept %, y-intercept —1 

  

ivas z— —17, f(z) — oo 

as © — —17, f(z) — —o0 

as ¢ — —oo, f(z) — 2+ 

as  — oo, f(z)—27 

  

  

    

a : b 
i L * L o 

1 2 -2 

< : _ + i . 

1 3 

a : b : 
+ - i+ . + P - + - 

-2 1 -3 0 

< o d o 

-5 -1 -3 2 

e 4 f 4 
- -1l " L e 

_3 4 1 2 
2 4 

S : h 
+ -+ - + - + - 

0 2 0 3 

a i vertical asymptote is x =1 

ii z-intercept 0, y-intercept O 

  

1 
i f(z)=1+ 7 horizontal asymptote is y = 1 T 
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o ! w
 

Lt
 

= & ! | 8 a 

  

b i vertical asymptote is = =2 

il z-intercept —3, y-intercept —% 

  

5 
i f(z)=1+ T horizontal asymptote is y = 1 - 

   
e i vertical asymptote is © =3 

il z-intercept —2, y-intcrccpt% 

10 . . 
i f(z)=-2+ = horizontal asymptote is y = —2 

-z 

¢ i vertical asymptote is x = —2 

i a-intercept 1, y-intercept 7% 

7 . . 
iii f(z)=3-— e horizontal asymptote is y = 3 

x 

f vertical asymptote is = = % 

z-intercept —3, y-intercept —3 

7 
, horizontal asymptote is y = & 1z o ymp y=3   il f(z) =4+ 

  

d i vertical asymptote is = =3 

i a-intercept —%, y-intercept % 

i f(z)=-2— T horizontal asymptote is y = —2 

   



  

d 
Domain is {z |z # —=} 

c 

vertical asymptote is © = —— 
c 

. b . . b 
x-ntercept 18 ——, y-intercept 1S — 

a d 

av+b  Z(cw+d) -2+ 
  

  

= and so on 
cr+d cr+d 

_ ad 
As T — oo, < 0. 

cx+d 
a 

the horizontal asymptote is y = —. 
c 

EXERCISE 15E I 

v
l
 
W
D
 

o
 

o
 

o 
a 

O
 

—2—-222 b 14422 ¢ —10 d —4 

422 —16c—13 b 10—222 ¢ 14 - 
25z —42 b B « 7 d 2 
R G o 2 1 
iz 6z + 10 i 2—x b zfifi 

(fog)(x)zg—\/x§+4 

Domainis {z |z € R}, Rangeis {y|y <7} 

53 

(FoN@) =9-/0- V& 
Domainis {z|0< z <81}, Rangeis {y|6<y<9} 

—6x—9 b ax=-1 

i 1-9z2 i 1+ 6z — 322 bx:—é 

1 
(fog)(x)fz—73 

Domain is {z |z # 3}, Rangeis {y |y # 0} 

1 

Fo® =" 
Domain is {z |z # —1, © # —2} 

Rangeis {y |y >4, y <0} 

  

fog=A{(27),(52),(7.5), (9 9} 
go f=1{(0,2),(1,0), (2 1), (3,3)} 

(fog)(=) = el 2, Domain is {z |« # 3 or 1} 
3z —1 3 

(g0 f)(z) =2z +5, Domainis {z|x# —2} 
(gog)(x) ==z, Domainis {z |z # 1} 

Let 2 =0, b=4d andso 

ar+b=cr+b 

ax =cx forall z 

Let z =1, a=c 

(fog)(x)=[2a]z+[2b+3]=1z+0 forallz 
2a=1 and 2b+3=0 

Yes, {(go f)(z) = [2a]z + [3a + b]} 

(fog)(@) =v1-a? 
Domainis {z | —-1<z <1}, Rangeis {y|0<y<1} 

13 

14 

15 

16 

o 
O 

o 
Q
a
n
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(gof)z)=1-= 
Domainis {z |z < 1}, Rangeis {y|y = 0} 

RyNDy #@ 

Domain is {z |z € Dy, g(x) € Dy} 

V o D = 6800 — 400t 

This is the value of Mila’s car ¢ years after purchase. 

b 4400; the value of Mila’s car 6 years after purchase is $4400. 

i ToS ii SoT 

V = 2000 — 20t 

24000 — 240t 
HoV =3/ —— 

° m 

This is the height of the solution after ¢ minutes. 

(H o V)(30) ~ 17.5; the height of the solution after 
30 minutes is about 17.5 cm. 

b €715 

EXERCISE 15F B 

a 

    

b     
  

Domain is 

Range is 

L 

Domain is 

Range is 

Domain is 

Range is 

L 

Domain is 

Range is



528  ANSWERS 

Domain is 

Range is 

Ty 

Domain is 

Range is 

Domain is 

Range is 

f71 . 

Domain is 

Range is 

Domain is 

Range is 

L 

Domain is 

Range is 

I 

Domain is 

Range is 

o 
Domain is   Range is 

b ()T = 205 = f(a) 
  

z € R} 

y ER} 

z € R} 

y € R} 

z € R} 

y >0} 

z >0} 

y € R} 

z € R} 

y €R} 

z € R} 

y €R} 

z € R} 

y €R} 

z € R} 

y €R} 

5 a {(2,1),(4.2), (5 3)} b inverse does not exist 

¢ {(1.2), (0, -1).(2.0). 3, D)} 
d {(-1,-1),(0,0), (1, )} 

6 f(z)==z and f(z)=-x+c, cER 

7 Rangeis {y|—-2<y<3} 

    
y=f(x) 
reflected 
iny=x 

  

b no ¢ yes,itis flix o+ 4 

  

f=f" 
[ is self-inverse. 

1 

13 

14 

15 

16 

17 

19 

The inverse function must also be a function and must 

therefore satisfy the vertical line test, which it can only do if 

the original function satisfies the horizontal line test. 

i is the only one. 

i Domainis {z |z > 1} or {z |z <1} 

il Domainis {z |z > 1} or {z |z < -2} 

e =—vE b 

function. 

y=f"     (@) 

Every vertical line cuts the 

graph once. So, it is a 

A horizontal line above 

the vertex cuts the graph 

twice. So, it does not have 

an inverse. 

  

For « > 2, all horizontal lines cut the graph at most once. 

g(z) has an inverse. 

Hint: Inverseis « =y? — 4y +3 for y > 2 

g: Domainis {z |z > 2}, Rangeis {y | 
1 

y > -1} 
g~ ': Domainis {z |z > —1}, Rangeis {y|y>2} 

Hint: Find gg—'(z) and g 'g(z) and show that they 

both equal z. 

“z)=vVz—-3-1, 2>3 

v y=f) < I       

   

L3 AL ) s 

  

  
  

Domainis {z |z > —1} 

Range is {y |y >3} 

Domain is {z | z > 3} 

Rangeis {y |y > —1} 

  

(3.-1) 

fH2)=3-VI3—z 

f: Domainis {z |z < 3}, Rangeis {y|y < 13} 

£~ Domainis {z |z <13}, Rangeis {y|y < 3} 

ak=% 
o 52z 113 i) = 

2 

il Domainis {z|z > 7%}, Rangeis {y |y < %} 

g Mz) =82z b z=10 

FU-3)—g7 1) =-4-(-4)=0 da=3 
8 —6 b k=10 

_ _ z+3 _ z+3 
(ftog ) = and (g0 )7 @) = —5 

_3z-—8 is 

v= r—3 

symmetrical about 

y==z 
fisa 

self-inverse 
function.



    b F )= 228 fa) = 228 
=3 z—3 

f=f1 f is a self-inverse function 

20 d=—a 21 a B(f(z), ) 

22 a Domainis {z |z > 0} 

b No, as f(z) does not pass the horizontal line test. 

¢ igiz)=(B-Vzt8)? 
i g Domain is {z |0 < = < 9} 

Rangeis {y|—-8<y<1} 

g~ Domainis {z|-8<ax<1} 

Rangeis {y|0<y <9} 

d i hlz)=(B+Vz+8)? 
il h: Domain is {z |z > 9} 

Rangeis {y |y > —8} 

h™': Domainis {z |z > —8} 

Range is {y |y > 9} 
il z=-8 

REVIEW SET 15A B 

1 a i Domainis {z|z¢c R} 

iii yes, it is a function 

b i Domainis {z |z e R} 

Rangeis {y |y < —1 or y > 1} 

no, not a function 

il Rangeis {y|y> —4} 

  

  

¢ i Domainis {z |z € R} 

il Rangeis {y|—5<y <5} i yes,itisa function 

2 a0 b -15 ¢ -2 3 a=-6, b=13 

4 az=0 b 
  

¢ Domainis {z |z #0} 

Range is {y |y < 0} 
  

  

  

  

  

  

    

  

                

5 a f(-3)=(-3?2=9 g(-5)=1-6(-5)=9 
bor=-4 

6 a Domainis {z |z > —4}, Rangeis {y|y> 0} 

b Domainis {z |z € R}, Rangeis {y|y <1} 

¢ Domainis {z |z R}, Rangeis {y|y > 7é} 

20 60 
7 ay=-—— b y=— 

x x 

8 a vertical asymptote = = 2, horizontal asymptote y = —4 

b Domainis {z |z # 2}, Rangeis {y|y # —4} 

S b, 
12 

4 

as x — 27, f(z) — oo 

as © — 27, f(z) > —co0  as © — oo, f(z) > —4~ 

1 d z-intercept —7, y-intercept % 

as  — —oo, f(x) — —4F 
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e 

4z +1 — 
P 

9 a 6zx—3 bz=1 

10 al-27 b +yI—2%z ¢3 

11 a (fog)(w)=vVa?—1 

Domainis {z |z < —1 or x> 1} 

Range is {y |y > 0} 

b (gof)(z)=x—1 
Domainis {z |z > —2}, Rangeis {y|y > —3} 

12 a=1, b=—1 
13 

14 

  

15 
  

    

  

  

  

  

(L —3) 
  

  

, y= flx) 
                          y | 2+2) 
  

b Rangeis {y|0<y<2} 

¢ iz=v3 ihr=-3 

16 (f1oh (@) = (ho /) }(z) = -2 
17 a Y 

  

  

    

5. . . 
y = is symmetrical about y = = 

= — 

f is a self-inverse function. 

br—1 br —1 
b fla)= = and f(z) = — 

z—5 r—5 

f=f1 f is a self-inverse function. 

18 a —4 b1
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(=2,-3) 

Any horizontal line cuts the graph at most once. 

g (z)=-3-Vzt2 z>-2 

Range of g is {y |y > —2} 

Domain of g~ is {z |z > —2}, 

Range of g~ is {y |y < —3} 

REVIEW SET 15B IS 

1 a Domainis {z |z € R}, Rangeis {y|y=> —4} 

b Domainis {x |z > —2}, Rangeis {y|1<y <3} 

¢ Domainis {z |z R}, Rangeis {y|y=—1,1,or2} 

-
0
 

an
 
O
 

  

       
  

  

  

                                                

  

  

2 aaz?-z-2 b 16z% — 12z 

3 a isa function b is not a function 

4 a Domainis {z |z # %}, Range is {y |y # 10} 

b Domainis {z |z > —7}, Rangeis {y|y > 0} 

5 a AY 

N 3 5% 
Y 

b It is a function. 

¢ Domainis {z |z <9}, Rangeis {y|y=> 0} 

6 a=-2 7 a=1, b=-6, c=5 

8 a vertical asymptote is = = —2, 

horizontal asymptote is y = —1 

b Domainis {z |z # —2}, Rangeis {y|y# —1} 

¢ z-intercept is 1, y-intercept is % 

dasz— -2, f(z) > —o0 as z— —oo, f(z) - —1~ 

as @ — —27, f(z) — o0 as « — oo, f(z) — —1T 
e 

o 

9 

(4,4)    
(0.131, 0.0646)    

   

y=2° -4z’ +x 

(=1,-6) (254, —6.88) 

Rangeis {y | —6.88 <y < 4} 

10 a —4z? +4a+2 b 5222 c 2 

13 

14 

15 

16 

17 

18 

19 

EXERCISE 16A 

1 
(fog)(z) = @ mrae 

Domainis {x |z # 3, = # 1}, Rangeis {y|y > 0} 

a i6z2-3z+5 i 1822 + 57z + 45 
__5 b z=—-3 

a DoS =49t 

This is the distance travelled by the object after ¢ seconds. 

b (DoS)(5)=1225m 
The object has travelled 122.5 m after 5 seconds. 

  

  

  

f_l(a:) _ 29:-;—29 

Foh @) = (ho f)~ (2) = 228 
15 

2 o= bao=-} 
¢ i vertical asymptote = = —% 

horizontal asymptote y = 0 

  

    

iii Range is {y|y<—% or y>%} 

16 

aa=2 b=-1 

b Domainis {z |z # 2}, Rangeis {y|y# —1} 

3z 2z +1 

° r—2 ° xz—1 

a fla)=\4-Vz+13 
Domain is {z 

Rangeis {y|0<y 

b gl (z)=\/4+Vz T 13 

Domain is {z |z > —13}, Rangeis {y|y > 2} 

¢ hl(@)= /41— vz 13 
Domain is {z | —13 < = < 3}, 

Rangeis {y|—-2<y<0} 

d j7Nz)=—\/4+ V& + 13 

Domainis {z |z > —13}, Rangeis {y|y < —2} 

I 

a b 
  

AY 
  

  3 
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    8 (1, -9) 

  

9 a y-interceptis —1 b z-intercepts are —2 and 5 

¢ inconclusive 

7 15 10 g(z) = 22 — 8z + 12 1 g(a) = 24 
x4+ 2 

12 a i (3,2 i (0,11) iii (5,6 ) 
b i (-24) it (5, 25) i (—13,2%)



ANSWERS 532 

EXERCISE 16B NS 
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b (—25, —15) a (2,25) 

=5—=z b g(z) 

d g(z) 

a g(z) =222 +4 

82 + 2z — 3 

3N 
w
z
E
 

£ 
1
8
§
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g 
= 
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7
2
9
8
 

s
%
 

= 
5
2
w
 

g 
t
2
g
g
 

2 
B
Z
E
E
 

“
H
 

R
 
o
7
 

o
=
 

£ 
- 

2
:
.
fl
C
a
)
 

4 
E
Q
E
 

o 
=
 

-
 

2 
r
s
s
 

1 
>
8
2
2
 

E
 

~— 

 
 
 
 
  
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

                
 



  

12 — 2 AV y = 2?2 is transformed 

to y= %(x+1)2+3 

by vertically stretching 

with scale factor % and 

y=p+1)°+3 then translating through 

; (*31). 

  

  

  

  = 
  

  

< I o
 

  

  

  

  

13 Y y = a? is transformed 

to y:2(17%)2+1 

by vertically stretching 
y=r with scale factor 2 and 

then translating through 
3 
E . 

1 

y =2 is transformed 

to y=2(x+1)2-3 
by vertically stretching 

with scale factor 2 and 

then translating through 

(=) 

  

  

  

  " 

  

  

  

1l 2 = | 
o
 + M 

  A 

=Y
 

  

  

14 
  

  

  

  

  

  

  

  

                        (=1,-3) y 
  

15 a Horizontally stretching with scale factor %, then vertically 

stretching with scale factor 3.   
  

  

  

b i (2 -15) il (3.6) i (—1,3) 

¢ i 4d i (-6, 2) i (—14, 1) 

16 a=5, b=+10 

1 3 1 
17 a y=— b y=-— cy= 

Y 2z Y T Y T +3 

1 4 1 
dy=4+-= s 

T T 

3 —z+4 
18 a = — 1= 

9(@) r—1 z—1 

b vertical asymptote = = 1, horizontal asymptote y = —1 

¢ Domainis {z|x#1}, Rangeis {y|y# 1} 
d 

  

6z + 4 
  19 a g(x)= 

9(@) 2z +1 

b vertical asymptote = —=, horizontal asymptote y = 3 

¢ Domainis {z |z # 7%}, Range is {y |y # 3} 
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20 e A vertical stretch with scale factor 4 followed by a translation 

through (;;), or 

3 
e a translation through ( 1 ) followed by a vertical stretch 

with scale factor 4. 

EXERCISE 16C NN 

b 
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6 a g(z)=-bz—7 

¢ g(z) =222 1 

d g(x) =2 +22°% — 322 -5z — 7 

7 a i (30 i (2,1) 

b i (7,1) ii (—5,0) 

8 a i (-2 -1) i (0,3) 

b i (-5 —4) i (0,3) 

9 a A reflection in tl 

b (=3,7) ¢ (5, 1) 

10 a A reflection in the z-axis. 

b A vertical stretch with scale factor 3. 

< 
  

  

  

  

  

  

  

  

  

  

  

                          

  

  11 a A reflection in the y-axis. 

b A horizonta stretch with scale factor 2. 

  

(-3.-2) 
(-3.2) 
(L2 
(-2.3) 

e y-axis and a reflection in the z-axis. 

  

  

  

  

  

    
                    
  

        

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

                            
EXERCISE 

1 a 

b 

  

  

  

  

  

  

  

                        
  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

    
  

  

  

  

  

  

  

  

  

                            

y = a? is transformed 

to y=—(z+2)2+3 
by reflecting in the 

x-axis and then 

translating through 

(%) 

1 
y = — is transformed 

T 
1 

r—3 

by reflecting in the 

x-axis and then 

translating through 

() 

  to y=— +2 

16D NSNS 

x-intercepts are £1, 
y-intercept is —1 

y = f(x) has been 
translated 3 units 

upwards. 

y = f(z) has been 
translated 1 unit to 

the right. 

y = f(x) has been 
vertically stretched 

with scale factor 2. 

y = f(x) has been 
reflected in the 

z-axis.



f 

- y=f(z) 
<-» y=2f(z) 

<> y=3f(x) 9 a 
- y=f(r+2) b 

<-»y=f(22) 
- y=f(32) 

  

10 a 

. . . 0 
a i A vertical translation through ( Y ) b 

i g(z) = f(z) -2 
b i A vertical stretch with scale factor % < 

i g(z) = 3f(x) 
¢ i A reflection in the y-axis. il g(z) = f(—=) 11 a 

b 

12 a 

b 

  

a z-intercepts are —1 and 3, y-intercept is —3 

b, ¢ AY 

  

  

a f(—z—4)-1 b f(-z+4)—1 

¢ 2f@+2)+ 1 d if(z+2)+1 

() 
a A reflection in the z-axis, then a translation through ( 

  e f(32-3)-5 

D) e 
b A horizontal stretch with scale factor 2, then a translation 

through ( 707 ) 

¢ A translation through 
1 

d A vertical stretch with scale factor 2, a translation through 

o
 a

n 
o
 

((1]), then a horizontal stretch with 

scale factor 

( jl ), then a horizontal stretch with scale factor 4. 

e A vertical stretch with scale factor 2, a horizontal stretch with 

scale factor %, then a translation through (é ) 
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A reflection in the z-axis, a vertical stretch with scale factor 

4, a horizontal stretch with scale factor 2, then a translation 

through ( :? ) 

—3}, Rangeis {y|-3<y<4} 

3} 

Domain is {z | > 

Domain is {z |z > 5}, Rangeis {y|—10 <y <4} 

¢ Domainis {x |z >3}, Rangeis {y| % <y< 1—37 

5v2—x+ 15 

Domainis {z |z < 2}, Rangeis {y|y > 15} 

5vV2 —x+3 

Domain is {z | z < 2}, Rangeis {y|y > 3} 

5y/—x—2+3 

Domainis {z |z < —2}, Rangeis {y|y > 3} 

The vertical stretch has scale factor | a|. The reflection in the 

x-axis occurs if a < 0. Each point is then moved A units 
right and & units up. 

The function has shape \/ if a >0 and /\ if 

a<0. 

The function has vertex (h, k), and y-intercept ah? + k. 

—4 
5+ 

2z +3 
  

A reflection in the z-axis, a vertical stretch with scale factor 

4, a translation through ( ;3 ), then a horizontal stretch 

1 with scale factor 5. 

EXERCISE 16E NS 

  

invariant points are (-2, 1) and (-4, —1) 

invariant points are (—1, —1) and (1, —1) 

invariant point is (1, 1) 

invariant points are (~ —1.24, 1), (~ —0.732, —1), 

(273, —1), and (=~ 3.24,1) 
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-« y=f(z)=2"+1 

<> y=—f(2) 
<--> y=[f(22) 
<--» y=f(z)+3 

  

5 g(z) is the result of transforming f(z) 3 units to the left and 
4 units down. 

  

  

  

  

  

  

  

  

  

  

  

  

        

  

                  

  

  

  

  

  

  

  

  

  

    
                          

domain of g(z) is {z | -5 <z <0} 

a range of g(z) is {y | —5 <y < 3} 

6 a g(x)=(x—1)>2+8 

boi{yly>4} i {yly>8} 
8 g(z) =322 +52+9 

9 a —f(z+2)+3 b 2f(z—4)—-2 

10 a (0,4) b (0, 6) ¢ (3.3) 

11 a z-intercepts —9 and —3 

5 a z-intercepts —3 and —1, y-intercept 3, vertex (—2, —1) b z-intercepts —5 and 1, y-intercept —9 

b ¢ p— 9ol ¢ z-intercepts —10 and 2, y-intercept —3 

T2 2 d z-intercepts —5 and 1, y-intercept 3 

2z —3 
12 a = d YA =1 9(x) = —— 9N g 

b vertical asymptote = l — 3 
z=1, 3 

horizontal asymptote 

y=2 
i i ¢ Domainis {z |z # 1} T3 

6 Lo Range is {y |y # 2} 
+ 1 - s - 

5 1 4 v 

7 a Domainis {z | —1 < = < 6}, Rangeis {y | % <y< %} 13 J—w2AY y =22 is transformed 

b Rangeis {y|y< —% or y> 3}, to y=1(@—-22-1 

cannot say about the domain. 4 by vertically stretching 
with scale factor + and 

REVIEW SET 16A B =iy . 4 
then translating through 

! 2 

y=1() 3 > (*1) 
y=f(-z) T 2 y=li1—-2)°-1 y=-f() v 
y=flz+2) 
y=f(z)+2 

  



REVIEW SET 16B NS 

  b AY 
  

  

    

B\
 J 

  

3 

    

    

  

  

    

  

  

  

  

    

  

  

  

  

  

  

  

  

  

  

    

  

  

    

      
                                            

    

- 
= 

T
 

e
 
e
 
s
 

] 
=
=
 

b (2, —4) and 

(4,0) 
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5 

8 A reflection in the z-axis, then a translation through < 27 ) . 

9 (1.6) o2 
10 a A vertical stretch with scale factor 2, then a translation 

-1 
through . roug| ( 3 ) 

b A reflection in the z-axis, a horizontal stretch with scale factor 

%, then a translation through ( 706 ) 

¢ A vertical stretch with scale factor %, a reflection in the 

. . 2 
y-axis, then a translation through (0 ) 

11 b=8, c=-20 
12 a 

  

b A reflection in the z-axis, a vertical stretch with scale 

factor %, then a translation through ( :; ) 

¢y —4x — 5 

YT et e 
Domain is {x | © # —1}, Rangeis {y|y # —2} 

13 a,d q b (1,1) and (2, —1) 

¢ y-intercept % and 

vertical asymptote 

_3 
T=3 

  

14 

  

EXERCISE 17A B 

1 a periodic b periodic ¢ periodic d not periodic 

e periodic  f periodic g not periodic h not periodic 
  

  

  

  

  

  

  

                          

2 a height above 
ground 

(cm) 

le 'mc» 
05 1.0 1.5 20 25 30 35 40 (sec) 
 



538  ANSWERS 

b A curve can be fitted to the data. 

¢ The data is periodic. 

  

  

  

  

  

  

iy =32 (approximately) il ~64cm 

iii ~ 2 scconds iv ~32cm 

3 a y ° ° 
1o ° ° ° 

‘ 1 § 10 17 
1 ° ° 

o   

Data exhibits periodic behaviour. 
  

  

  

  

° o 

o 

- 

™ T 6 0 12 % 

  

W
 

g 

                      

Not enough information to say data is periodic. 

EXERCISE 17B B 

1 a0 

b i 0=0,m2m 37, 47 ii€:37”,77" 

jii Q== 5z 13w 17m i —x 2n T 8m 
i 0=3. 5 55 % Wo=73 553 

¢ P0<f<m 2r<0<3m d {y|-1<y<1} 
i T<0<2m 3mr<6<dm 

2 al 

b i0=33 52 Ix il 0=0,2m 4r 
i 9= 2x 4m sr lom _ 3n 5m llm 13z 
0= 3 %5 53 0= 4 

i x 3m 5m  Im ¢ 10<0<%, F<O<F, F<O0<An 

oz 3r 5w T i F<O0<F, F<O<T 

d {yl-1<y<1} 
EXERCISE 17C N 

1 a vertical translation 1 unit downwards 

b horizontal translation Z units to the right 

¢ vertical stretch, scale factor 2 

d horizontal stretch, scale factor % 

e horizontal stretch, scale factor 4 

f translation % units right and 2 units upwards 

2 a vertical stretch, scale factor % b reflection in the z-axis 

¢ translation % units left and 2 units downwards 

3 a2 b M o2 d 2 e6r f 100 
) — — —x = h ab=g bbd=3 ¢ b= db=3 eb=g 

o 
o
l
 

5 a maximum 4, minimum —4 maximum 8, minimum 2 

¢ maximum —2, minimum —6 

6 a4 b2 {y|-2<y<6} 

7 |a| = amplitude, b= —, ¢ = horizontal translation,   

    

    
y=sinz — 0.5 

y=sin(z —2) 

y=sin(z+2) 

. v ‘—W N3 d % 

   
y=sin(z—1)—-2 

  

-2 

-3 

3“! y=sin(z+7)+2 

2 

14 

v T 2m 3m 4w z 

Ay 2 3 y=3sinz 

24 

1 

kg 2m 3m dr T  



  

  

  

9 a AY 

  

  
  

=Y
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e 

> 
T 2r T 

f Ay 
s y=cos@—F) +1 

on —r v ™ 21 T 

AY 
g —27 -7 T 27 

- > 
T 

,2; y=cos(z+7) -1 

h AY 
y = cos 2x 

1 

- > 
—2m el g 2r T 

-1 
v 

i 

= 
(] 

10 a 

b iy=2 

11 ad>3 b d< -3 

12 a 

with scale factor 2. 

  

  

i y=-2v2~ —2.83 

—3<d<3 

A horizontal stretch with scale factor %, then a vertical stretch 

b A vertical stretch with scale factor 2, then a reflection in the 

T-axis. 

¢ A vertical stretch with scale factor 3, then a translation 5 units 

downwards. 

d A horizontal stretch with scale factor %, then a translation 
oo 
& units left. 

13 a 

    2 T
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y=cos2w+1 

  

  

  

  

  

< AY 
1 

1 s 1 =zsin(z+%) —3 o y=gsin(e+3) -3 o 
= 

—T T xT 

d 

- & + > 
—or -7 ™ 2 T 

v 

e =3sin(z—F) -1 

    

  

  

14 a b, ¢, d (provided the function has z-intercepts) 

b d cd 

15 aa=4,d=1 ba=-2d=3 ca=3% d=3% 

16 a y=sinz—2 b y=sin3z ¢ y:sin(ac %) 

d y=2sinc+1 e y=4sing -1 f y=6si 2% 

17 a y=2cos2zx b y:cos%+2 ¢ y=—5cos Z& 3 

EXERCISE 17D W 

  

ii 29°C ¢ 32°C, at 6 pm 

  

  

  

b highest = 10 m, at midnight, midday, and midnight the 

next day 

lowest = 2 m, at 6 am and 6 pm 

¢ no (water height is 4 m) 

  » ¢ (min) 
180 

b 15 cm 

¢ i &~160.0 cm il ~138.9 cm iii &~ 158.8 cm 

iv ~ 138.9 cm 

4 c in(f(t—2))+4 

t(s) 

  

b 4cm 
¢ no (ball diameter is 4.28 cm, gate height is ~ 3.07 cm) 

5 T(t) = 5.2sin(F(t - 8)) +10.6 °C 

6 H(t)=0.6cos( 3 (t— 1.5)) +0.76 m 

  

¢ Both graphs are periodic with an amplitude of 10 m and a 

period of 100 s. The graphs differ by a horizontal translation 

of 25 s and the principal axis is also translated by 12 m. 

d i H(t)=10sin(Zt) +12m 

i d(t) = 10sin(Z(t +25)) m 

Note: The function of horizontal displacement of the light 

will be different depending on how the coordinate 
system is defined.
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8 a H(t)= 7sin(5,;—’1'(t — 5,9)) +92m d A horizontal stretch with scale factor %, then a translation 
b B 1 unit downwards. 

H () FH(t) = 7sin (3 (t - 5.9)) + 92 e A vertical stretch with scale factor %, then a reflection in the 

T-axis. 

f A translation 2 units upwards. 

2 aZ b4r c¢1 d2 e3x ¢Z 
n 

k k 3 a0 = kez ie=T+2, ke 
20 ¢ (h 2 2 

b i ik kel il a=%+4kr, kel 

9 a H(t):ficos(gz) b d(t) = 12sin 27t ¢ i Z42kn keZ i x=1 4 2kn, kel 

EXERCISE 17 EENET i i ' i 
1 a 30 @ 25 [§9) 0 ® : o 

20 + . oy 

15| o ¢ © ° 

10 

5 Wonth 

00 2 4 6 8 10 12 > 

b The data appears to be periodic. 

¢ ibmF ii arx6.5 il dx=205 v cr45 

d Using technology, 7'~ 6.15sin(0.575t — 2.69) + 20.4. 

Our model was a reasonable fit. 

2 a Twm4a5cos(Z(t—2))+115 

b 3070 
25 

20 

15 

10 

5 onth 
0 > 

0 2 4 6 8 10 12 14 

¢ Using technology, 7'~ 4.29 cos(0.533t — 0.805) + 11.2. 

3 a Tw~95sin(Z(t—10.5)) 95 

b 19AT(DF) 

°l 2 4 8 10 12 
0 month 

-5 
—10 1 
-15 5 2 

7?)?' 7 a A vertical stretch with scale factor 2, then a translation 

- 7 units left and 1 unit downwards. 

¢ The model is a reasonable fit, but not perfect. b 

4 a 30AH(cni) 

20 
10 0% 0% 

o o o o =2tan(z+%) -1 
0 o———o o » ¢ (seconds) 

° 05 ° .1" 
-10 

.. I.. 

20 1 

—307 

b H ~ 15.0sin(5.24¢t — 1.57) +0.000170 ¢ ~ 14.5 cm 
d The spring will not oscillate indefinitely at the same rate. 

EXERCISE 17F I 

1 a A horizontal translation Z units to the right. 

8 Hint: The function is undefined when b(z —c¢) = % + km, 

ke€Z. 

2 i = _ 
b A vertical stretch with scale factor 4. 9 a i (fog)(z)=tan (21 2) 
¢ A horizontal stretch with scale factor 2. i (gof)(z) =2tanz — % 

Ea
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1 bi7§ = 
2 

¢ i period Z, vertical asymptotes x = %, kel 

ii period m, vertical asymptotes = = 5 + k7, k€ Z    
  

_ s y=2tanz —3 

  

  

  
EXERCISE 17G.1 I 

1 a £~0.3,28 6.6, 9.1,12.9 b z~5.9 98, 12.2 
¢ z~0.3,28 d z~38,5.6 

2 ax~1.2/51,74 b z~44,8.2,10.7 

¢ x~52 d z~25,38 

3 a x~04,12 35 4.3, 6.7, 7.5, 9.8, 10.6, 13.0, 13.7 
b z~1.7,3.0,4.9, 6.1, 8.0,9.3,11.1, 12.4, 14.3, 15.6 

¢ x~3.2 46 d z~1.6 31,48, 6.2 

b oa x~1.1,42,74 b z~2253 
¢ r~13,4.4 d z=~20 

EXERCISE 17G.2 EESSSmm 

1 a z~0.446, 2.70, 6.73, 8.98 

b z~ 252, 3.76, 8.80, 10.0 

¢ x ~0.588, 3.73, 6.87, 10.0 

2 a x~ —0.644, 0.644 b z~ —4.56, —1.42, 1.72, 4.87 

¢ x~—2.76, —0.384, 3.53 

a 3 x ~ 1.08, 4.35 b z ~ 0.666, 2.48 

h x =~ —0.951, 0.234, 5.98 

5 a Note: The function P(z) can be written in many different 
ways. 

22 -2 z 
arccos £ — —+/4 — 22 

2m 
P(zx)=1+   2 

  
¢z~ 1.159 

EXERCISE 17G.3 NS 

      

57 — 57 o I — T or Im 1 a = b z=<F or 7 ¢ z=Forg 

d engor%" fx=0,m or2m 

2 — — I o 3T 2 a or ¢ bz=mn ¢ z=7%or 

8w 10w — o 3w 9w lim 3 a 55, OF = b ax=3%, F, 5 or 

o 13m 
< 2> O = 

—_2r _7m 4m 5m 
4 T=—5F, 73, 3,00 g 

— 5% _3m 3m 5m b = —=F —ZF, T or = 

— _5r _m 3w Tm 
CT=— "7 G007 

5 

6 

7 

8 

6 6 ° 

¢ =04, or2n 

_ Iz 1lx 19x 23w 
9 A T=93 95 02 O 3 

_ m 1lw 13w 23 25x 35m 
b z=15 G5 GE Te 180 O 18 

—x 2r Im 5m — I o 3T ¢ z=7%, 5, G, or dacfzor2 

_ 4nm — 3m e z=7 f z==] 

2r 4r 5w 7m 8r 10m 1lr 13w 14 
10 8 r=8 35 5§ 5 950 e 

1 ™ 

11 

3 
_ _5m ™ _ o 3= 

12 azxz=-=F -7, % orm b z=0, =5, or 27w 3 3 2 
—(0 & & 3m —0 = In ¢cx=0,%, 5, 5,orm dx70,6,7r,6,0r27r 

13 ab=31 d=2 ba=-2 b=1% 

¢ b=4 d=-1 db=3 d=—4 
— I o 4m 14 z =% or 3 

— I o 3T z=Z or 

_m m In 5m 13w 4r 19z 1ir 
ber=3 5 5 % o 5 120 % 6 

— & 2m 4m 5m ¢ x=3%, 2 A or 

15 a =0,%, 5%, x,or 21 b =2 Z 3% o 51 .6 60 ™ 3> 5 5, O g 

— . 2x 4m — Ir 3w lim :x—0,3,3,0r27r dx—6,2,0r6 

EXERCISE 17H NS 

1 a i 7500 grasshoppers ii ~ 10300 grasshoppers 

b 10500 grasshoppers, when ¢ = 4 weeks 

¢ iatt= 1% weeks and 6% weeks 

il at t= 9% weeks



d 251 <t<5.49 

2 a 1 m above ground 

H (m)      

      

      

£ (13, 39) 

30 
H(t) =20 — 19 cos - 

20 

(3.1)    
1 2 t (min) 

e 0.570 < t < 2.43 min 

3 a 400 water buffalo 

b i 577 water buffalo ii 400 water buffalo 

¢ 650, which is the maximum population. 

d 150, after 3 years e t= 0.262 years 

4 a i true il true b 116.8 cents L~1 

¢ on the 5th, 11th, 19th, and 25th days 

d 98.6 cents L~! on the 1st and 15th days 

5 a H(t)f?)cos( )+4 b t=1.46s 

REVIEW SET 17A IS 

1 a not periodic b periodic 

2 a minimum = 0, maximum = 2 

b minimum = —2, maximum = 2 

3 a 10w b Z ¢ 4r d % 

      ‘ S 

batt:l%min < 3 min 

   
73sm—+1 <y<4 

3cosmx <3 

  

   

    

  

  

    
    10 
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y=cos(z+7) 1     
  

B\
 

—2m 2m 

  

  

y=cosdx 
    

   

  

=Y
 

=27 2m 

=1 

v 

A vertical stretch with scale factor 3, then a horizontal stretch 

with scale factor % 

units right and 1 unit downwards. 

  
o A translation § 

¢ A reflection in the z-axis, then a horizontal stretch with scale 
1 factor 5 

A vertical stretch with scale factor 2, then a horizontal stretch 

with scale factor 2, then a translation % units right and % unit 

upwards. 

y = —4cos2zx b y—cos—+2 

  

B\
 

  

B\
 

A horizontal stretch with scale factor =, then a vertical 3 
translation 2 units upwards. 
o 
3
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1 

13 

14 

15 

16 

17 

19 

20 

21 

  

a 
[
 

   =tan3z + 2    
  

30 

i 0.75 ii 0.25 

once every 30 days 

T(t) = 3.7sin(Z(t — 8.5)) +10.4 °C 

il ~0.835 v ~0.165 

d January 16, February 15 

T(t) = 3.7sin (Z(t — 8.5)) + 10.4 

  

20 ¢ (hours) 

maximum: —5°C, minimum: —79°C 

~ 700 Mars days ¢ T ~ 37sin(0.008 98n) — 42 

00 200 400 600 800 1000 1200 1400 

L n dayg 
  

  -20 s 

—40, 

—60 

  

  

—80 

100V TCC) 
                    

Using technology, 

T ~ 36.5sin(0.009 01z — 0.0903) — 43.2. 

Our model fits the data well. 

a z 20, 4.3, 8.3,10.6 b z~05, 58, 6.7, 12.1 

a x~0.392, 2.75, 6.68 b z~542 

a z~1.12, 517,740 b z~0.184, 4.62 

_z 11 _ z a x =" or 5~ b z=%orF 

_3 _ T 11 bo=¥ co-fEFoals 
az:0,32’r.27r,72”,or41r bz—%,%‘,%’,or%” 

a 5000 beetles b smallest 3000, largest 7000 

05<t<25 and 65<t<8 

t (days) 

REVIEW SET 17B IS 

1 

o 
o 

0
o
 

o 
o 

C 
o 

O 

The function repeats itself over and over in a horizontal 

direction, in intervals of length 8 units. 

  

    

  

i8 ii 5 i —1 

A translation % units right and 1 unit upwards. 

A horizontal stretch with scale factor % 

6 b Z 

_ 1 — — 2z b= 3 b b=24 ¢ b=% 

minimum = —8, maximum = 2 

minimum = %, maximum = 1% 

y=5 b y=—-4 

AY 
=2cos 3 2 y 

- = 
2r T 

-2 

v 

- + + > 
T T 3m 2r T 
2 2 

v 

  

  

2 y=2sinz -} 

  

w
1
 =Y
 

  
   



    
  

  

  

  

  

  

                  

  

8 a y=4sinz+6 by:4cos(:c—§)+6 

9 AY 

0.6 y = 0.6 cos (2.3x) 

< = 
1 xT 

—0.6 

_3 p__1 10 a = 5, b= -3 

11 a A reflection in the z-axis, then a horizontal stretch with scale 

factor % 

b A vertical stretch with scale factor 2, then a horizontal stretch 

with scale factor 2, then a translation % units right and % unit 

upwards. 

12 

13 

b H(t) =sin(w(t — 1.5)) + 1 

14 a a~T.05 b~ E, c~105, d~24.75 

b 40‘ T(°C) 

30 

20 

10 

o t(mflnlhsn 

0 2 4 6 8 10 12 14 

¢ Using technology, 7'~ 7.20sin(0.488t — 1.08) + 24.7. 
The model fits reasonably well but not perfectly. 

15 a z~—6.1, -34 b z~0.8 

16 a z~1.27,5.02 b 2z~ 1.09, 2.05 

17 a x=1.33,447, 761 b z~=5.30 

¢ x =~ 283,597 9.11 

_ 4m 57 10w 1llw 16 17 _5 
18 a z=F 5 55 5 o o 5t boz=5F 

_ 7w 13 19 
€ T=95 150 15 O 1p 

19 a z=0,7, or2mw bz:%or‘%" 

20 az=-Zor% b op=-2r _Z Z o2x 
_ 2 2 ¢ o=—=% % F or 5 

4r 57 10m 1lm 167 17 3r 7m 11 
21 a8 Fg g o e P T 
22 a 28 milligrams per m? b 8:00 am Monday 
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INDEX 

2-dimensional grid 
addition law of probability 
ambiguous case 
amplitude 
analytic solution 
angle between a line and a plane 
angle of depression 
angle of elevation 
arc 
arithmetic sequence 
arithmetic series 
asymptote 

axis of symmetry 
base 
Bayes’ theorem 
bias 
bimodal 
box plot 
bracket notation 
capacity 
categorical variable 
census 
centre of a data set 
certain event 
class interval 
column graph 
common difference 
common ratio 
complement 
complementary events 

completing the square 
composite function 
compound interest 
concave downwards 
concave upwards 
conditional probability 
continuous variable 
convenience sampling 
convergence 
cosine 
cosine rule 
coverage error 
cubic equation 
cumulative frequency 
data 
decay 
degree 
density 
dependent events 
depreciation 
discrete variable 
discriminant 
disjoint 
distance 

256 
266 

218,219 
450 
471 
176 
169 
169 
132 
92 

114 
405 
362 
59 

280 
292 
316 
332 
41 

150 
302 
290 
316 
249 
308 
305 
93 
98 

37,43 
255 

77 
410 
103 
362 
362 
275 
303 
295 
111 
191 

212,213 
292 
84 

324, 340 
290 
101 
84 

148 
271 
108 
303 
81 

36, 44 
234 

distribution 
divergence 
domain 
element 
empty set 

equal sets 
equation of a line 
error 
event 

experimental probability 
exponent 

factored form 
finite arithmetic series 
finite geometric series 
finite sequence 
finite set 
five-number summary 
frequency 
frequency histogram 
frequency table 
function 
general cosine function 
general form 
general sine function 
general tangent function 
general term 
geometric sequence 
geometric series 
gradient 
gradient-intercept form 
growth 
histogram 
horizontal line test 
horizontal stretch 
hypotenuse 
impossible event 
included angle 
independent events 
index 
indexation 
infinite geometric series 
infinite sequence 
infinite set 
inflation 
integer 
interest 
interest rate 
interquartile range 
intersection 
interval notation 
inverse function 
inverse trigonometric ratios 
irrational number 
laws of exponents 
limiting sum 

305 
123 
400 
34 
35 
35 
20 

292 
255 
249 
59 
74 

114 
119 
111 
35 

332 
249 
309 
304 
395 
455 

21,25 
455 
465 
91 
98 

119 
20 

21,25 
101 
309 
415 
431 
159 
249 
208 

267,278 
59 

106 
123 
111 
35 

106 
38 

103 
103 
329 

36, 43,376 
40 

414 
162 
38 
61 

123



lower quartile 
many-to-one 

maximum turning point 
mean 
measurement error 
median 
member 
midpoint 
minimum turning point 
modal class 
mode 
mutually exclusive 
natural domain 
natural number 
negative definite 
negatively skewed distribution 
non-response error 
null factor law 
number sequence 
numerical data 
one-to-one 
optimisation 
outcome 

outlier 
parabola 
parallel box plot 
parallel lines 
parameter 

percentile 
period 
periodic function 
perpendicular bisector 
perpendicular lines 
piecewise function 
point-gradient form 
polynomial 
population 
population standard deviation 
population variance 
positive definite 
positively skewed distribution 
power 
power equation 
principal 
principal axis 
probability 
projection 
proper subset 
Pythagorean identity 
quadratic equation 
quadratic formula 
quadratic function 
quadratic inequality 
quantitative variable 
quartic equation 

329 
415 
362 
317 
292 
317 
34 

234 
362 
316 
316 

36,44 
401 
38 

370 
305 
292 
74 
90 

303 
415 
381 
249 

3006, 335 
362 
337 
20 

290 
340 
449 
449 
26 
20 

394 
20 

405 
290 
345 
344 
370 
305 
59 
72 

103 
450 
249 
176 
35 

199 
75 
80 

361 
385 
303 
84 

quota sampling 
radian 
radical 
radical conjugate 
range 
rational function 
rational number 
real number 
real value 
reciprocal function 
rectangular hyperbola 
reflection 
relation 
relative frequency 
root 

sample 
sample space 
sample standard deviation 
sample variance 
sampling error 
scale factor 
scientific notation 
sector 

self-inverse function 
series 
set 

sigma notation 
sign diagram 
simple random sampling 
simplest form 
simultaneous equations 
sine 

sine rule 
standard deviation 
standard form 
statistic 
statistical investigation 
stratified sampling 
stretch 
structured question 
subset 
sum and product of roots 
summation notation 
surd 
surface area 
survey 
symmetric distribution 
systematic sampling 
tally and frequency table 
tangent 

tapered solid 
term 

theoretical probability 
translation 
tree diagram 
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296 
185 
54 
58 

329,400 
405 
38 
38 

106 
405 
405 
435 
394 
249 
72 

290 
255 
345 
345 
292 
431 
66 

132 
418 
111 
34 

112 
385 
294 
56 
28 

191 
216 
345 
66 

290 
290 
296 
429 
300 

35,43 
82 

112 
54 

134 
290, 300 

305 
295 
304 
191 
143 
90 

257 
426 
256
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trigonometric function 
trigonometric ratios 
trigonometry 

true bearing 
two-way table 
union 
unit circle 
universal set 
unstructured question 
upper quartile 
variance 
Venn diagram 
vertex 

vertical line test 
vertical stretch 
volume 
wave 
z-intercept 
y-intercept 
Zero 

452 
159 
158 
174 
253 

36,43 
190 
37 

300 
329 
344 
43 

362 
395 
431 
140 
450 
20 
20 
72


